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CS480/680: Intro to ML
Lecture 08: Soft-margin SVM
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Hard-margin SVM

1
min  ||wl
Primal |
s.t. Vi lyi(w' x; +b) > 1=
1
iy 5 305 aicnl s — S
Dual

S.t. Z a;y; = 0 hard constraint

A WATERLOO
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What if nseparable?

Misclassified [

R wXx +b=+1
Tooclose . -

to boundary

wx+b=0
wX +b=-1

A WATERLOO
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SOft'margin (Cortes & Vapnik’95)

1 682 |
min - wl 48
Primal | ™ A 4820
s.t. Vi, lyi(w ' x; + b) > 1| hard constraint
to 1/ h t {o‘ eto
ropto 1/margin er-parameter raining error »=1 A
prop g yp p\ g / 45 ow
1T /'
mlrvl\\erQ +(1 — Y; Ui )+ | soft constraint
" W7 .
Primal ":1T prediction
Vi, Ui = W X; + b — (nosign)

A WATERLOO
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Zero-one loss

Y U NP-HARD ,

- Find prediction rule f so that on an unseen random X,
our prediction sign(f(X)) has small chance to be different
from the true label Y
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The hinge loss

5 ——
——  Zero-one
— hinge
upper 4| —— square hinge ||
logisticy
bOund\3 - exponential |

loss

zero-one L—yg>0

souared hinge - (1 @)
: still suffer loss! :
cxponenia loss RN © *" =

log, (1 + exp(—y7))
% virEnish
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Classification-calibration

- Want to minimize zero-one loss
- End up with minimizing some other loss
Theorem (Bartlett, Jordan, McAuLiffe’06). Any convex

margin loss { is classification-calibrated iff £ is
differentiable at 0 and £'(0) < 0.

Classification calibration. arg min E[£(Y a)| X = ]
has the same sign as 2n(x) — 1, i.e., the Bayes rule.

n(z)€(a) + (1 —n(x))l(-a)
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Important optimization trick

min f(x)
joint over o

min
x and t \@

s.t. f(x) <t
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— C 1_ 11
min 2\\w\|2+ 2; Yili)+

\V/i, gz — WTXZ' + b

. n Slack for
‘wrong”
min — HWH2 +C &, prediction
w,b.& 2 ]
i— ~
I —yiy; <&

s.t. Vi, (1 — ?/z?)z)—k <& 0 < ¢

A WATERLOO
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. | )
min max | w2 + Z C& + ai(1 — vy — &) + Bi&;

|1 .
max Vrglérél §HWH§ + Z C& +ai(1 — y;9; — &) + Bi&i

TN Z%’yz’ =0 0%,

\@’ WATERLOO
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Dual problem

n n o n
]. N\ N\ T
Imax E gy — 5 2 Q05 Y X, Xy
1=1

C>a>0 . .
'L:]_ j:]_
S.t. Z A3 Y; — 0 only dot product is

i needed!

1 n n n
min, 533 w93
C>a>0 2 4 4 1 Fi; - Z

’L:]_ ]:1 ?’:1

UNIVERSITY OF

WATERLOO
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The effect of C

mip 5I1E+C3 0= i Lo

1=1 w,b

RXRW, yfi:W X; + b S.t. Viyi(WTXHrb)Zl

. C>0? min 2 ZZ%%%X X -2 o
» C > inf? “h Z‘“y@' :O
R"

min 2 2 Q) X Xj Zoz
C>a>0 : 1Yl / Z

S.t. E 8% p— O UUUUUU si1TY OF
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Karush-Kuhn-Tucker conditions

- Primal constraintsonw, band & (1 — vy;9; )1 < &;
» Dual constraintsonaandfB: a« >0 B <0

» Complementary slackness o
~ B o Z QY =
ai(l —wifi —&) =0 4 :
Gi& =0 agiZC—OszB?;:O
8 —_—
» Stationarity w VT Z Qi YiXi =

