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Abstract

Hypothesis testing is one of the most classical problems in statistics. While it has enjoyed
over a century of intense study, only recent focus has been on the small-sample regime, with
interest in sample complexities and minimax rates. Our understanding of many fundamental
problems is now quite mature, but there are several questions which have arisen over the last
decade, which have not yet received adequate attention. The goal of this dissertation is to
identify and address several contemporary challenges in distribution testing. In particular,
we make progress in answering the following questions:

Can we test distributions with tolerance to model misspecification?

How does the complexity of distribution testing change as we consider different mea-
sures of distance?

Can we efficiently test for membership in (potentially infinite) classes of distributions?
How can we avoid the curse of dimensionality when testing multivariate distributions?

Is it possible to perform hypothesis testing on sensitive data, while respecting privacy
of the dataset?

Can we design more efficient algorithms if the dataset is sampled actively?

Directions for further investigation are also discussed.

Thesis Supervisor: Constantinos Daskalakis
Title: Professor of Electrical Engineering and Computer Science
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Chapter 1

Introduction

Hypothesis testing is one of the most classical statistical questions, with a history dating
back at least three hundred years [Arbl0, Lap78]. It asks the following question: can a
dataset, which is assumed to be distributed according to some unknown distribution, be
explained by some hypothesis model? For example, by consulting Christening records from
1629 to 1710, Arbuthnott rejected the hypothesis that the male birth rate is equal to the
female birth rate, and attributed this discrepancy to divine intervention [Arb10].

Modern study in statistics can be traced back to the early 20th century, roughly originat-
ing from Pearson’s introduction of the x2-test [Pea00]. Over the last century, these problems
have enjoyed significant study (see, e.g., [Fis25, [LR05]), often with the goal of computing
p-values for tests of statistical significance.

However, some of the classical works in this field are focused on directions which are not
entirely aligned with the needs of modern data science. Much of the analysis is targeted at the
asymptotic regime, in which we allow the number of samples to go to infinity. For instance, a
common goal is to understand the limiting distribution of a statistic. The drawback is that
modern data analysis is frequently performed on datasets with extremely large domains,
settings in which limited amounts of data may cause these asymptotic guarantees to not
even be approximately true. Furthermore, an emphasis is placed on significance rates: that
is, understanding the probability with which we reject the hypothesized model (also known as
the null hypothesis). Somewhat less rigorously considered is the power of statistical tests: the

probability of not rejecting the model when we are in fact looking at a different distribution

19



(an alternative hypothesis). In many works, this is analyzed with respect to limited classes
of alternative hypotheses or empirically measured on several “natural” alternatives, in both
cases, lacking the precise and widely applicable guarantees we desire.

Guided by these motivations, a recent direction of study has been on understanding the
sample complezity (or equivalently, minimax rates) of hypothesis testing. The broad interest
in these questions has caused a number of communities (including statistics, information
theory, machine learning, and theoretical computer science) to converge upon this common
goal. Perhaps the starting point in the statistics community can be considered the work
of Ingster and coauthors [Ing94, Ing97, IS03|, which studied the minimax rates of various
tests. Our main focus in this thesis is the study in theoretical computer science, of which
the genesis is generally considered the work Goldreich and Ron [GRO0], which studied the
problem of testing uniformity of a distribution for the application of testing expansion of
a bounded degree graph. As this investigation is within the field of computer science, in
addition to the desiderata mentioned above, there is an additional emphasis on developing
algorithms and tests that are computationally efficient. Since this introduction, there has
been a flurry of results, culminating in a tight understanding of the sample complexity of
many fundamental problems of interest (see Section for a brief history of the field so far).

While it might be tempting to declare victory in light of this success, the more applied
side of the field has changed significantly over the past century. In particular, there are
a number of settings and requirements in modern data science that were not dreamed of
when hypothesis testing was first considered, bearing with them a number of new challenges
we must face. The goal of this thesis is to identify and address several of these unresolved
questions, and highlight some directions for further investigation. Specifically, the aspects

of distribution testing which we focus on in this thesis are as follows:

e Tolerance and Alternative Distances. Classically, hypothesis testing has focused
on a single null hypothesis: is our unknown distribution p equal to some model ¢7
However, it seems unreasonable for our model to precisely match the unknown dis-
tribution, as small errors might have been introduced for a number of reasons. As a
result, we would really like to test whether p is close to the model ¢q. Additionally,

while total variation is the canonical distance for distribution testing, other metrics
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and divergences may be more natural for some settings. We investigate both of these

concerns in Chapter [2|

Composite Hypotheses. Somewhat related to the previous topic, we would also like
to test if our distribution belongs to some (potentially infinite) family of distributions.
For example, a researcher might want to determine if their data is distributed according
to the law of some unimodal distribution, not a particular unimodal distribution. We

describe results for testing such composite null hypotheses in Chapter

High Dimensions. Modern settings of data analysis involve highly multivariate do-
mains. In these settings, the curse of dimensionality manifests: distribution testing in
general high-dimensional settings necessitates a sample complexity which is exponen-
tial in the dimension. How can we perform statistical inference tasks in multivariate
settings? In Chapter [d] we design specialized algorithms for Ising models, a common

graphical model for high-dimensional datasets.

Data Privacy. Statistical tasks are often performed on sensitive individual data. For
instance, a medical study might operate on patient health records. Can we perform
statistical procedures while ensuring privacy of the dataset? This is the topic we

explore in Chapter [5]

Conditional Sampling. Nowadays, data collection is not a static process: we may
have some additional control over how our dataset is acquired. Given this extra power,
can we exploit it to design more efficient algorithms? This motivates the study of the

conditional sampling model, which we discuss in Chapter [0}

Other Directions. Naturally, there are a number of directions that we will not have
the opportunity to address elsewhere in this thesis. In Chapter [7| we briefly describe

and discuss a few more modern challenges, and give pointers to the relevant literature.
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1.1 Background, Prior Work, and Outline of Contribu-
tions

In this section, we provide a brief history of the field of distribution testing within theoretical
computer science and adjacent fields. We also outline our contributions and place them in
context with existing work. Discussion of some classical results will be deferred to later
chapters, when they become more relevant to the topic of discussion.

Within theoretical computer science, the field of distribution testing originated as a
subfield of property testing. The problem was first stated by Goldreich, Goldwasser, and
Ron in [GGRI6|, but it was first studied in earnest by Goldreich and Ron [GR00|, who were
concerned with the problem of testing whether a bounded-degree graph is an expander. Their
approach is based on the fact that random walks on expander graphs are rapidly mixing to
the uniform distribution. This allows them to reduce their problem to uniformity testing:
given samples from a distribution p, is it uniform over its support, or is it e-far in total
variation distancd!| from the uniform distribution? While they do not phrase their results in

this language, they imply the following theorem:

Theorem 1 ([GRO0|). There exists a polynomial-time algorithm which, given sample access
to a distribution p over [n], can distinguish (with probability at least 2/3) between the case
where p is uniform over [n|, and the case where p is e-far in total variation distance from

being uniform. The algorithm uses O (y/n/e*) samples.

At first glance, it might seem surprising that one can test whether a distribution over
[n] is uniform from only O(y/n) samples. Indeed, with this few samples, almost all elements
of the domain will never be observed. One counter-intuitive fact which provides a glimmer
of hope is the well-known birthday paradoz: if one takes only ©(y/n) samples from the
uniform distribution, collisions between the sampled elements will start to occur. This is
the type of statistic exploited by Goldreich and Ron. One can observe that the uniform
distribution minimizes the number of collisions between samples from p, and therefore one

can test uniformity of a distribution by appropriately thresholding the number of collisions.

ITotal variation distance, as well as several other concepts we require in this thesis, is defined in Sec-

tion [’1;3}
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More generally, one can consider the problem of identity testing: given samples from a
distribution p, is it equal to some particular distribution ¢, or is it e-far in total variation
distance from ¢? Batu, Fischer, Fortnow, Kumar, Rubinfeld, and White gave the first
algorithm for this problem [BFFT01], which requires O (y/n - poly(¢~!)) samples. Note that
this nearly matches the dependence on n for uniformity testing. Their method partitions
the domain [n| so that ¢ is roughly uniform on each part, and then tests whether p is
uniform over each part using the algorithm of Goldreich and Ron |[GR00]. This method of
reducing identity testing to uniformity testing is fundamental, and a number of recent works
essentially do this, either by rescaling [ADKI15| or splitting [DK16l [Gol16] elements of the
domain. Indeed, as Goldreich showed via the splitting method, uniformity testing is complete
for testing identity [Goll6]. In other words, up to constant factors, an algorithm for testing
uniformity implies an algorithm for testing identity with the same sample complexity.

