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density estimation

data = {x,x,,....Xx,} estimate p(x)

If we can generate, then we can classify



Realistic

Kingma et. al. Glow:Generative Flow with Invertible 1x1 Convolutions, NeurlPS 2018



Overview

[find deterministic maps from source to target densityJ

source target
q(2) p(x)

x; = T(z)

(Iearn bijective & differentiable transformations)

(Tu)) = (T (x) - |T’(T-1<x,->) |

—* change of variables gives target density

n
(computation of inverse and Jacobian must be cheap) max Z(T) := max H (Tug)(x))
T T
i=1

— always possible via triangular maps



unifying framework

density estimation via increasing triangular maps

z~q(z) 5 la 5 x ~ p(x)




In a nutshell

Given simulator for sampling from a normal distribution

How to simulate samples from a chi”*2 distribution?

Fy(x)
1.0¢
0.8t
0.6t
0.4t
0.2
0.0+

—_ N M OO
I qoo
\4&4:4:&4&&

[ I I I

fi(z)

0.5

0.4+

0371

0.2t

0.1

0.0

L L L

O O = W=




Increasing triangular maps

T:RY— R?
R _
Xy =15z, 2) oT, Il 0
V.T = 0z 02
X3 = 15(21, 25 23) ’ S B
oT, OT, o7,
xd — Td(Zl’ Z2, Z3, cees Zd) o e a_Zd
triangular : 7} is a function of 7,2, ..., Z; Increasing ]} Is increasing w.r.t Z;
L, oT.
J
tri | — >0
riangular maps 0z;

iInverse and Jacobian are easy to compute

-
Theorem (paraphrase) : there always exists a unique* increasing

triangular map that transforms a source density to a target density
. J

* for a fixed ordering




examples

, _ T:=Fy'oF,
Increasing rearrangement

¢ 1

FASIIN /M

L~ (q.Fy) ~ (p, Fy) Tx
Knothe-Rosenblatt transformation
iterative application of increasing rearrangement
T: > @ T\(z)) == Gy o Fy(z))

e -1
Z~(q,F) X ~ (p,G) 15z, 21) := Gy @ F21(2)



More Examples
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7 ~ N (0.I) TZ = X ~ #/(0.3)

Unique increasing triangular T = chol(2)



Maximum Likelihood revisited

©

D, %25)

target

source Push-forward
4(2) (Tyq)(X) p(x)
| B
a(T~'(x)) ‘T'(T-%x))
learn T by maximizing likelihood
mTin Z [— log q(T_l(Xi)) + Z log de}(T‘l(xi))]
—1 .
Marzouk, Y. et.al. Sampling via Measure Transptl)rt: An Introduction, Springer, 2QI18 ! expliCitIy evaluating qH(X)

[JSY]. Sum-of-squares Polynomial Flow. ICML, 2019



flow models as triangular maps

study commonalities & differences of flow
based methods




autoregressive models

px) = pi(xy) - palxy | xq) - ... -pd(xd|x<d)

{1

\%ﬁﬂ\ i\ @@ A

< Xd

I

@ ......... > _>/\ p1(xp) /\“ Zlﬁf_’@ J/M\
AR ' I,
f

choosing a conditional implicitly fixes a family of triangular maps

X =1 (Zj? Hj(z<j)>



AR with Gaussian conditionals

px) = py(x)) - po(y [ xp) - ... ‘Pd(xd|x<d)

A P\ J\

‘/V(/ula 012) '/V(//lZa 622) ‘/V()uda 05)

Z..l —V’/—_>@ A xl —_ 01 . Zl +//ll =. Tl(Zl)
- | o
. _'@ A Xy = 05(21) - Zp + a(2)) = 15(2 52y)
Xy

ez
=

W) | _’ L\L Xg = 04(2cq) * ZgF Ma(Zeq) = 124 52<0)
Xd



masked autoregressive flows (MAFs)

deep autoregressive flows with Gaussian conditionals™
P AR

(Tuq)(x) = q(2) - ‘ vTD ‘ R ‘ vT® ‘ _.1‘ VT@)‘_,I‘ VT(‘”‘_I

% =3 exp(a(zq)) + pilzg) = Tz 5 24)
triangular maps are fundamental blocks for complex models

* can consider mixture of gaussians



real-NVP




neural autoregressive flows (NAFs)

x; = DNN (zj ; Wj(Z<j)> =: T4z ; 2))

Strictly positive weights & strictly monotonic
activation function ensure that the map is increasing

