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CS480/680: Intro to ML

Lecture 09: Kernels
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- Feature map

« Kernels

« The Kernel Trick
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Quadratic classifier

. Weights
SRR (to be learned)
x'|QKk + V2x |p[+~7|> 0
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The power of lifting

Rd 9 d+d+1
@ 2 ) WH¢(X) > ()
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¢(X) — [CE%7 \/537133273327 \/_3317 \/—332, ]
/\\/

)

¢(X) [x%?x1x27$1$27$27\/—3717\/—3327 ]

Feature map may not be unique
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Does it work?

O X, /ﬁ Aox
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Linear hyerplane in the feature space corresponds to nonlinear boundary in the original space!

And (almost) vice versal! UNIVERSITY OF
) WATERLOO
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Curse of dimensionality?

6 : RY — Rt )?
X)) =
computation in this space now gb( ) \/1§X

But, all we need is the dot product !!!

S (o(x)To(x )= (x'x)P+2x X + 1

MTWA hetuen x o — (XTX/ —+ )2

= Thislssill computable in O(E)ls: )
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Feature transform

o:R* = R" | .4
« NN: learn ¢ simultaneously with w

- Here: choose a nonlinear ¢ so that for some f: R>R

6(x) T H(x') :[Jj<xTx'>

save computation
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- Feature map

« Kernels

« The Kernel Trick
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Reverse engineering

. Start with some function k£ : R* x R %@ s.t.
exists feature transform ¢ with

6(x)T H(x') = K(x,x)

\~AA

- As long as k is efficiently computable, don’t care the dim
of ¢ (could be infinite!)

- Such k is called a (reproducing) kernel.
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» Polynomial kernel k(x,x") (XTX/)p
k(x,x') = (x'x' +1)P

- (Gaussian Kernel

P k() = exp(—[x = x[[3)0)

0"?\*’31%% — DT syl
. Laplace Kernel = @)
/ /
| k(x,x') = exp(—|x —x'||2/0)
« Matérn Kernel
1 (2\/PH><—X’Hz)”H (QWHX—X’HQ)
2v=1T (1) 7 . 7

||||||||||||
13 2020-06-09 Yao-Liang Yu

T ——



Verifying a kernel

For any n, for any x,, X,, ..., X,, the kernel matrix K with

Kij = k(x),x;)

is symmetric and positive semidefinite ( K & Si )

» Symmetric: K; = K;
» Positive semldeflnlte (PSD): forall e € R™

n n
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Kernel calculus

- Ifkis a kernel, sois Ak forany A =0

- Ifk, and k, are kernels, so is k,+k,

k1 with @4, k2 with 2y, ﬂ? kd)‘ X)= %(X) @(x’ el 2
* kitk, with 77 Joe

Afue € = ‘ o @OR(K) = K lx,x)

T (x,X')
- Ifk, and k, are kernels, so is k1 Ko
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- Feature map
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« The Kernel Trick
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Kernel SVM (dual)

1 n n n
SRR ) LI S o
- 1=1

i=1 j=1

X ] 25~ qly) qu)
S. L. E oYy, = |
. ’Izy/lz k(%‘)(a‘)
7 -
)| but @ Is implicit...
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» Given test sample x’, how to perform testing?

XV_ij(X,) = Z Oéiyi¢(Xz')T¢(X/)
i=1 o

v—

w7

£

N licit
o explicit access ~ __ Z Qi’yim )

to ¢, again! ,
- dual variables kernel

training set

A WATERLOO
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Tradeoff

» Previously: training O(nd), test O(d)
. Kernel: training O(n4d), test O(nd)
- Nice to avoid explicit dependence on h (could be inf)

- Butifnis also large... {maybe-tater)
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Learning the kernel (Lanckriet et a1 04)

i g 5 3 o[ 6K - 3o

— 1=1 7=1

S.t. Zaiyi =0
1

- Nonnegative combination of t pre-selected kernels, with
coefficients ¢ simultaneously learned
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Logistic regression revisited

min log(1 —YiW X A
i, S hoa(1 47 4wl
kernelize

_
min log(1 + e~ ¥W (xi)y L\ |lwl?2
min 3 log ) +HAlwl

Representer Theorem (Wabha, Schélkopf, Herbrich, Smola, Dinuzzo/Yu...).
The optimal w has the following form:;

W = Z 0 Y P(Xi )
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Orthogonal decomposition

wmin o @(3 %X)“' ’”W” 3 olocreage
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Questions?
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