The first optimal upper bounds of O(y/n/e?) were provided by Paninski [Pan(8], and
Valiant and Valiant [VV14]. The former algorithm only works when ¢ = Q(n~'/%), and is for
the special case of testing uniformity (which we now know to be complete), while the latter
algorithm removed both these restrictions. Optimal algorithms for this problem have since
been rediscovered several times [ADKT5, [DKNI15b, DGPP16, [DK16, DGPP18, DKW18]. To
complement these upper bounds, Paninski also showed an information-theoretic lower bound
of Q(y/n/e?) for uniformity testing. The dependence on n is intuitive from the fact that the
©(y/n) in the birthday paradox is tight: if one receives fewer samples from a distribution
which is uniform over a random half of the domain [n], no collisions will be witnessed, and
thus the distribution is indistinguishable from the uniform distribution. Obtaining the tight
inverse-quadratic dependence on ¢ requires a more careful argument. To summarize, this

line of work has resulted in the following optimal sample complexity for testing identity:

Theorem 2 ([Pan08, VV14|). There exists a polynomial-time algorithm which, given sam-
ple access to a distribution p over [n] and the description of a distribution q over [n], can
distinguish (with probability at least 2/3) between the case where p is equal to q, and the case
where p is e-far in total variation distance from q. The algorithm uses O (y/n/e?) samples.

Furthermore, any algorithm for this problem which succeeds with probability at least 2/3 must

use Q (v/n/e*) samples.
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While this settles the complexity of identity testing, this formulation is rather basic, and
may be of limited interest in many real-world settings. For example, it seems unreasonable for
the distribution p to exactly match the hypothesized model ¢, as error may be introduced into
the process at a number of points. Therefore, it may be more motivated to study the tolerant
case, when p and ¢ are close, rather than equal. Perhaps the most natural formulation of
this question is as follows: how many samples are required to distinguish the case where p
is €/2-close to ¢ from the case where p is e-far from ¢? Surprisingly, as shown by Valiant

and Valiant [VV10al VVI0b, VVI1al VV11b|, the problem is much harder than before: the

sample complexity jumps to © (@) This is rather unsatisfying, as the tolerance we desire
cost us a near-quadratic blow-up in the sample complexity, thus motivating study of the

following question in Chapter [2}

Question 1. Can we design sample-efficient algorithms for tolerant identity testing, poten-

tially by considering other distance measures?

We answer this question affirmatively, and provide a number of computationally efficient
and sample-optimal tests for a number of testing problems. We show that some types of
tolerance come at no cost, including tolerance in fy-distance or the y2-divergence.

Another way to lessen the restrictive nature of identity testing is to consider composite
hypotheses. In addition to identity testing, the paper of Batu et al. [BFET01| also studied
independence testing: given samples from a two-dimensional distribution p, is it a product
measure? Observe that, in contrast to previous problems where the null hypothesis is a single
distribution, we wish to test whether p is equal to one of infinitely many ¢. In a simliar vein,
Batu, Kumar, and Rubinfeld [BKR04| investigated monotonicity testing: given samples
from a distribution p over [n], is its probability mass function monotone non-decreasing?
Interestingly, the sample complexity is once again O (y/n - poly(e™")): the cost is comparable
to that of testing identity to a single hypothesis ¢. This raises the main question of study in
Chapter

Question 2. Are there sample-efficient tests for testing if a distribution belongs to some

structured family?
We once again answer this affirmatively for a number of families of interest by providing
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sample-optimal and computationally efficient algorithms for testing many natural classes of
distributions. We find that testing for an entire class of distributions often comes at no cost
over testing for a single distribution ¢. Surprisingly, we must exploit a technical connection
with Question [I}

Most of the problems mentioned so far have been studied in low-dimensional settings:
all are univariate, with the exception of independence testing, which is bivariate. However,
distribution testing problems frequently arise in high-dimensional settings, which are far more
common in modern data analysis. Troublingly, if one embeds the lower bound construction of
Paninski [Pan08] into a multivariate domain, it can be shown that the curse of dimensionality
necessitates a sample complexity which is exponential in the dimension. This seems at odds
with our needs to perform statistical analysis in these settings. One vestige of hope is the fact
that structural assumptions on the underlying distribution often enable significant savings
for testing problems. This was observed by Batu, Kumar, and Rubinfeld [BKR04|, who
achieved exponential savings in the sample complexity when the underlying distributions are
assumed to be monotone. Note that this is testing with structure, not testing for structure,

as considered in Question [2] Specifically, we investigate the following question in Chapter [}

Question 3. Is high-dimensional distribution testing tractable over structured classes of

densities?

If the underlying distribution is an Ising model, we show that the curse of dimensionality
can be avoided. As a result, the sample complexity is polynomial in the dimension, rather
than exponential.

Turning briefly to the applied side of hypothesis testing, statistical methods are now
applied in an increasingly wide variety of settings. One recent area of interest is genome
wide association studies (GWASs), where one tries to detect correlations between traits
and genetic variants using hypothesis tests for independence. Naturally, these datasets are
quite sensitive in nature, containing health information of large collections of individuals.
Worryingly, it was recently shown by Homer et al. that naive methods might allow an

attacker to identify individuals who participated in such a study [HSRT08|, thus motivating
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interest in methods which explicitly try to prevent such attacks. We turn our focus to this

issue in Chapter

Question 4. Can we perform distributional hypothesis testing and property estimation while

respecting privacy of the dataset?

Using the celebrated notion of differential privacy, we give efficient private algorithms for
several problems of interest. Surprisingly, in many parameter regimes of interest, privacy
comes at a negligible cost in the sample complexity.

Finally, a new direction has attempted to quantify the savings enjoyed when we have
stronger access to the underlying distribution. For example, suppose that, rather than
simply being given a dataset, we can somehow (potentially adaptively) gather a dataset.
This evokes the spirit of the celebrated active learning model in machine learning, in which
one can request labels for specific datapoints. The recently-introduced conditional sampling
model, in which the algorithm can elicit samples conditioned on being from query sets it
specifies, attempts to capture this type of phenomenon [CEGM13| [CRS14], and it has been
shown that the complexity of several problems drops dramatically. For instance, identity
testing requires only O(1/e%) queries [EJOT1H], in contrast to the O(y/n/e?) samples in
the standard model, completely eliminating the dependence on the size of the support n.
However, the complexity of a number of basic questions is still not well understood — we fill

several gaps in the literature in Chapter [ contemplating the following question:

Question 5. How far can we push the savings enabled by the conditional sampling model for
distribution tesing, and how does the power of the model change when it is adaptive versus

non-adaptive?

We conclude this section by mentioning prior work on a few other interesting questions
in distribution testing.

The success probability of identity testing in Theorem 2] is at least 2/3. This can be
boosted to 1 —§ at a multiplicative cost of O(log(1/8)) samples, as we discuss in Section [1.3|
However, it turns out one can do slightly better — in some parameter regimes, one may get

away with paying only a multiplicative O(y/log(1/4)) [HM13b, DGPP18§].
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As mentioned before, if one can test uniformity, one can test identity to any distribution
q. As such, the uniform distribution is the hardest distribution, and we can actually do
better on an instance-by-instance basis, as shown in [VV14, IDK16, BCG17].

The harder problem of equivalence testing, when both p and ¢ are unknown, was first
studied in [BFRT00]. Optimal upper and lower bounds were given in [CDVV14], where the

lower bound was based off the approach of [Valll].

Theorem 3 ([Vallll, [CDVV14|). There exists a polynomial-time algorithm which, given

sample access to distributions p and q over [n], can distinguish (with probability at least 2/3)

between the case where p is equal to q, and the case where p and q are e-far from each other
n2/3 p1/2

in total variation distance. The algorithm uses O (max {m, 5—2}> samples. Furthermore,
any algorithm for this problem must use 2 (max {%, %f}) samples.