Universal



sum-of-squares polynomial flows

[goal : learn a universal increasing triangular functiorﬂ

Increasing
I

functions
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Summarize

Model conditioner (’; output Ti(2 :Ci(21:-- .1 2j-1)) <|A|m|A

Mixture (e.g. McLachlan & Peel, 2004) 0, Si(z;:0;) X x| v |1
(Bengio & Bengio, 1999) 0i(z<) Si(z:0;) X | x| 71
MADE (Germain et al., 2015) 0i(2<;) Si(z;:0;) A I e
NICE (Dinh et al., 2015) jilzep) 2j + 5+ Ligm X | X | 7 |E
NADE (Uria et al., 2016) 0i(2<;) Si(z;:0;) L X T
IAF (Kingma et al., 2016) ai(z<j)s pnjlz<j) gizi + (1 —0oj)p; | v | 7T |E
MAF (Papamakarios et al., 2017) aj(zej)s pjlzej) zjexpla;) + p; IV | ? E
Real-NVP (Dinh et al., 2017) ajlzer), pjzer) explaj - Ligu) - zj+pj-Ljgn | X | X 7 E
NAF (Huang et al., 2018) Wi(2<5) DNN(z; :w)) | v | vV | E
SOS a;(zc;) Pori1(zj:a;) I v | /| E

[JSY]. Sum-of-squares Polynomial Flow. ICML, 2019



Toy examples
Banana Funnel Square MoG

Wel--Ol®@
Ne-ioe
e
B

Germain, et.al. MADE: Masked Autoencoder for Density Estimation, ICML, 2015
Papamakarios, et.al. Masked Autoregressive Flow for Density Estimation, NeurlPS, 2017
Oliva, et.al. Transformation Autoregressive Networks, ICML, 2018

Huang, et.al. Neural Autoregressive Flows, ICML, 2018

True

SOS

MADE



Effect of ordering

Deep SOS  Shallow SOS  MoG (3) MoG (7) MoG (15)
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Figure 4. Top: Left plot shows the target density given by
p(z1,z2) = N(z2 ;0,4)N (21 ;0.2523,1). The second plot
shows the density learnt by SOS flows with 3 blocks and a sum
of 2 polynomials with degree 3 with ordering (z, z3). Third plot
shows the density learnt by SOS flows with 1 block and a sum of
2 polynomials with degree 4 and ordering (1, x3). The last three
plots estimate this density using a Mixture of Gaussian condition-
als with varying components given in parenthesis and ordering
(z1,z2). Bottom: Same as Top but with target density given by

p(z1,z2) = N (22 ;2,2)N(z1 ;0.332%, 1.5).



Application to novelty detection

Multivariate triangular quantile maps
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It+'s Okay +o Make
Mistokes

during training only nominal
data is available.

Todd PARR
York Times Bestselling Author

The New



Two Approaches, One ldea

Novelty ~ Low density region

5 | A-1 ]
Novelty = [|[—p > — a| Novelty = [ | O 1—5| > o]



Triangular Quantile Map

, )
Let U ~ Uniform[0,1]¢ and X € R¢ any random vector. We call the

increasing triangular map Q = Qx : (0,11 > R4 the triangular quantile

map of X if Q(U) ~ X.
\_ J

Composable!

Q_et Y = T(X) for some increasing triangular map T. Then, Qy = T o QQ

~ d=1: usual definition of quantile (inverse of cdf), advocated in (Parzen 1979)
~ Precursors in Rosenblatt, Knothe, Ruschendorf, Decurninge ...

~ Other multivariate quantiles exist (e.g. Chernozhukov et al)



One Stone, Two Birds

[ Novelty ~ Low density region )

Regularization

min yKL(E,p||Quq) + A1) + (g(Q)

i T

density/quantile

[WSY]. Multivariate Triangular Quantiles for Novelty Detection. NeurlPS, 2019



Implementation

4 )
min yKL(,p[|Qug) + A12(F) + (g(Q)
.10 Y

Parameterize Q using SOS flow

Solve by multiple gradient descent (no parameter tuning)

Dimensionality reduction Z = {(X)

» Density: 1og|Q(Q'(Z) | + IQ'(Z)|I*/2 > «

- Quantile: HQ_l(Z))—%HOO > o
L. can be tuned



Donut
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W) —4 [ —()

A probabilistic object deterministic map A probabilistic object

>

standard gaussian
2
£ 0.25
c
3
0.00 1 . ! v . ; . . v
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Transformation shape
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Complexity Properties = coown
g::: J—z’o\ -10 Ab 1b/\zb

[JKYB]. Tails of Lipschitz Triangular Flows. ICML, 2020 Spantini, Bigoni and Marzouk. Inference via low-dimensional couplings. JMLR, 2018



Variational Auto-Encoder

Given data X, ..., X, estimate p(x)

minmin KL |p(py(z]9)4(2)g,x1 )|

Encoder: py(z|x) Decoder: g,(x|z)
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VAE examples
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(b) Learned MNIST manifold

(a) Learned Frey Face manifold
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Kingma, D and Welling, M. Auto-Encoding Variational Bayes, ICLR, 2014

Rezende, D. et.al. Stochastic backpropagation and approximate inference in deep generative models, ICML, 2014



