
CS480/680: Intro to ML
Lecture 16: Mixture Models
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Recap: Gaussian distr ibut ion
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p(x) = (2⇡)�d/2|S|�1/2 exp
⇥
� 1

2 (x� µ)>S�1(x� µ)
⇤



Mult i-modali ty
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Mixture models
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p(x|✓) =
KX

k=1

p(z = k)p(x|z = k, ✓)

# of components

pk(x|✓)
k-th component distr.parameters

⇡k

mixing distr.

⇡k � 0,
X

k

⇡k = 1



Example: Gaussian Mixture Models
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p(x|✓) =
KX

k=1

⇡kN (x|µk, Sk)



Universal i ty
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Theorem. GMM with sufficiently many components can 
approximate any probability density function on Rd.

• How many is many?
• Nothing special about Gaussian here, except 

computationally (later). 



Inference problem

• Given iid sample X1, X2, …, Xn from p(x|θ)

• Need to estimate θ

• Maximum likelihood is NP-hard…
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p(x|✓) =
KX

k=1

p(z = k)p(x|z = k,✓)
latent (unobserved)



Soft clustering
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p(z = k|x,✓) = p(z = k|✓)p(x|z = k,✓)
PK

c=1 p(z = c|✓)p(x|z = c,✓)

(Stauffer & Grimson, CVPR’98)



Bigger issue: identi f iabi l i ty?

• Is this factorization even unique?

• Yes, for GMMs!
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p(x|✓) =
KX

k=1

p(z = k)p(x|z = k,✓)



The power of l i f t ing

• A nice trick:

• Fix w: 
• Fix s: 
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min
w

kXw � yk1
<latexit sha1_base64="ViaKK+h8KMSPtO1mRg+aRDqGPGA=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwY0ms+NgV3bisYB/QlDCZTtqhk0mYmSgh5kPc+CtuXCjixoXg35ikoT7qgYEz59zLvfc4AaNSGcanVpqbX1hcKi9XVlbX1jf0za229EOBSQv7zBddB0nCKCctRRUj3UAQ5DmMdJzxReZ3boiQ1OfXKgpI30NDTl2KkUolW69bHuV2bHlIjRw3vk0SaN3BLvwW4MH0E2Wmbdp61agZOeAsMQtSBQWatv5uDXwceoQrzJCUPdMIVD9GQlHMSFKxQkkChMdoSHop5cgjsh/nxyVwL1UG0PVF+riCufqzI0aelJHnpJXZmvKvl4n/eb1Quaf9mPIgVITjySA3ZFD5MEsKDqggWLEoJQgLmu4K8QgJhFWaZyUP4SzD8fTkWdI+rJn1Wv3qqNo4L+Iogx2wC/aBCU5AA1yCJmgBDO7BI3gGL9qD9qS9am+T0pJW9GyDX9A+vgAN9qIV</latexit>

w “ rXJdiagps2qXs´1XJdiagps2qy
<latexit sha1_base64="OtNliJD2RwJrMXnHdaQmyoU+1Ak="></latexit>

s2i “ 1{|Xi:w ´ yi|
<latexit sha1_base64="BNHtFWDvg0UX115URkwBoGWkN+o=">AAACH3icbVDLSsNAFJ34rPUVdelmtAhurEkrvkAounFZwT6grWEynbRDJw9mJmpIs/Y7/AC3+gnuxG2/wN8wSYNY64GBwzn3Ncf0GBVS00bKzOzc/MJibim/vLK6tq5ubNaF63NMathlLm+aSBBGHVKTVDLS9DhBtslIwxxcJX7jnnBBXedWBh7p2KjnUItiJGPJUHeEQe9K8ALqh8OmEdLzqG0j2Tet8CE6gIFBh4Za0IpaCjhN9IwUQIaqoX61uy72beJIzJAQLV3zZCdEXFLMSJRv+4J4CA9Qj7Ri6iCbiE6YfiWCe7HShZbL4+dImKq/O0JkCxHYZlyZ3Cn+eon4n9fypXXaCanj+ZI4eLzI8hmULkxygV3KCZYsiAnCnMa3QtxHHGEZpzexJZmNzMconyZzluD4J4dpUi8V9XKxfHNUqFxmGeXANtgF+0AHJ6ACrkEV1AAGT+AFvII35Vl5Vz6Uz3HpjJL1bIEJKKNvpMuiww==</latexit>

min
w

min
s

}s d rXw ´ ys}22 ` 1Jp1{s2q
<latexit sha1_base64="j00XCJxpAUHhTp65u32zO0pdNhw="></latexit>

2|t| = min
s

s2t2 + 1/s2
<latexit sha1_base64="RgKQWqT+5BptkbZIv1ZhaZkVmes=">AAACCHicbZDLSgMxFIYz9VbrrerShcEiCEKdmYqXhVB047KCvUBvZNLUhmYyQ3JGKNO6c+OruHGhiFsfwZ1vY3pB1PpD4OM/53Byfi8UXINtf1qJmdm5+YXkYmppeWV1Lb2+UdJBpCgr0kAEquIRzQSXrAgcBKuEihHfE6zsdS+G9fItU5oH8hp6Iav75EbyNqcEjNVMb7t96OMzXPO5bMZ6gO90w4WGi/exc2Cwmc7YWXskPA3OBDJookIz/VFrBTTymQQqiNZVxw6hHhMFnAo2SNUizUJCu+SGVQ1K4jNdj0eHDPCucVq4HSjzJOCR+3MiJr7WPd8znT6Bjv5bG5r/1aoRtE/qMZdhBEzS8aJ2JDAEeJgKbnHFKIieAUIVN3/FtEMUoWCyS41COB3q6PvkaSi5WSeXzV0dZvLnkziSaAvtoD3koGOUR5eogIqIonv0iJ7Ri/VgPVmv1tu4NWFNZjbRL1nvX9V0mBA=</latexit>