In fact, one can show that it is possible to test equivalence when given unequal numbers
of samples from the two distributions, as investigated in [AJOS14b, BV15| [DK16].

Beyond distribution testing, there has also been significant study on several related prob-

lems of property estimation, some of which we describe and discuss in Section [1.3.1.2] All of

these problems are in the “barely-sublinear” regime, with sample complexity © (10211)' Spe-
cific lines of work include Shannon and Rényi entropy estimation [Pan03, BDKRO05, [VV13],
WY16, JVHW17, [AOST17, [0S17], support coverage and support size estimation [OSW16],
WY18|, and estimating distance between discrete distributions [VV10al, VV10b, VV1Tal,
VV1ib, JHW16, HIW16l, JVHW17].

Our coverage in this section is necessarily incomplete, focusing on the results which are

most relevant to our work in this thesis. For further background, surveys, and books which

may be of interest, we refer the reader to [Rubl2, [Can15bl [Goll'7, BW17h].

1.2 Organization and Bibliographic Information

Most contents of this thesis have appeared previously as other publications, which we briefly
outline.
In the remainder of Chapter [1} we standardize notation and overview some preliminaries

that we will require for the rest of the thesis.
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Chapter [2| focuses on distribution testing with alternative distance measures. This is
based on the paper “Which Distribution Distances are Sublinearly Testable?” which is joint
work with Constantinos Daskalakis and John Wright, and appeared in the Proceedings of
the 29th Annual ACM-SIAM Symposium on Discrete Algorithms [DKWTS].

Chapter [3| studies the testing of shape restrictions of distributions. This is based on the

)

paper “Optimal Testing for Properties of Distributions,” which is joint work with Jayadev
Acharya and Constantinos Daskalakis, and appeared in Advances in Neural Information
Processing Systems 28 [ADK15].

Chapter [4] investigates testing in structured high-dimensional domains, when the un-
derlying distribution is known to be an Ising model. This is based on the paper “Testing
Ising Models,” which is joint work with Constantinos Daskalakis and Nishanth Dikkala,
and appeared in the Proceedings of the 29th Annual ACM-SIAM Symposium on Discrete
Algorithms [DDKIS].

Chapter [5| describes results on distribution testing and property estimation with privacy
constraints. This is based on two papers: the first is “Priv’IT: Private and Sample Effi-
cient Identity Testing,” which is joint work with Bryan Cai and Constantinos Daskalakis,
and appeared in the Proceedings of the 34th International Conference on Machine Learn-
ing [CDK17]. The second is “INSPECTRE: Privately Estimating the Unseen,” which is
joint work with Jayadev Acharya, Ziteng Sun, and Huanyu Zhang, and appeared in the
Proceedings of the 35th International Conference on Machine Learning [AKSZ1§].

Chapter [0] discusses distribution testing when one is given conditional sampling access
to the underlying distribution. This is based on two papers: the first is “A Chasm Between
Identity and Equivalence Testing with Conditional Queries,” which is joint work with Jayadev
Acharya and Clément L. Canonne, and appeared in the proceedings of the 19th International
Workshop on Randomization and Computation [ACKI5b|. The second is “Anaconda: A
Non-Adaptive Conditional Sampling Algorithm for Distribution Testing,” which is joint work
with Christos Tzamos, and is currently available as a preprint [KT1§].

Chapter [7] lists some other recent directions in distribution testing, which are ripe for

further investigation.

Other papers by the author over the course of his PhD studies, but not included in this
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thesis include [DK14, [ACKI5al, DKT15, DDKT16, DKK*16, DDK17, DKK*17, DKK*18al,
DKK™18b, [KLSUI18, HKKT1S].
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1.3 Preliminaries and Notation

In this thesis, we will use the symbols p and ¢ to denote probability distributions. Distri-
butions will usually be discrete, with support [n] = {1,...,n}. To represent the probability
of observing element i, we will use either p(i) or p;, the choice of which will be clear from
context. Except when stated otherwise, for a set S C [n] and a distribution p over [n], pg is
the vector p restricted to the coordinates in S. We will call this a restriction of distribution
p. We will generally use ¢ € (0,1) to measure the accuracy of a statistical procedure: either
the parameter in the “soundness” case for distribution testing or how accurately we must
estimate some functional of a distribution for property estimation. ¢ € (0,1) is used to indi-
cate the probability that the test or estimator fails (i.e., outputs an incorrect or inaccurate
answer). The exception will be Chapter , where we use € and ¢ for privacy parameters, we
will use a and (3 in their place, respectively. The symbol m will be used for the number of

samples. We will use U, for the uniform distribution over [n].

1.3.1 Problems Statements

The primary problem of interest in this thesis is distribution testing. There are many flavors
which we describe in Section [1.3.1.1l Other property estimation problems we study are
described in Section [1.3.1.2

1.3.1.1 Distribution Testing

We define some classical distribution testing problems here, extensions will be defined in
later chapters as they become relevant.
The most classical distribution testing problem is identity testing. Given an explicit

description of a distribution ¢, the goal is to distinguish between the following two cases:
e Completeness: p = ¢;
e Soundness: drv(p,q) > ¢,

where dry(p, q) is the total variation distance between p and q. We would like for our test

to be successful with probability at least 2/3: this can be boosted to probability 1 — § by a
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standard argument at the cost of a multiplicative log(1/6) in the sample complexityﬂ When
the distribution ¢ = U, then the problem is called uniformity testing. In the statistics
community, these problems are referred to as one-sample testing: this is in reference to the
fact that we have samples from one unknown distribution.

In the harder case where ¢ is not explicitly known and we only have sample access to ¢,
then the problem is called equivalence testmgﬁ As one might expect, this variation of the
problem is called two-sample testing by the statistics community.

Sometimes, the completeness condition is changed from drv(p,q) = 0 to dry(p,q) < €.

In this case, the problem is called tolerant testing. Often, ¢’ is chosen to be /2, or some

other value which gives a constant factor gap between the soundness and completeness cases.

1.3.1.2 Other Problems

There are a number of other property estimation problems which we explore in this thesis.

Support Size. The support size of a distribution p is S(p) = [{z : p(z) > 0}|, the number
of symbols with non-zero probability values. However, notice that estimating S(p) from sam-
ples can be hard due to the presence of symbols with negligible, yet non-zero probabilities.
To circumvent this issue, [RRSS09| proposed to study the problem when the smallest prob-
ability is bounded. Let A1 2 {pe A:p(x) € {0} U[l/n,1]} be the set of all distributions
where all non-zero probabilities have value at least 1/n. Given samples from p € Ay 1, our

goal is to estimate S(p) up to ten.

Support Coverage. For a distribution p, and an integer k, let Sk(p) = > (1—(1—p(z))*),
be the expected number of symbols that appear when we obtain k£ independent samples from
the distribution p. The objective is, given samples from p, to estimate Sy (p) up to an additive
+ek.

Support coverage arises in many ecological and biological studies [CCGT12] to quantify

2The argument is as follows: run the test independently O(log(1/4)) times, and take the majority result.
Since each result is correct with probability at least 2/3, then, by a Chernoff bound, the correct result will
be the majority with probability 1 — §.

3The problem is also known as closeness testing, though we will generally use the former term in this
thesis.
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the number of new elements (gene mutations, species, words, etc.) that can be expected to
be seen in the future. Good and Toulmin [GT56] proposed an estimator that can extrapolate

by a factor of up to 2: it can use k/2 samples to estimate Si(p).

Entropy. The Shannon entropy of a distribution p is H(p) = >, p(x )log POk H(p) is a
central object in information theory [CT06a), and also arises in many fields such as machine
learning [Now12|, neuroscience [BWM97, NBdRvS04], and others. Estimating H(p) is un-
fortunately impossible with any finite number of samples due to the possibility of infinite
support. To circumvent this, a natural approach is to consider distributions in A,,, where
A, is all discrete distributions over at most n symbols. The goal is to estimate the entropy

of a distribution in A,, up to +e.

Distance between Distributions. The /;-distance between a distribution p and ¢ is
Ip—qlli = >, |p(i)—q(i)| € [0, 1]. This is most frequently studied when ¢ = U,,. The goal is to
estimate ||[p—¢||1 up to an additive . Estimating the distance between distributions is closely
related to the problem of tolerant distribution testing, when we want to determine whether
two distributions are close or far in ¢; distance. For more discussion on this connection and

distribution testing, see [PRRO6, DKW18§].

