
CS480/680: Intro to ML
Lecture 07: Hard-margin SVM
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Outl ine

• Maximum Margin

• Lagrangian Dual

• Alternative View
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Perceptron revisited
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• Two classes: y = 1 or y = -1

• Assuming linearly separable
• exist w and b such that for all i, 

yi(wTxi + b) > 0

• Find any such w and b feasibility 
problemmin

w,b
0

s.t. 8i, yi(w
>xi + b) > 0



Margin

• Take any linear 
separating hyperplane H

for all i, yi(wTxi + b) > 0

• Move H until it touches 
some positive point, H1

increase b say

• Move H until it touches 
some negative point, H-1

decrease b say
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margin = dist(H1,H) ∧ dist(H-1,H) 



min
x,z

kx� zk2 �
��� w>

kwk2
(x� z)

���
2
=

|t|
kwk2

s.t. w>x+ b = t

w>z+ b = 0

Put into formula

H :   wTx + b = 0
H1 :   wTx + b = t
H-1  :   wTx + b = -s

What is the distance between
H1 and H ?
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equality is attained
x = w

kwk2
2
(t� b)

z = w
kwk2

2
(�b)



Put into formula

H :   wTx + b = 0
H1 :   wTx + b = t
H-1  :   wTx + b = -t

What is the distance between
H1 and H ?
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Put into formula

H :   wTx + b = 0
H1 :   wTx + b = 1
H-1  :   wTx + b = -1

What is the distance between
H1 and H ?
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Maximum Margin
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max
w,b

1

kwk2
s.t. 8i, yi(w>xi + b) � 1

Important facts. 
• For any f, 

• For positive f,

• For s. monotone g, min
w

f(w) ⌘ min
w

g(f(w))

max
w

1

f(w)
=

1

minw f(w)

max
w

f(w) = �min
w

�f(w)



Hard-margin Support Vector Machines
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max
w,b

1

kwk2
s.t. 8i, yi(w>xi + b) � 1

margin 
1

kwk2

Quadratic 
programming

min
w,b

1

2
kwk22

s.t. 8i, yi(w>xi + b) � 1



Comparing to perceptron
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min
w,b

0

s.t. 8i, yi(w
>xi + b) > 0

Linear programming



Support Vectors

• Those touch the 
parallel hyperplanes H1
and H-1

• Usually only a handful

• Entirely determine the 
hyperplanes!
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Existence and uniqueness
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min
w,b

1

2
kwk22

s.t. 8i, yi(w>xi + b) � 1

• Always exists a minimizer w and b (if linearly separable)

• The minimizer w is unique (strict convexity of              )

• The minimizer b is also unique (why?)

1
2kwk22



Outl ine

• Maximum Margin

• Lagrangian Dual

• Alternative View
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Lagrangian
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min
w,b

max
↵�0

1

2
kwk22 �

X

i

↵i[yi(w
>xi + b)� 1]

Lagrangian

Lagrangian multiplier
[dual variable][primal variable]

Primal
min
w,b

1

2
kwk22

s.t. 8i, yi(w>xi + b) � 1



Deriving the dual
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min
w,b

max
↵�0

1

2
kwk22 �

X

i

↵i[yi(w
>xi + b)� 1]

max
↵�0

min
w,b

1

2
kwk22 �

X

i

↵i[yi(w
>xi + b)� 1]

@

@b
=

X

i

↵iyi = 0
@

@w
= w �

X

i

↵iyixi = 0



The dual problem
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max
↵�0

X

i

↵i �
1

2

���
X

i

↵iyixi

���
2

2

s.t.
X

i

↵iyi = 0 Only need dot 
product in the dual !

min
↵�0

1

2

X

i

X

j

↵i↵jyiyjx
>
i xj �

X

k

↵k

s.t.
X

i

↵iyi = 0
Dual

Rn



Support Vectors
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w =
X

i

↵iyixi

↵i > 0



Outl ine

• Maximum Margin

• Dual

• Alternative View
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An dual view

2020-06-02 Yao-Liang Yu19



Convex sets and Convex hul l
Convex set. A point set                   is convex if the line 
segment [x,y] connecting any two points x and y in C 
lies entirely in C.

Convex hull. Smallest convex set containing C.
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C 2 Rd

ch(C) :=

(
X

i

↵ixi : xi 2 C,↵i � 0,
X

i

↵i = 1

)
.



