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CS480/680: Intro to ML

Lecture 16: Mixture Models
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- Gaussian distribution
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Multi-modality

Frequency
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Mixture models

K —> # of components

p(x|f) = sz—k) (x|z—k 9)
l - 7'I('k Pk(m\e)

parameters k-th component distr.

mixing distr.
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Example: Gaussian Mixture Models

(a) (b)
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Universality

Theorem. GMM with sufficiently many components can
approximate any probability density function on RY.

* How many is many?

 Nothing special about Gaussian here, except
computationally (later).
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Inference problem

p(x|6) = ;p(z =k\m)a:|§e N k. 6)

« Need to estimate 6

« Maximum likelihood is NP-hard...
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Soft clustering

p(z = k|O)p(x|z = k, 0)

z=k|x,0) = —
p( x,0) D 1 P(z2 =¢|0)p(x|z = ¢, 0)
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Bigger issue: identifiability?

p(z|0) = Zp

- |s this factorization even unique?

PROBABILITY
THEORY

Independence,

« Yes, for GMMs!

Interchqngeablllty
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The power of lifting

min|| Xw — y|;
W

. Anice trick: 2[¢t| = min s*t* + 1/s°
S

minmin| s ® [Xw —y]||3 + 1 (1/s?)

W S

. Fixw: 87 = 1/| X w — 4]
- Fixs: w = [ X Tdiag(s*) X] ' X "diag(s?)y
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Variational form of Max Likelihood

min £(9) := » —logp(xi|0) ~ KL(¢(x)|[p(x]6))

0 = A

model

difficult to optimize ~ truth (unknown)

Lifting: @n mim\ KL(q(x)q(z|x)||p(x, z|0))

0 q(z|x

instead of matching marginal, try to match hypothetical joint
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KL divergence

KL Ip00) = [ () o %dx > 0

- Both p and g are nonnegative and sumto1
- Equality holds iff p == q ;3;;3;’; Tf?jg‘("g{x»
- Measures difference between distributions; asymmetric

KL(q(x, 2)[[p(x,2)) = KL(¢(x)[[p(x)) + E[KL(q(z[x)[|p(z]x))]
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The EM algorithm

n

min min i(2:)1log q;(z;) i(2z;) log p(x;, ;|0 }
min mj {Zq gqi(zi) — »  qi(2)log p(x, 26)

7/:1 Zfz, ’L

- Fix g, solve B min — > > ai(z)logp(xi, Zi\ﬁ’)‘

1=1 Z3

| often closed-form
- Fix B, solve g

min - i(2i) log p(x;, 2;|0) + i(2:) log qi(z;
o0 B gy~ 2 () log s 2i18) + 3 ai(z) log (20

|Qz(zz) — p(Zz' X3 9)|
) WATERLOO
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EM for GMM: step 1

min mm 2 [ 2 rik log i, — E
meO,kak 1

N

k=1

rik log p(x;, ZZ‘H)j|

mmg S ik | —

log 7, + 3 log |Sk| + 3

— py) ' Sp (i — pg)

= 1k 1
Zi Tik Z 1Tszz
M —
n ' Tzk
g, — D ie Tik(Xi — 1) (X0 — > o TikXiX, x|
k p—

Z?;l Tik

Z?:l ik
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EM for GMM: step 2

WkN(X“'Lka Sk) .

n K )76 \

Tikzo%?rik:1 mginL [L rik log ik — Z rik log p(x;, ZZ\H)}
' =1 k=1 k=1 .

‘Tik — p(zi = k|x;, 0)|—> posterior

priorL/:Wk./\/'(Xz.mk’ S = |ikelihood

R Tk | Sk —1/2 eXp(—l(xZ Mk)TS ( —u))

T K

> et el Sel 712 exp(—5 (xi — pe) TS (xi — p))
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Other uses of EM

- Simplify computation
o t-distribution as a Gaussian scale-mixture

- Missing data

A WATERLOO
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Mixture Density Network (sishop9s)

N (ylpj(x), 5(x))

A(x) = softmax(gi(x;w))
p(x) = ga2(x; W)
o(x) = exp(gs(x; w)).
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Mixture of Experts

-
nglpe(;(p(jclﬁ_)vc) N(y|wk X, 0-12c)
\meg distr. / k-th component distr.
py|x,0) = > p(z=klx,0)p(y|x,z=Fk,0)
k=1 -
o R
;f?f%}':::::::::::‘.g‘i;@;;g

0
(a)
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Questions?
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