Variat ional form of Max Likel ihood
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min
✓

`(✓) :=
nX

i=1

� log p(xi|✓) ⇡ KL(q(x)kp(x|✓))
<latexit sha1_base64="+CxOk6QYag/yLvEmQXrx8/7C2iI="></latexit>

truth (unknown) model
difficult to optimize

Lifting: min
✓

min
q(z|x)

KL(q(x)q(z|x)kp(x, z|✓))
<latexit sha1_base64="Kcdb+QOCSgvw7qCc+mOFmLR27Z0="></latexit>

instead of matching marginal, try to match hypothetical joint



KL divergence

• Both p and q are nonnegative and sum to 1
• Equality holds iff p == q
• Measures difference between distributions; asymmetric
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Jensen’s inequality
E(log(X)) <= log(E(X))

KL(q(x)kp(x)) :=
Z

q(x) log
q(x)

p(x)
dx � 0

<latexit sha1_base64="OK3kAWDcUCQDw8h6hEESljTxMOM="></latexit>

KL(q(x, z)kp(x, z)) = KL(q(x)kp(x)) +E[KL(q(z|x)kp(z|x))]
<latexit sha1_base64="OvoXLQJ0To/tc9IaWtdeBmU/xtU="></latexit>



The EM algori thm

• Fix q, solve θ

• Fix θ, solve q
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min
qi(zi)

min
✓

nX

i=1

hX

zi

qi(zi) log qi(zi)�
X

zi

qi(zi) log p(xi, zi|✓)
i

min
✓

�
nX

i=1

X

zi

qi(zi) log p(xi, zi|✓)

min
qi(zi)�0,

P
zi

qi(zi)=1
�
X

zi

qi(zi) log p(xi, zi|✓) +
X

zi

qi(zi) log qi(zi)

often closed-form

qi(zi) = p(zi|xi,✓)



EM for GMM: step 1
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min
rik�0,

P
k rik=1

min
✓

nX

i=1

h KX

k=1

rik log rik �
KX

k=1

rik log p(xi, zi|✓)
i

⇡k =

P
i rik
n

µk =

Pn
i=1 rikxiPn
i=1 rik

⇡kN (x|µk, Sk)

min
✓

nX

i=1

KX

k=1

rik[� log ⇡k + 1
2 log |Sk|+ 1

2 (xi � µk)
>S�1

k (xi � µk)]

Sk =

Pn
i=1 rik(xi � µk)(xi � µk)

>
Pn

i=1 rik
=

Pn
i=1 rikxix>

iPn
i=1 rik

� µkµ
>
k



EM for GMM: step 2
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min
rik�0,

P
k rik=1

min
✓

nX

i=1

h KX

k=1

rik log rik �
KX

k=1

rik log p(xi, zi|✓)
i

rik = p(zi = k|xi,✓)

prior

posterior

likelihood

⇡kN (x|µk, Sk)

/ p(zi = k) · p(xi|zi = k,✓)

= ⇡kN (xi|µk, Sk)

rik =
⇡k|Sk|�1/2 exp(� 1

2 (xi � µk)
>S�1

k (xi � µk))PK
c=1 ⇡c|Sc|�1/2 exp(� 1

2 (xi � µc)
>S�1

c (xi � µc))



Example
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Other uses of EM

• Simplify computation
• t-distribution as a Gaussian scale-mixture

• Missing data
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Mixture Density Network ( B i s h o p ’ 9 4 )
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N (y|µj(x),�j(x))
<latexit sha1_base64="5O+ou3aaSnoIV0AdM4jB98kMo2Q=">AAACKnicbZDLSsNAFIYn9VbrLerSzWARWpCSWvGyq7pxJRXsBZpSJtNJO3YmCTMTMcQ8jxtfxU0XSnHrg5ikpVjrDwM/3zmHOee3PEalMoyxlllaXlldy67nNja3tnf03b2GdH2BSR27zBUtC0nCqEPqiipGWp4giFuMNK3hTVJvPhEhqes8qMAjHY76DrUpRipGXf3K5EgNMGLhXVRIvWWHQQRfoMn97uMMPUfFY2hK2udonha7et4oGangoilPTR5MVevqI7PnYp8TR2GGpGyXDU91QiQUxYxEOdOXxEN4iPqkHVsHcSI7YXpqBI9i0oO2K+LnKJjS3xMh4lIG3Io7kx3l31oC/6u1fWVfdELqeL4iDp58ZPsMKhcmucEeFQQrFsQGYUHjXSEeIIGwitPNpSFcJjqbnbxoGielcqVUuT/NV6+ncWTBATgEBVAG56AKbkEN1AEGr+AdfIBP7U0baWPta9Ka0aYz+2BO2vcPNkun2w==</latexit>



Mixture of Experts

2020-07-02 Yao-Liang Yu19

p(y|x,✓) =
KX

k=1

p(z = k|x,✓)p(y|x, z = k,✓)

exp(x>vk)PK
c=1 exp(x>vc)

mixing distr. k-th component distr.

N (y|w>
k x,�

2
k)



Questions?
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