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density estimation

data = {x1, x2, …, xn}
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density estimation

data = {x1, x2, …, xn} estimate p(x)
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If we can generate, then we can classify



Review: Maximum Likelihood

data = {x1, x2, …, xn} estimate p(x)

unknown truth model likelihood“distance”

0 iff q=p explicitly evaluating qθ(x)
4

min
θ

KL(p(x)∥qθ(x)) ≡ ∫ − log qθ(x) ⋅ p(x)dx ≈ −
1
n

n

∑
i=1

log qθ(xi)



Preview: Generative Adversarial Network

data = {x1, x2, …, xn} estimate q(x)

explicitly evaluating qθ(x)
sampling
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min
θ

KL(p(x)∥qθ(x)) ≡ ∫ − log qθ(x) ⋅ p(x)dx ≈ −
1
n

n

∑
i=1

log qθ(xi)



Preview: Generative Adversarial Network

data = {x1, x2, …, xn} estimate p(x)

explicitly evaluating qθ(x)
sampling

=

max
S∈𝒮⊆ℝℝd ∫ S(x) ⋅ p(x)dx − ∫ f*(S(x)) ⋅ qθ(x)dx

≈

min
T

max
S

1
n

n

∑
i=1

S(xi) −
1
m

m

∑
j=1

f*(S(T(zj))
generator

discriminator
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min
θ

KL(p(x)∥qθ(x)) ≡ ∫ − log qθ(x) ⋅ p(x)dx ≈ −
1
n

n

∑
i=1

log qθ(xi)



Review: Expectation-Maximization

data = {x1, x2, …, xn} estimate p(x)

min
θ

min
p(z|x)

KL(p(x, z)∥qθ(x, z)) ≈
1
n

n

∑
i=1

∫ [log p(z |xi) − log qθ(xi, z)]p(z |xi)dz

explicitly evaluating qθ(z |x)

explicitly evaluating qθ(x, z)

E-step: p(z |x) = qθ(z |x)

M-step: min
θ

−
1
n

n

∑
i=1

∫ log qθ(xi, z) ⋅ p(z |xi)dz
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Monte Carlo EM

data = {x1, x2, …, xn} estimate p(x)

explicitly evaluating qθ(z |x)E-step: p(z |x) = qθ(z |x)

M-step: min
θ

−
1
n

n

∑
i=1

∫ log qθ(xi, z) ⋅ p(z |xi)dz
explicitly evaluating qθ(x, z)

sampling

≈ −
1
n

n

∑
i=1

m

∑
j=1

log qθ(xi, zj)
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min
θ

min
p(z|x)

KL(p(x, z)∥qθ(x, z)) ≈
1
n

n

∑
i=1

∫ [log p(z |xi) − log qθ(xi, z)]p(z |xi)dz



Preview: Variational Auto-Encoder

data = {x1, x2, …, xn} estimate p(x)

min
qθ(x|z)

min
pφ(z|x)

KL(p(x)pφ(z |x)∥qθ(x |z)q(z))
explicitly evaluating qθ(x |z)

encoder decoderunknown truth fixed normal

explicitly evaluating pφ(z |x)
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Applications
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Ledig et. al. Photo-Realistic Single Image Super-Resolution Using a Generative Adversarial Network. CVPR, 2017

Image Super-Resolution  



Image Super-Resolution  
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Ledig et. al. Photo-Realistic Single Image Super-Resolution Using a Generative Adversarial Network. CVPR, 2017



Interactive Image Generation 

13
Zhu et. al. Generative Visual Manipulation on the Natural Image Manifold. ECCV, 2016



Neural photo editing 
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Brock et. al. Neural Photo Editing with Introspective Adversarial Networks. ICLR, 2017



Image to Image Translation 
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Isola et. al. Image-to-Image Translation with Conditional Adversarial Networks. CVPR, 2017



Radford et. al. Language Models are Unsupervised Multitask Learners. ICLR, 2016
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Kingma et. al. Glow:Generative Flow with Invertible 1x1 Convolutions, NeurIPS 2018
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Radford et. al. Language Models are Unsupervised Multitask Learners. 2019 18



Generative Training?
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Generative Training?
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Generative Training?

Charles Ponzi
(1882-1949)21



Generative Training?
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A simple trick
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source 
q(z)

target 
p(x) := (T#q)(x)

Push-forward

T

change-of-variable formula: p(x) = q(T−1(x)) ⋅ ∇T(T−1(x))
−1

to sample x from p(x): sample z from q, then set x = T(z)

parameterize T through a deep network: T(x) = DNN(x; w)
24



Linear Example

Z ∼ 𝒩(0,I) TZ =: X ∼ 𝒩(0,Σ)
TT⊤ = Σ
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unique increasing triangular T = chol( )Σ



z ∼ 𝒩(0,1) x =
1
4

z3 + z2 + z + 2

x = a0 + a1z + a2z2 + a3z3

Nonlinear Example

26

Theorem (roughly): there always exists a (unique increasing triangular) 
map T that pushes any source density to any target density.