1.3.2 Measures of Distance between Distributions

In this thesis, a number of different distances and divergences will be core to our work.

Definition 1. The total variation distance or statistical distance between p and q is defined

as

| |
drv(p, q) = maxp(S) —q(S) = 5 > Ipi —ail = 5lp —al € 0.1].

schnl i€[n]

Note that, up to a factor of two, this is equivalent to the ¢, distance between p and q.

Definition 2. The KL divergence between p and q is defined as

dKL p7 Z Di 111 pl )
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This definition uses the convention that 0ln0 = 0.

Definition 3. The symmetric KL divergence between p and q is defined as

dskr(p, ) = dxu(p; ¢) + dxv(q,p) sz 24 g, 111— € [0,00).

i€[n] i

Definition 4. The Hellinger distance between p and q is defined as

du(p,q) = % S (Vi — V@) € 0,1,
i€[n]

Definition 5. The y*-divergence (or chi-squared divergence) between p and q is defined as
2
Pi — i
delpa) = 3 P € 0,00
, di
i€[n]
Definition 6. The ¢y distance between p and q is defined as

diy(p,q) = | (pi—a:)>=p—qll2 € [0,1].

i€[n]
We also define these distances for restrictions of distributions pg and gg by replacing the
summations over ¢ € [n] with summations over ¢ € S.

We have the following relationships between these distances. These are well-known for

distributions, i.e., see |[GS02|, but we prove them more generally for restrictions of distribu-

tions in Section [[.3.2.1]

Proposition 1. Letting ps and qs be restrictions of distributions p and q to S C [n],

di(ps, qs) < drv(ps. qs) < V2du(ps, qs) > (g = pi) + dxu(ps. gs) < 4/ dy2(ps, gs)-

i€S
Furthermore, dKL(ps,qs) < dSKL(pSaQS)-

We recall that dy, fits into the picture by its relationship with total variation distance:
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Proposition 2. Letting p and q be distributions over [n],

de, (p, q) < 2drv(p,q) < v/ndp,(p, q).

The second inequality follows from Cauchy-Schwarz.

We will also need to following bound for Hellinger distance:

Proposition 3. 2d3(p, q Z < 4di(p. q).
= b ‘H]z

Proof. Expanding the Hellinger-squared distance,

n

2 _1 . 2_1 (pi_Qi)2

The fact now follows because (p; + ¢;) < (v/pi + V&)* < 2(pi + @) O

The quantity Y ., (pi — ¢)?/(pi + ;) is sometimes called the triangle distance. However, we
see here that it is essentially the Hellinger distance (up to constant factors).

1.3.2.1 Proof of Proposition

Recall that we will prove this for restrictions of probability distributions to subsets of the

support — in other words, we do not assume ), «p; = > ..s ¢ = 1, we only assume that

Zz‘espi <1 and ZiES ¢ < 1.

di(ps, qs) < drv(ps, qs)

dii(ps, as) = % S (VB - V)

€S

1
<52 W= Val (Vi + va)
€S
1
= 5 Z |pi - Qil
€S
= drv(ps, qs)-
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drv(ps, gs) < V2du(ps, qs) :

div(ps, ds) = i ; i — qz-|>2
1 (Zvr-va <m+m>2
<7(Zwva- @f) (;<m+ m2>
< d4(ps., gs) % ( > (Vpi + @)2>
= diy(ps, gs) (2; .+ ;Qi - d%(ps,qS)>
< diy(ps, as) - (2 — dir(ps, as))

< 2d3(ps, qs)-

Taking the square root of both sides gives the result. The second inequality is Cauchy-

Schwarz.

Qd%{(p57 C]S) S Zieg(% - pz) + dKL(pSa QS) :

2d%(ps, qs) = Z(Qz‘ +pi) — QZ Vi

€S €S

=) (ai+p)—2 < P k @>
; ; ’ ;Zjespj pi
1 Di qi
< i +pi) — 2 j 5 log =
_;(q +p;) ( ;pg exp (2;&65% og@))
1 Di q;
< 4p) — 2 N - log
_;(q + i) ( jezsp; ( +2iezszjespj ngi>>
:Z <Zp110g%>
€S €S

— Z(qZ — pi) + dki(ps, gs)-

€S
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The first inequality is Jensen’s, and the second is 1 + z < exp(z).

dKL(pSa QS) < Zies(pi - qi) + dX2 (ps, C]S) :

Di yZi
dxL(ps, qs) = ij Z—'log_'>
jes i€S Zjesp] @
< (o) (st
< Dj g = —
jes ’ Zjespj ies 1
1
= (> pi) | log (Z ( 2(ps, qs) +2 ) pi— Zq>>>
jes jesPj ieS icS
1
= (> pi | [log <2 + S o < 2(ps, qs) Z%)))
jes jesPi €S
1
<(So) (1o ( (05.25) zqz>)
jes jesPi ieS
= Z(pz — ;) + dy2(ps, gs)-
ics

The first inequality is Jensen’s, and the second is 1 + z < exp(z).

dkL(ps, qs) < dskr(ps,qs) This is immediate from non-negativity of KL divergence.

1.3.3 Convergence Bounds

One general purpose tool is the celebrated Dvoretzky-Kiefer-Wolfowitz (DKW) inequality.
This gives a generic approach for learning an arbitrary distribution in Kolmogorov distance
with only O(1/e?) samples. This is in contrast to learning in total variation distance, which

generally requires tailored methods for every distribution class of interest.

Lemma 1 ([DKW56],[Mas90]). Let p,, be the empirical distribution generated by m i.i.d.

samples from a distribution p. We have that
Pr(dy(p, pm) > €] < 2727

In particular, if m = Q(log(1/8)/e?), then Pr[dk(p, pm) > €] < 4.
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We will make extensive use of Chernoff-style bounds in this work. Recall that the
Binomial(n, p) distribution describes the distribution of the number of successes when we

run n independent Bernoulli trials, each with success probability p.

Lemma 2 (Chernoff Bound for Binomials). Let X ~ Binomial(n,p) and p = E[X] = np.
Then
0%

2
Vo € 10,1), Pr[|X —p| > dpn) <2exp <_T) :

We will also need a similar Chernoff-style bound for the hypergeometric distribution. The
Hypergeometric(n, K, N') distribution describes the distribution of the number of successes
when we draw n times without replacement from a population of size N, in which K objects
have the pertinent feature (and thus count as successes). Note that if the drawing were done
with replacement, and K /N = p, then this would be equivalent to Binomial(n, p). Sampling
without replacement introduces negative correlation between the probability of each draw
being successful. This type of negative correlation generally “helps” with concentration,

allowing one to prove similar concentration bounds (see, e.g., [Chv79, [DR96], Theorem 1.17

of [AD1]).

Lemma 3 (Chernoff Bound for Hypergeometrics). Let X ~ Hypergeometric(n, K, N) and
uw=E[X]=nK/N. Then,

52

1.3.4 Poisson Sampling

At certain points, our algorithms will employ Poisson sampling. Rather than taking a fixed
number of m samples from a distribution p, we instead draw Poisson(m) samples. More
precisely, we first sample m’ ~ Poisson(m), and then draw m’ samples from p. While this
procedure might seem odd and indirect, it has a perhaps surprising benefit. Namely, letting
N; be the number of occurrences of element ¢, all N; will be independent and distributed
as Poisson(m - p;). This is in contrast to the standard sampling procedure: the N;’s will
be marginally distributed as Binomial(m, p;), but there will exist significant correlations.