. 1 .
mé% i%abxm 5”“’”3 T Z C& + ai(1 — vl — &) + Bi&,
W7 ? a_ ) — . Igra UNIVERSITY OF
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Parsing the equations

AN WATERLOO
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Parsing the equations

W = Z Y X

A\
o $dc g o

(G b d¢ =0
rteely clpsgipead but ( \'ncavred-\,g a(ag;:}}o_p()
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Support Vectors

- a; = 0 :onorbeyond Hyy
» a; = C' "Incorrect” points

O @EC on Hyy

* X, IS on Hx1: what do we
know about its &¢;?

« X Is strictly beyond A,
what is Oéi?

« X Is strictly within H41:
what is 047;?
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Recover b

« Take any isuchthat C' > a; > 0

- Then x; is on the hyperplane:
I —yy;, =0

- How to recover ¢ ?
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A simple example

Class 2 Class 1
@ . |
_1 0 1 X
Xq X2

min 207 — 2a4
CZOQZO

- C>7% > W=D 0w =20 =1
0<ai=3<0C - x,isonH, > b=0 - hard-margin

| {
MW,
| \ ,
[
- W
- ‘_L ?‘ 1.' W UNIVERSITY OF
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A simple example cont’

« C<=% 2> w=2C, Ht:{XIWTX—I—b:t}

a; =C = (x1,y1 = —1) is on or above H_;
— (W' x; +b) <1
— b <1-2C
H 9] : M
| H—H ‘ 7
‘ \ —(:Lvlﬁ ; !
( :JH_ | ' & W HQ |
, L 2C ‘ ‘ (
, n
e ——s -
= L Jd 11 L/ = o [
| f ' b | c
I /"‘\, _‘_'l \:—/.r\/: 26 W - “
‘lw“L % ; W UNIVERSITY OF
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« Formulation
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Gradient Descent

. C < oy ]
min |L(w) := Ezg(y’&%) QHWH%

w,b

Initial

1
weight \ /
1

Step size (learning rate) Z € yzyz YiX; T+ Wy
« const,, if L is smooth n i
« diminishing, otherwise ~ (Generalized) gradient

Ond)! B wirericd
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Stochastic Gradient Descent (SGD)

= (1 - —n:C= Y (vl ) yiXi
Wiepr = (I — ) we — 1y nz (Y:9i)yix

1
average over n samples

a random sample suffices
Wil = (1 _ nmt git)yitxit

0(d)

- diminishing step size, e.qg., 1/sqrt{t} or 1/t
- averaging, momentum, variance-reduction, etc.
- sample w/o replacement; cycle; permute in each pass
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The derivative

- I 5) ‘ ‘
O Sl =
Hge O ‘[; > :_ i —— square hinge
? - logistics
31 - exponential
What about zero-one loss? £ |
All other losses are differentiable. |
Of
What about perceptron? 2 -l 12
vy
/ AN\
w1 = (1 —%)Wt —/ﬂ/z(f (Vi Ui Vi X,
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Solving the dual

Oty < OétEIUt(K O ny)atﬁtl
Q] < pI’OX(CYH_l)

- Can choose constant step size n, = n

» Faster algorithms exist: e.g., choose a pair of a, and q,
and derive a closed-form update
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« Formulation

 Dual

» Optimization

« Extension
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MU|t|C|aSS (Crammer & Singer’'01)

mmj/n % H W ‘ | |2: separate by a “safety margin”

s.t. Vi, VEk # y;, [x;) wy, > 1 4+x, wi

Prediction for Prediction for
correct class wrong classes

» Soft-margin is similar
- Many other variants

WATERLOO
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RegreSS|On (Drucker et al.’97)

min i3+ (ly— 3 - e)
1=1

w,b 2
4
—  square
—_— c-Insensitive
3| — absolute .
Huber
0 2+ -
n
S
1+ N
o N
| | | | | | |

y_g W UNIVERSITY OF
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Questions?
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