Maximum Likelihood revisited

min
T

n

∑
i=1

[− log q(T−1(xi)) + ∑
j

log ∂jTj(T−1(xi))]
learn T by maximizing likelihood

Marzouk, Y. et.al. Sampling via Measure Transport: An Introduction, Springer, 2016

source 
q(z)

target 
p(x)

D( ),
Push-forward

(T#q)(x)

q(T−1(x)) ⋅ T′ (T−1(x))
−1

=

KL

T
z1

T1

x1

z2

T2

x2

zd

Td

xd

  [JSY]. Sum-of-squares Polynomial Flow. ICML, 2019
explicitly evaluating qθ(x)27



Another nice tool
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Fenchel Conjugate
A univariate real-valued function  is (strictly) convex if  f f′ ′ ≥ 0

The Fenchel conjugate of   is :  ,  always convexf f*(t) = max
s

st − f(s)

Theorem:  is convex iff f f** := ( f*)* = f

(>)
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f-divergence 

    Df(p∥q) := ∫ f ( p(x)
q(x) ) ⋅ q(x)dx

where  strictly convex and f : ℝ+ → ℝ f(1) = 0

   Df(p∥q) ≥ f (∫
p(x)
q(x)

⋅ q(x)dx) = f(1) = 0

equality iff p = q

  Df(p∥q) = max
S:ℝd→ℝ ∫ S(x) ⋅ p(x)dx − ∫ f*(S(x)) ⋅ q(x)dx

= ∫ max
S(x) [S(x)

p(x)
q(x)

− f*(S(x))] ⋅ q(x)dx
30



Examples

    Df(p∥q) = ∫ log ( p(x)
q(x) ) ⋅ p(x)dx

    f(s) = s log s
    f′ ′ (s) = 1

s > 0

    f(1) = 1 log 1 = 0

    Df(p∥q) = KL(p∥ p + q
2 ) + KL(q∥ p + q

2 )

    f(s) = s log s − (s + 1)log(s + 1) + log 4

    f′ ′ (s) = 1
s − 1

s + 1 = 1
s(s + 1) > 0

    f(1) = − 2 log 2 + log 4 = 0

Jensen–ShannonKullback–Leibler

    f*(t) = exp(t − 1)     f*(t) = − log(1 − exp(t)) − log 4

31

https://en.wikipedia.org/wiki/Jensen%E2%80%93Shannon_divergence
https://en.wikipedia.org/wiki/Jensen%E2%80%93Shannon_divergence
https://en.wikipedia.org/wiki/Kullback%E2%80%93Leibler_divergence
https://en.wikipedia.org/wiki/Kullback%E2%80%93Leibler_divergence


Generative Adversarial Networks 
(GAN)

Goodfellow, I. et.al. Generative Adversarial Networks, NeurIPS, 2014 32



min
θ

Df(p(x)∥qθ(x)) = max
S∈𝒮⊆ℝℝd ∫ S(x) ⋅ p(x)dx − ∫ f*(S(x)) ⋅ qθ(x)dx

explicitly evaluating qθ(x)
sampling

≈
min

Tθ

max
Sφ

1
n

n

∑
i=1

Sφ(xi) −
1
m

m

∑
j=1

f*(Sφ(Tθ(zj))

generator discriminator

Putting things together

both parameterized as DNN

true sample generated “fake” sample

x̃ = Tθ(z)
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explicitly evaluating qθ(x)
sampling

min
Tθ

max
Sφ

1
n

n

∑
i=1

Sφ(xi) −
1
m

m

∑
j=1

f*(Sφ(Tθ(zj))

Example: JS-GAN

    Df(p∥q) = KL(p∥ p + q
2 ) + KL(q∥ p + q

2 )

    f*(t) = − log(1 − exp(t)) − log 4

min
Tθ

max
Sφ

1
n

n

∑
i=1

log Sφ(xi) +
1
m

m

∑
j=1

log(1 − Sφ(Tθ(zj))

t ≤ 0

S ← log S

0 ≤ Sφ ≤ 1
34



explicitly evaluating qθ(x)
sampling

Interpreting JS-GAN

min
Tθ

max
Sφ

1
n

n

∑
i=1

log Sφ(xi) +
1
m

m

∑
j=1

log(1 − Sφ(Tθ(zj)) 0 ≤ Sφ ≤ 1

Discriminator performs nonlinear logistic regression, where  p = Sφ

y = {1, true sample
−1, generated "fake" sample

Generator tries to “fool” discriminator

Two-player zero-sum game: at equilibrium true sample = generated “fake” sample

35



Interpreting JS-GAN
min

Tθ

max
Sφ

1
n

n

∑
i=1

log Sφ(xi) +
1
m

m

∑
j=1

log(1 − Sφ(Tθ(zj))

Two-player zero-sum game: at equilibrium true sample = generated “fake” sample

z

x

Tθ
Sφ
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After training

min
Tθ

max
Sφ

1
n

n

∑
i=1

log Sφ(xi) +
1
m

m

∑
j=1

log(1 − Sφ(Tθ(zj))

Two-player zero-sum game: at equilibrium true sample = generated “fake” sample

z x
Tθ*
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explicitly evaluating qθ(x)
sampling

Strong/Weak duality

min
Tθ

max
Sφ

1
n

n

∑
i=1

log Sφ(xi) +
1
m

m

∑
j=1

log(1 − Sφ(Tθ(zj)) 0 ≤ Sφ ≤ 1

Two-player zero-sum game: at equilibrium true sample = generated “fake” sample

max
Sφ

min
Tθ

1
n

n

∑
i=1

log Sφ(xi) +
1
m

m

∑
j=1

log(1 − Sφ(Tθ(zj))
≈ n, m → ∞ arbitrary Tθ, Sφ
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explicitly evaluating qθ(x)
sampling

More GANs through IPM

min
Tθ

max
Sφ

1
n

n

∑
i=1

Sφ(xi) −
1
m

m

∑
j=1

Sφ(Tθ(zj))

Two-player zero-sum game: at equilibrium true sample = generated “fake” sample

• S is the class of Lipschitz continuous functions: Wasserstein GAN 
• S is the unit ball of some RKHS: MMD-GAN 
• S is the class of indicator functions: TV-GAN 
• S is the unit ball of some Sobolev space: Sobolev-GAN 
• S is the class of differential functions: Stein-GAN 
• …… 
• ……
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The GAN Zoo

https://github.com/hindupuravinash/the-gan-zoo 40