Injecting this independence over the N;’s makes the analysis significantly easier in certain
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cases, as we can focus on individual symbols without worrying about correlations. One
concern could be that m’ is much larger than m, which would significantly increase the
sample complexity. However, since Poisson(m) is tightly concentrated around its mean m,
we have that m’ = ©(m) with high probability. Therefore, any algorithm which draws
Poisson(m) samples can be converted to an algorithm with a fixed budget of (say) 10m
samples. The first step would be to draw m’ ~ Poisson(m): if m’ < 10m, use that many
samples and discard the rest. On the other hand, if m’ > 10m (which occurs with negligible

probability), then the output can be arbitrary.
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Chapter 2

Testing with Tolerance and Alternative

Distances

2.1 Introduction

Up to this point, most of the discussion on the problem of testing whether p is equal to some
hypothesis ¢, or is far in total variation distance from ¢. In this chapter, we focus on relaxing

both of these restrictions. In particular, the two core problems will be the following:

1. Can we handle when p is close to ¢, rather than equal?

2. Can we test for when p and ¢ are far in other distances besides total variation?

To give an example of why these type of issues may arise, we give a concrete example.
Suppose we want to test whether the sizes of some population of insects are normally dis-
tributed around their mean by sampling insects and measuring their sizes. Of course, our
models are usually imperfect. In our insect example, perhaps our estimation of the mean
and variance of the insect sizes is a bit off. Furthermore, the sizes will clearly always be
positive numbers. Yet a Normal distribution could still be a good fit. To get a meaningful
testing problem some slack may be introduced, turning the problem into that of distinguish-
ing whether d;(p, q) < €1 versus da(p, q) > &9, for some distance measures d;(+,-) and ds(+, *)
between distributions over [n] and some choice of €; and €5 which may potentially depend

on [n] or even ¢q. Regardless, for the problem to be well-defined, the sets of distributions
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C=A{p| di(p,q) <e1} and F = {p | da(p,q) > €2} should be disjoint. In fact, as our goal
is to distinguish between p € C and p € F from samples, we cannot possibly draw the right
conclusion with probability 1 or detect the most minute deviations of p from C or F. So our
guarantee should be probabilistic, and there should be some “gap” between the sets C and

F. In sum, the problem is the following;:

(dy,ds)-Identity Testing: Given an explicit description of a distribution ¢ over [n],
sample access to a distribution p over [n], and bounds e; > 0, and €5, > 0, distinguish

with probability at least 1 — 0 between di(p,q) < &1 and da(p,q) > &3, whenever p

satisfies one of these two inequalities.

A related problem is when we have sample access to both p and ¢. For example, we might
be interested in whether two populations of insects have distributions that are close or far.

The resulting problem is the following:

(dq,dy)-Equivalence (or Closeness) Testing: Given sample access to distributions p
and ¢ over [n], and bounds ¢; > 0, and e, > 0, distinguish with probability at least

1 — 0 between dy(p,q) < €1 and dy(p,q) > €9, whenever p, ¢ satisfy one of these two

inequalities.

As mentioned before, the primary focus of prior work has been on the case where ¢; = 0
and dy is the total variation distance. There are several other sub-optimal results known for
various combinations of dy, ds, €1 and &5, and for many combinations there are no known

testers. A more extensive discussion of the literature is provided in Section [2.1.2]

The goal of this chapter is to provide a complete mapping of the optimal sample complexity
required to obtain computationally efficient testers for identity testing and equivalence testing
under the most commonly used notions of distances dy and dy. Our results are summarized
in Tables and [2.3] and discussed in detail in Section 2.1.1] In particular, we obtain
computationally efficient and sample optimal testers for distances d; and dy ranging in the
set {{o-distance, total variation distance, Hellinger distance, Kullback-Leibler divergence, x?2-

divergence},E] and for combinations of these distances and choice of errors ¢; and ¢3 which

!These distances are nicely nested, as discussed in Section from the weaker /5 to the stronger
x2-divergence.
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give rise to meaningful testing problems as discussed above. The sample complexities stated
in the tables are for probability of error 1/3. Throwing in extra factors of O(log1/d) boosts

the probability of error to 1 — 9, as usual.

Our motivation for this work is primarily the fundamental nature of identity and equiv-
alence testing, as well as of the distances under which we study these problems. It is also
the fact that, even though distribution testing is by now a mature subfield of information
theory, property testing, and sublinear-time algorithms, several of the testing questions that
we consider have had unknown statuses prior to our work. This gap is accentuated by the
fact that, as we establish, closely related distances may have radically different behavior. To
give a quick example, it is easy to see that y2-divergence is the second-order Taylor expan-
sion of KL-divergence. Yet, as we show, the sample complexity for identity testing changes
radically when d5 is taken to be total variation or Hellinger distance, and d; transitions from
x? to KL or weaker distances; see Table 2.1l Similar fragility phenomena are identified by
our work for equivalence testing, when we switch from total variation to Hellinger distance,

as seen in Tables 2.2 and 231

Adding to the fundamental nature of the problems we consider here, we should also
emphasize that a clear understanding of the different tradeoffs mapped out by our work is
critical at this point for the further development of the distribution testing field, as recent
experience has established. We provide a couple of recent examples where testing with
tolerance and alternative distances proves to be critical. One application in [ADKI15] is
that of composite hypothesis testing, where we wish to test if p belongs to some class of
distributions. For instance, one could ask if the density of p is monotone increasing. It turns
out that testing with d; being the y2-divergence is crucial for this application. This work is

the focus of Chapter [3| and we defer further discussion to then.

Another example supporting our expectation can be found in recent work of Daskalakis
and Pan [DP17]. They study equivalence testing of Bayesian networks under total varia-
tion distance. Bayesian networks are flexible models expressing combinatorial structure in
high-dimensional distributions in terms of a directed acyclic graph (DAG) specifying their
conditional dependence structure. The challenge in testing Bayes nets is that their sup-

port scales exponentially in the number of nodes, and hence naive applications of known
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equivalence tests lead to sample complexities that are exponential in the number of nodes,
even when the in-degree ¢ of the underlying DAGs is bounded. To address this challenge,
Daskalakis and Pan establish “localization-of-distance” results of the following form, for var-
ious choices of distance d: “If two Bayes nets p and ¢ are e-far in total variation distance,
then there exists a small set of nodes S (whose size is A + 1, where A is again the maximum
in-degree of the underlying DAG where p and ¢ are defined) such that the marginal distri-
butions of p and ¢ over the nodes of set S are &’-far under distance d.” When they take d to
be total variation distance, they can show & = €Q(e/m), where m is the number of nodes in
the underlying DAG (i.e. the dimension). Given this localization of distance, to test whether
two Bayes nets p and ¢ satisfy p = ¢ versus dry(p, q) > ¢, it suffices to test, for all relevant
marginals pg and gs whether pg = gg versus drv(ps, gs) = Q(g/m). From Table[2.2]it follows
that this requires sample size superlinear in m, which is suboptimal. Interestingly, when they
take d to be the square Hellinger distance, they can establish a localization-of-distance result
with ¢/ = ¢2/2m. By Table , to test each S they need sample complexity that is linear
in m, leading to an overall dependence of the sample complexity on m that is O(m) which
is optimal up to log factors. More recent applications of our algorithm for identity testing
for Hellinger distance include [DDGI18, [ABDKI18|. Again, switching to a different distance
results in near-optimal overall sample complexity, and our table is guidance as to where the
bottlenecks and opportunities lie.

Finally, we comment that tolerant testing (i.e., when &; > 0) is perhaps one of the most
interesting questions in the design of practically useful testers. Indeed, as mentioned before,
in many statistical settings there may be model misspecification. For example, why should
one expect to be receiving samples from precisely the uniform distribution? As such, one
may desire that a tester is robust to small errors, and accepts all distributions which are
close to uniform. Unfortunately, Valiant and Valiant [VV11a] ruled out the possibility of a
strongly sublinear tester which has total variation tolerance, showing that such a problem
requires © <$) samples. This raises the following question: Which distances can a tester
be tolerant to, while maintaining a strongly sublinear sample complexity? We outline what

is possible.

2The extra log factors are to guarantee that the tests performed on all sets S of size § + 1 succeed.
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drv(p,q) > ¢ du(p,q) > /V2 dici(p, q) > € d(p,q) > €
P=q Q (%) [Pan08] Untestable |[Theorem
dy2(p,q) < €°/4 L @) (g) [TheoreleI
diw(p,q) <<2/4 | Q (logn)[ThcorcmM -
du(p,q) < /22
drv(p,q) <e/2or 52/ @) (&) [Corollary (3

Table 2.1: Identity Testing. Rows correspond to completeness of the tester, and columns
correspond to soundness.