Separating scale from direct ion
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min
↵�0

1

2

���
X

i

↵iyixi

���
2

2
�
X

i

↵i

s.t.
X

i

↵iyi = 0

min
r�0

min
↵̄22�

r2

2

���
X

i

↵̄iyixi

���
2

2
� 2r

s.t.
X

i

↵̄iyi = 0

<latexit sha1_base64="LJVLRl4GmE/GZSzWmxkW6CvWh+k=">AAACw3icdVHLbtQwFHXCqwyvARYs2FiMQGyIkqgINpWq8lwWiWkrjdPI8dzMWGM7wXagI2P+ic/hW9jgZEYCWriSpXPPffrcqhXc2DT9EcWXLl+5em3n+ujGzVu374zv3jsyTacZTFkjGn1SUQOCK5habgWctBqorAQcV6tXffz4M2jDG/XRrlsoJF0oXnNGbaDK8XciuSqdxmQBn3Dq8Te8YUhFNaGiXVJMuMJEw9zlnrwGYa nHT0JarSlz+jT3gcfkgC/IV2I6WXL8uzY4656Q1C6r2p353hlSy/w0x89wHiaT0RDX0pnEJpvm/2m0h9NyPEmTdDB8EWRbMEFbOyzHP8m8YZ0EZZmgxsyytLWFo9pyJsCPSGegpWxFFzALUFEJpnCDtB4/Dswc140OT1k8sH9WOCqNWcsqZPZ/MOdjPfmv2Kyz9cvCcdV2FhTbDKo7gW2D+zvhOdfArFgHQJnmYVfMljRIbsM1R0TBF9ZISdXc9afxs6xwxMKZHTZ0PeUmmfdBrey8NhfBUZ5ku8nzD7uT/YOtbjvoIXqEnqIMvUD76D06RFPEogfRXvQ2ehe/iVexju0mNY62NffRXxb7X0ub2wU=</latexit>

↵ = r↵̄

<latexit sha1_base64="LTS5UXJY78P1nzhDFYNz4RAXGjI="></latexit>

r =
2

k
P

i ↵̄iyixik22

<latexit sha1_base64="DjWuACCqz2igWpudl5dZEnLh7ks="></latexit>



Scale r does not matter
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min
↵̄22�

r2

2

���
X

i

↵̄iyixi

���
2

2
� 2r

s.t.
X

i

↵̄iyi = 0

<latexit sha1_base64="LkUqqtCsLjlr23w0pCeSwG2dCKQ="></latexit>

P := {i : yi = 1}
N := {i : yi = �1}

min
µ2�,⌫2�

1

2

���
X

i2P

µixi �
X

j2N

⌫jxj

���
2

2

<latexit sha1_base64="dShlqjHrWB65msjpIEXzRJ4WpgY="></latexit>

conv({xi : i 2 P})

<latexit sha1_base64="FJmPAEi1Bm1ojfS/T3CbyJS9mFE="></latexit>

conv({xi : i 2 N})

<latexit sha1_base64="/UN5wrAN6tM+iDSmcHAy2eZrM4c="></latexit>

↵̄ = [µ; ⌫]

<latexit sha1_base64="ltYFHPY1fPGLbyrDxAawpT+m2+c=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSqSiIUPTisYL9gCSUyXbTLt1swu5GKKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXppwp7Tjf1tLyyuraemmjvLm1vbNr7+23VJJJQpsk4YnshKAoZ4I2NdOcdlJJIQ45bYfD24nffqRSsUQ86FFKgxj6gkWMgDZS1z70Q5A+8HQA+Bp7fpxdYV9kQdeuOFVnCrxI3IJUUIFG1/7yewnJYio04aCU5zqpDnKQmhFOx2U/UzQFMoQ+9QwVEFMV5NMHxvjEKD0cJdKU0Hiq/p7IIVZqFIemMwY9UPPeRPzP8zIdXQY5E2mmqSCzRVHGsU7wJA3cY5ISzUeGAJHM3IrJACQQbTIrmxDc+ZcXSeus6taq5/e1Sv2miKOEjtAxOkUuukB1dIcaqIkIGqNn9IrerCfrxXq3PmatS1Yxc4D+wPr8AVP9lZk=</latexit>



NOW this
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w = r
X

i

↵̄iyixi

/
X

i2P

µixi �
X

i2N

⌫ixi

<latexit sha1_base64="tbUZ/m05DO1k/knSQ19TNgc2lec="></latexit>

r =
2

k
P

i ↵̄iyixik22

<latexit sha1_base64="DjWuACCqz2igWpudl5dZEnLh7ks="></latexit>



Questions?
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