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CS480/680: Intro to ML

Lecture 06: Logistic Regression

IIIIIIIIIIII

1 2020-05-28 Yao-Liang Yu



- Bernoulli model
- Logistic regression

» Computation

A WATERLOO
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Classification revisited

« y=sign(x'w+b) «2 .
- 1 ¥
+ How confident we are about §? - /XT%

x'w + b| seems a good indicator
- real-valued; hard to interpret
- ways to transform into [0,1]

- Better(?) idea: learn confidence
directly
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Conditional probability

- P(Y=1| X=x): conditional on seeing x, what is the
chance of this instance being positive, i.e., Y=17
- obviously, value in [0,1]

» P(Y=0| X=x) =1-P(Y=1]| X=x), if two classes

 more generally, sumto 1

Notation (Simplex). A, ={pinR%p=0,2, p,=1}
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Bernoulli model

- Let P(Y=1| X=x) = p(x; w), parameterized by w

- Conditional likelihood on {(X4, Y1), ... (X, o)}
PYi=uy1,....Y, =y X1 =x1,..., X5, = Xp)
S|mpI|f|es if independence holds
HP P = yilXi = %) Hp xi; W)Y (1 = p(xs; w)) ' Y
-i:Agsuming Vi IS {O,1}-valued

IIIIIIIIIIII

5 2020-05-28 Yao-Liang Yu



Naive solution

n

T E——

1=1

- Find w to maximize conditional likelihood
- What is the solution if p(x; w) does not depend on x?

- What is the solution if p(x; w) does not depend on w?
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« Announcements

« Bernoulli model

- Logistic regression

» Computation

A WATERLOO
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Logit transform

* P(X; W) = w'x? p >=0 not guaranteed...

- log p(x; w) = w'x? better! odds

» LHS negative, RHS real-valued... /7 ratio

- Logit transform  log p(x; w) = w'x

1 —p(x;w)

» Orequivalently p(x;w) =

1
—wT
1 4 exp(—w ' x)
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Prediction with confidence

1
1 4+ exp(—w ' x)

p(x;w) =
» §=1ifp=P(Y=1|X=x) > 2 iff w'x >0
- Decision boundary w'x =0

. § = sign(w'x) as before, but with confidence p(x; w)
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Not just a classification algorithm

- Logistic regression does more than classification
- It estimates conditional probabilities
- under the logit transform assumption

- Having confidence in prediction is nice
- the price is an assumption that may or may not hold

- If classification is the sole goal, then doing extra work
- as shall see, SVM only estimates decision boundary
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More than logistic regression

« Q(p) transforms p from [0,1] to
R

- Then, equating Q(p) to a linear -

function w'x ;
© _ :.'?r?)itt)it (scaled)
* BUt, there are many Other Comparison of the logit function witha ="
I led probit (i.e. the inv CDF of th
ChOICeS for Q| f:)?r:al F:jri(s;tribut?on),ecc:‘m(:)tasr(iang log(i)t (me;
* preCisely the inverse of any vs. 1 (a:)/\/f which makes the
distribution function! 8

slopes the same at the origin.
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Logistic distribution

« Cumulative Distribution Function

F(x;p, s) =

1 + exp(—=—*F)

« Mean mu, variance s414/3

» Sigmoid: mu=0, s = 1
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« Announcements
» Bernoulli model
- Logistic regression

» Computation
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Maximum likelihood

n

Hp(X’i5 w)Yi(1 — p(x;; w)) ¥

1=1

1
1 + exp(—w ' x)

1 mn
cross-entropy — — ;logp; + (1 — y;) log(1 — p;
py ”;y ogp; + (1 — y;)log(1 — p;)

p(x;w) =

- Minimize negative log-likelihood

S log(eltvIw e g emuiw Ty = § g 1 4 e )

objective function f
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Newton’s algorithm

Wil <= Wy — T}t [sz(wt)]_l -V f(wy)
Viwey) =X(p-y)

VZf(w) = Zp,,;(l — pi)xf,;y:iT PSD

S

= T Uncertain predictions get
L +em%e ™ bigger weight
- n = 1: iterative weighted least-squares

Pi
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Comparison

Z(Qz — yi)2
1=1

~ T
Yy = W Xj

ly —¥II3

w—=nX({y-—y)

w—=n(XX")"' X[y -y

> yilogpi + (1 — i) log(1 — pi)
1=1

1
14 exp(—wTx;)

KL(y|Ip)

w— =nX(p—Yy)

A

Pi

w—=n(XSX") "' X(p-y)
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A word about implementation

- Numerically computing exponential can be tricky
- easily underflows or overflows

 The usual trick

- estimate the range of the exponents
- shift the mean of the exponents to 0

A WATERLOO
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More than 2 classes

« Softmax

P(Y =k|x,W) =

- Again, nonnegative and sum to 1

- Negative Iog Iikelihood (y Is one- hot)

— log H H Ppi = L L Yki 108 Dri

I=1 k=1 1=1 k=1 2 A WATERLOO
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Questions?
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