2.1.1 Results

Our results are pictorially presented in Tables 2.1] 2.2] and [2.3] We note that these tables
are intended to provide only references to the sample complexity of each testing problem,
rather than exhaustively cover all prior work. As such, several references are deferred to
Section 2.1.2] In Tables 2.1 and 2.2 each cell contains the complexity of testing whether
two distributions are close in the distance for that row, versus far in the distance for that
ColumnE] These distances and their relationships are covered in detail in Section , but we
note that the distances are scaled and transformed such that problems become harder as we
traverse the table down or to the right. In other words, lower bounds hold for cells which are
down or to the right in the table, and upper bounds hold for cells which are up or to the left;
problems with the same complexity are shaded with the same color. The dark grey boxes
indicate problems which are not well-defined, i.e. two distributions could simultaneously be
close in KL and far in y?-divergence.

We highlight some of our results:

1. We give an O(y/n/e?) sample algorithm for identity testing whether d,2(p, ¢) < €?/4 or
du(p,q) > €/v/2 (Theorem . This is the first algorithm which achieves the optimal
dependence on both n and e for identity testing with respect to Hellinger distance
(even non-tolerantly). We note that a O(y/n/e?) algorithm was known, due to optimal

identity testers for total variation distance and the quadratic relationship between total

3Note that we chose constants in our theorem statements for simplicity of presentation, and they may
not match the constants presented in the table. This can be remedied by appropriate changing of constants
in the algorithms and constant factor increases in the sample complexity.

4We note that we must use ¢/2 or €2/4 depending on whether we are testing with respect to TV or
Hellinger. For more details and other discussion of the n/logn region of this chart, see Section
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drv(p,q) > €

du(p,q) > /V2

dxL(p, q) > €

dy2(p, q) > €

nl/2

Q

max

n2/3
2 ) g4/3

p=q O ( max ”512/2, Zf//j [CDVV14]
[CDVV14]

(0] (min {%2/4 e
Q (min { 2 ot }) [DK16]

}) [Theorem

Untestable [Theorem

dy(p,q) < /4 { (mgn

) [Theorem |12

dxi(p,q) < /4

du(p,q) < e/2V2

€
drv(p,q) <e/2 or g2 /48

n
0o (logn

) [Corollary

[¥5)

Table 2.2: Equivalence Testing. Rows correspond to completeness of the tester, and columns

correspond to soundness.

Identity Testing

Equivalence Testing

d(p,q) < fa(n,e) vs. de,(p,q) > € | © (%) [Corollary |2 © (%) [Corollary [2
de,(p,q) < \/iﬁ vs. dryv(p,q) > ¢ | © ({—?) [Theorem 5] | © (max{";f, Zj//j ) [Theorem |7
de,(p,q) < \6/—25 vs. du(p,q) >¢ | © <‘€/—f) [Theorem [6] | © (min {%2/4, Z:—;;}) [Theorem |8

Table 2.3: (5 Testing. fy(n,¢€) is a quantity such that d(p, q) < fi(n,e) and dy,(p, q) > € are

disjoint.

variation and Hellinger distance.

Note that this immediately implies an algorithm

with the same sample complexity for identity testing whether d2(p,q) < £2/4 or

drv(p,q) > €, which was also shown in [ADK15].

2. In the case of identity testing, a stronger form of tolerance (i.e., KL divergence instead

of x?) causes the sample complexity to jump to 2 (n/logn) (Theorem [11)). We find

this a bit surprising, as y?-divergence is the second-order Taylor expansion of KL di-

vergence, so one might expect that the testing problems have comparable complexities.

3. In the case of equivalence testing, even x*-tolerance comes at the cost of an Q (n/logn)

sample complexity (Theorem . This is a qualitative difference from identity testing,

where y2-tolerance came at no cost.

4. However, in both identity and equivalence testing, ¢5 tolerance comes at no additional

cost (Theorems , @, , and . Thus, in many cases, ¢, tolerance is the best one can

do if one wishes to maintain a strongly sublinear sample complexity.

From a technical standpoint, our algorithms are y2-statistical tests, and most closely re-

semble those of [ADKTH| and [CDVV14] (similar x2-tests were employed in [VV17a,[DKNT5D|
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CDGRI16]). However, crucial changes are required to satisfy the more stringent requirements
of testing with respect to Hellinger distance. In our identity tester for Hellinger, we deal
with this different distance measure by pruning light domain elements of ¢ less aggressively
than in the total variation tester of [ADKI5|, in combination with a preliminary test to
reject early if the difference between p and ¢ is contained exclusively within the set of light
elements — this is a new issue that cannot arise when testing with respect to total variation
distance. In our equivalence tester for Hellinger, we follow an approach, similar to [CDVV14]
and [DK16]|, of analyzing the light and heavy domain elements separately, with the challenge
that the algorithm does not know which elements are which. Finally, to achieve ¢y tolerance
in these cases, we use a “mixing" strategy in which instead of testing based solely on samples
from p and ¢, we mix in some number (depending on our application) of samples from the
uniform distribution. At a high level, the purpose of mixing is to make our distributions well-
conditioned, i.e. to ensure that all probability values are sufficiently large. Such a strategy

was recently employed by Goldreich in |Gol16| for uniformity testing.

2.1.1.1 Comments on ¢/5-tolerance

{5 tolerance has been indirectly considered in |[GR00, BEFT01, BFR™13| through their
weak tolerance for total variation distance and the relationship with ¢ distance, though
these results have suboptimal sample complexity. Our equivalence testing results improve
upon [CDVVI4] by adding /¢s-tolerance. We note that [DKI6| also provides ¢»-tolerant
testers (as well as [DKNI15b| for the case of uniformity), comparable to those obtained in
Theorems o] [6] and [§ though this tolerance is not explicitly analyzed in their paper. This
can be seen by noting that the underlying tester from [CDVV14] is tolerant, and the “flat-
tening” operation they apply reduces the ¢5-distance between the distributions. The testers
in [DK16] are those of Propositions 2.7, 2.10, and 2.15, combined with the observation of
Remark 2.8. We rederive these results for completeness, and to show a direct way of prov-
ing {o-tolerance. Note that Theorem |8 also improves upon Proposition 2.15 of [DKI16| by

removing log factors in the sample complexity.

45



2.1.1.2 Comments on the O(n/logn) Results

Our upper bounds in the bottom-left portion of the table are based off the total variation
distance estimation algorithm of Jiao, Han, and Weissman [JHW16|, where an ©(n/logn)
complexity is only derived for ¢ > 1/poly(n). Similarly, in [VV10a], the lower bounds are
only valid for constant €. We believe that the precise characterization is a very interesting
open problem. In the present work, we focus on the case of constant ¢ for these testing
problems.

We wish to draw attention to the bottom row of the table, and note that the two testing
problems are drv(p,q) < €/2 versus drv(p,q) > ¢, and drv(p,q) < &2/4 versus du(p,q) >
e/ V2. This difference in parameterization is required to make the two cases in the testing
problem disjoint. With this parameterization, we conjecture that the latter problem has a

—4

greater dependence on ¢ as it goes to 0 (namely, e~* versus £72), so we colour the box a

slightly darker shade of orange.

2.1.2 Related Work

[Wagl15, DBNNR11, [GMV06] also consider testing problems with other distances, namely
¢, distances, earth mover’s distance (also known as Wasserstein distance), and various f-
divergences.

Tolerant identity testing (where 1 = O(¢e) and d; is total variation distance) was stud-
ied in [VVI0al VVI0b, VVITal VV11b|, through the (equivalent) lens of estimating total
variation distance between distributions. In these works, © (n/logn) bounds were proven
for the sample complexity. Several other related problems (e.g., support size and entropy
estimation) share the same sample complexity, and have enjoyed significant study [AOST17,
WY16, [ADOSI17]. The closest related results to our work are those on estimating distances
between distributions [JHW16, [JVAW17, HIW16].

x>-tolerance (when d; is x*-divergence and &; = O(g?)) was introduced and applied
by [ADK15| for testing families of distributions, e.g., testing if a distribution is monotone or
far from being monotone. This result will be discussed more in Chapter [3]

Testing with respect to Hellinger distance was applied in [DP17, [ABDK18]| for testing
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Bayes networks, and [DDGIS]| for testing Markov chains. Due to tensorization properties,
Hellinger distance is more natural for testing problems in some multivariate settings, and
we believe it will arise more frequently as this new direction matures. Prior to our work,

Hellinger testing was studied for equivalence testing in [DK16].

Most of our tests in this work are based around y?-statistics. We note that the y2-statistic
for testing hypothesis is prevalent in statistics providing optimal error exponents in the large-
sample regime. A similar modification to the y2-statistic as we use here (i.e., subtracting the
count N; from (N; —mg;)?) was previously used in [Zel87]. To the best of our knowledge, in
the small-sample regime, modified-versions of the x?-statistic have only been used somewhat
recently. Some instances include equivalence testing in [ADJ™12, [CDVV14], uniformity
testing of monotone distributions in [AJOSI3|, and identity testing in [DKNI15b| [VV17al.
The latter two papers also apply subtraction modifications, similar to our work and [Zel87].
The statistic of [ADJ12] is an unbiased statistic for estimating the x*-distance between two

unknown distributions.

2.1.3 Organization

The organization of this chapter is as follows. In Section we state preliminaries and
notation used in this chapter. In Sections and [2.4] we prove upper bounds for identity
testing and equivalence testing (respectively) based on x?-style statistics. In Section [2.5]
we prove upper bounds for distribution testing based on distance estimation. Finally, in

Section we prove testing lower bounds.

2.2  Preliminaries

Proposition 4. Given a number § € [0, 1] and a discrete distribution r = (r1,...,7,), define

P = (1= 0) r+6- (L, 1),
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Then given two discrete distributions p = (p1,...,Pn) and ¢ = (q1, .-, qn),

drv(p™,q™0) = (1 — 8)drv(p, @), diu,(P™,q™) = (1 —8)de,(p, q).

In addition, du(p™®,q*°) > du(p, q) — 2V/5.

Proof. The statements for total variation and /5 distance are immediate. As for the Hellinger

distance, we have by the triangle inequality that

du(p, q) < du(p, p*®) + du(p*?, ¢*%) + du(q™, ).

We can bound the first term by

dQH(pvp—HS) < dT\/(pap—Hs) = % ’ ||5 ‘P J- (%7 sy %)Hl < 57

where the last step is by the triangle inequality, and a similar argument bounds the third

term by /6 as well. Thus, dy(pt?®, ¢*?) > du(p, ¢) — 2V/5. ]

A similar technique was employed in [Gol16].

2.3 Upper Bounds for Identity Testing
In this section, we prove the following theorems for identity testing.

Theorem 4. There exists an algorithm for identity testing between p and q distinguishing

the cases:
o dye(p,q) < €
e dy(p.q) > ¢.
The algorithm uses O <%2/2> samples.

Theorem 5. There exists an algorithm for identity testing between p and q distinguishing

the cases:
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L d&(pa Q> S \/Lﬁ;

o dry(p,q) > e.

nl/2

2

The algorithm uses O < ) samples.

Theorem 6. There exists an algorithm for identity testing between p and q distinguishing

the cases:

e du(p,q) > e.

nl/2

2

The algorithm uses O ( ) samples.

We prove Theorem [ in Section [2.3.1], and Theorems [5] and [6] in Section [2.3.2]

2.3.1 Identity Testing with Hellinger Distance and y?-Tolerance

We prove Theorem [4| by analyzing Algorithm . We will set ¢; = ﬁ, Co = %, and let C' be

a sufficiently large constant.

Algorithm 1 y2-close versus Hellinger-far testing algorithm

1: Input: ¢; an explicit distribution ¢; sample access to a distribution p

2: Implicitly define A < {i: q; > c1e?/n}, A+ [n] \ A

3: Let p be the empirical distributionE] from drawing m; = ©(1/£?) samples from p
4: if p(A) > 3coe? then

5: return REJECT

6: end if

7: Draw a multiset S of Poisson(my) samples from p, where my = C'y/n/&?
8: Let IV; be the number of occurrences of the ith domain element in S

9: Let S’ be the set of donain elements observed in S
10: Z & Dicgna = A ma(1 = g(S'0 A)
11: if Z < 3moe? then
12: return ACCEPT
13: else
14: return REJECT
15: end if

We note that the sample and time complexity are both O(y/n/e?). We draw m; + my =

O(y/n/e?) samples total. All steps of the algorithm only involve inspecting domain elements
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where a sample falls, and it runs linearly in the number of such elements. Indeed, Step
of the algorithm is written in an unusual way in order to ensure the running time of the
algorithm is linear.

We first analyze the test in Step [] of the algorithm. Folklore results state that with
probability at least 99/100, this preliminary test will reject any p with p(A) > cpe?, it will
not reject any p with p(A) < %252, and behavior for any other p is arbitrary. Condition on the
event the test does not reject for the remainder of the proof. Note that since both thresholds

here are ©(¢?), it only requires m; = ©(1/e?) samples, rather than the “non-extreme” regime,

where we would require ©(1/e*) samples.

Remark 1. We informally refer to this “extreme” versus “non-extreme” regime in distribution
testing. To give an example of what we mean in these two cases, consider distinguishing
Ber(1/2) from Ber(1/2 +¢). The complexity of this problem is ©(1/?), and we consider
this to be in the non-extreme regime. On the other hand, distinguishing Ber(g) from Ber(2¢)

has a sample complexity of ©(1/¢), and we consider this to be in the extreme regime.

We justify that any p which may be rejected in Step (i.e., any p such that p(A) > 2&?)
has the property that d,2(p, ¢) > * (in other words, we do not wrongfully reject any p).
Consider a p such that p(A) > 2¢2. Note that dy2(p,q) > dy2(p4,q4), which we lower

bound as follows:

icA di
n 2
>— > (pi—a)
C1€ p
€A

[V
Q
m‘3
[\
S|
Ng
S
|
R
~_
no

v

The first inequality is by the definition of A, the second is by Cauchy-Schwarz, and the

third is since p(A) > 2e? and ¢(A) < c1e?. By our setting of ¢; and ¢y, this implies that
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dy2(p,q) > €%, and we are not rejecting any p which should be accepted.

For the remainder of the proof, we will implicitly assume that p(A) < coe?.

Let

7! — Z (Ni - mQQi)2 - Ni.

m .
icA 24i

Note that the statistic Z can be rewritten as follows:

7y WemmaalP 2Ny g(sn)

1€S'NA Madi
Ni — Mag; 2 Nz —
=y Wl N S gt mag(A
i€S'NA 24s i€ A\S
Ni—m iQ—NZ‘ Nz—m iQ—NZ‘ —
D I s
ieS'NA 24s icA\S 24i
= 7'+ maq(A)

We proceed by analyzing Z’. First, note that it has the following expectation and vari-

ance:

Proposition 5.

no_ (pi_Qi>2 _
E[Z] = Mg - Z — =My dX2<pA7QA> (21)
icA 4
2 - (pi — ¢)?
Var[Z] = [&+4m P\ 7 Gi) 9.2
7 ; & 7 (22)
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Proof. We start by analyzing the mean:

icA mad;
_ E [N?] — 2maq,E [N;] + m3q; — E[N}]
€A Mmadi
=S mip; + map; — 2miq;p; + m3q; — map;
icA magi
)2
_— (i 'QZ)
icA 4

=Mma - dx2 (p.Av QA)
Next, we analyze the variance. Let \; = E[N;] = mop; and A, = mag;.

1
Var(Z'] =) 1z Var(Ni - )2 H2(N; = X)) = X)) — (N, = \)
icA "t

1
= )\—Var(Ni — )2 (N — M) (2N — 2\ — 1)

= Z )\LE [(NV; = X)) 4 2(N; — X2 (20 — 20 — 1) + (NV; — N)* (2N — 2\, — 1) — A7)

€A "t
1
= WBA? + A+ 2020 — 20 — 1) + (20 — 20, — 1) — )Y
icA T
1
= W[mf + A AN — A — 20 F (4O — M)P =4\ — M) + 1)
icA T
1
= W[2A§ + 4N (A — N7
icA
P} pi - (pi — @)
== ) + 4m2 . 3
icA 7 qz

(2.3)

The third equality is by noting the random variable has expectation \; and the fourth equality

substitutes the values of centralized moments of the Poisson distribution.

[]

We require the following two lemmas, which state that the mean of the statistic is sep-

arated in the two cases, and that the variance is bounded. The proofs largely follow the

proofs of two similar lemmas in [ADKI15].
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Lemma 4. If d2(p,q) < €%, then E[Z'] < mqe®. If du(p,q) > €, then E[Z'] > (2 — ¢; —

Co)mae?.

Proof. The former case is immediate from ([2.1)).

For the latter case, note that

di(p,q) = di(pas q4) + di(pa, .4)-

We upper bound the latter term as follows:

d&(pa,q2) < drv(pa, 44)
1
= 5 Z |pi - Qz‘l
icA

< 5 (p(A) +q(A))

1
2
(")

IN

The first inequality is from Proposition [I} and the third inequality is from our prior condition

that p(A) < cae®.

Since d(p, q) > €2, this implies df (pa, g4) > (1 — 232) &% Propositionfurther implies
that d,2(pa,qa) > (2 — ¢1 — ¢2) 2. The lemma follows from (2.1)). O

Lemma 5. If d\2(p,q) < €%, then Var[Z'| = O(m3e*). If du(p,q) > ¢, then Var[Z'] <
O(E[Z'?). The constant in both expressions can be made arbitrarily small with the choice of

the constant C'.

Proof. We bound the terms of (2.2)) separately, starting with the first.
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i q;

i—¢)° | 26:(pi — 2
5 ((p a:)®  2ai(p 2Q)+qz)
e q; 4

b; (pi - %)2 2piq; — qiz
23y ( AL
icA

an E[Z’]

182 my

<dn+ Clic\/ﬁE[Z’] (24)

The second inequality is the AM-GM inequality, the third inequality uses that ¢; > % for
all i € A, the last equality uses (2.1]), and the final inequality substitutes a value my > C \E/—f

The second term can be similarly bounded:

1/2 2\ 12
Ay Z pz i < A, (Z p1> (Z (pz ;QQJ )

€A €A 4 €A ¢

1/2 2\ 172
< 4my <4n + Clic\/ﬁE[Z’]) (Z %)

€A 7

icA i
= (8\/ﬁ +

8 1/4 1n1/2 !
ﬁn/E[Z] />E[Z].

The first inequality is Cauchy-Schwarz, the second inequality uses (2.4]), the third inequality
uses the monotonicity of the ¢, norms, and the equality uses (2.1).

Combining the two terms, we get

Var[Z'] < 4n + <8 + —) VnE[Z'] + nYAE[Z')2.

8
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o4



We now consider the two cases in the statement of our lemma.

e When d2(p,q) < €%, we know from Lemma [4] that E[Z] < mae?. Combined with a

choice of my > C *6/—25 and the above expression for the variance, this gives:

4 45 4 8 4 9 4 8
Var[Z'] < e + <5+ 0102> mae” + NG

8 8 4 4

2_4
mae

e When dy(p,q) > ¢, Lemmaand mo > C*E/—f give:

E[Z'] > (2 —c1 — ¢o)mae® > C(2 — ¢1 — c2)v/n.

Similar to before, combining this with our expression for the variance we get:

, 8 8 4 1 12
Var[Z'] < (C(Z —c1 — o) + Cyar(2—c —c2) i C2%2(2—c1 — c)? * C%¢1(2—c; — 02)> B
— O(E[Z'P). =

To conclude the proof, we consider the two cases.

e Suppose d,2(p,q) < £2. By Lemma {4| and the definition of A, we have that E[Z] <
(14 ¢1)mae®. By Lemmalf], Var[Z] = O(m2e*). Therefore, for constant C sufficiently

large, Chebyshev’s inequality implies Pr(Z > 3moe?) < 1/10.

e Suppose dg(p,q) > . By Lemma {4 we have that E[Z'] > (2 — ¢; — c2)maee?. By
Lemma [5| Var[Z'] = O(E[Z']?). Therefore, for constant C' sufficiently large, Cheby-
shev’s inequality implies Pr(Z" < 2mye?) < 1/10. Since Z > Z', Pr(Z < 3mae?) <

1/10 as well.

2.3.2 Identity Testing with ¢, Tolerance

In this section, we sketch the algorithms required to achieve /5 tolerance for identity testing.

Since the algorithms and analysis are very similar to those of Algorithm 1 of [ADK15| and
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Algorithm [T} the full details are omitted.

First, we prove Theorem . The algorithm is Algorithm 1 of [ADKT5|, but instead of
testing on p and ¢, we instead test on p*é and q*é, as defined in Proposition . By this
proposition, this operation preserves total variation and ¢, distance, up to a factor of 2, and
also makes it so that the minimum probability element of q+% is at least 1/2n. In the case

where dy, (p, q) < f’ we have the following upper bound on E[Z]:

mz i~ )’ <O (m-n-d;,(p,q)) < O(me?).
icA

This is the same bound as in Lemma 2 of [ADKI5|. The rest of the analysis follows identically
to that of Algorithm 1 of [ADKI5|, giving us Theorem [j|

Next, we prove Theorem [6] We observe that Algorithm [I] as stated can be considered as
{y-tolerant instead of y2-tolerant, if desired. First, we do not wrongfully reject any p (i.e.,
those with d, (p, q) < f/—%) in Step . This is because we reject in this step if there is > Q(&?)
total variation distance between p and ¢ (witnessed by the set A), which implies that p and
g are far in f»-distance by Proposition 2 It remains to prove an upper bound on E[Z’] in

82

the case where dy,(p, q) < =

E[Z'] = mad,z = my Z — @) <m2 : (g) - dy, (p, Q)) < O(mge?).

€A

We note that this is the same bound as in Lemma [4] With this bound on the mean, the rest

of the analysis is identical to that of Theorem [4] giving us Theorem [6]

2.4 Upper Bounds for Equivalence Testing
In this section, we prove the following theorems for equivalence testing.

Theorem 7. There exists an algorithm for equivalence testing between p and q distinguishing

the cases:

b db(pv ) = z\f
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o drv(p,q) > ¢

The algorithm uses O (max {:j//;, %f}) samples.

Theorem 8. There exists an algorithm for equivalence testing between p and q distinguishing

the cases:
o d(p,9) < 557
e duy(p.q) =€
The algorithm uses O <min {Zz—g, %2/4}) samples.

Consider drawing Poisson(m) samples from two unknown distributions p = (p1,...,p,)
and ¢ = (qi, ..., ¢n). Given the resulting histograms X and Y, [CDVV14]| define the follow-

ing statistic:

—~(X;-Y) - X,-Y,
Z = : 2.5
Z-Zl X+, (25)

This can be viewed as a modification to the empirical triangle distance applied to X and Y.
Both of our equivalence testing upper bounds will be obtained by appropriate thresholding
of the statistic Z.

The organization of this section is as follows. We proceed to prove some basic properties

of Z. In Section [2.4.1, we prove Theorem [7} In Section 2.4.2] we prove Theorem

Some facts about Z. Chan et al. [CDVV14] give the following expressions for the mean

and variance of Z.

Proposition 6 ([CDVV14]). Consider the function

) = (1 ! _;I> |

Then for any subset A C [n],



As a result, Z is mean-zero when p = q. Furthermore,

(Pi - %’)2‘

Var[Z] < 2min{m,n} + Z 5m n
Di T+ G

=1

Applying Proposition [3] we immediately have the following corollary.
Corollary 1. Var[Z] < 2min{m,n} + 20mdu(p, q)*.

Without the corrective factor of f(m(p; + ¢;)), Equation (2.6) would just be m times the
triangle distance between p and ¢q. Our goal then is to understand the function f(z) and how
it affects this quantity. Aside from the removable discontinuity at x = 0, f is a monotonically
increasing function, and for x > 0, it is strictly bounded between 0 and 1. Furthermore,
for x > 0 there are roughly two “regimes" that f(z) exhibits: when z < 1, where f(z) is
well-approximated by x/2, and when = > 1, where f(z) is “morally the constant one,” slowly

increasing from e~! to 1. In fact, we have the following explicit bound on f(z).
Fact 1. For all z > 0, f(z) <min{l,z}.

In terms of f(m(p; + ¢;)), these regimes correspond to whether p; + ¢; is less than or greater
than +. Hence, the expression for the mean of Z (i.e. Equation for A = [n]) splits in
two: those terms for “large" p; + ¢; look roughly like the triangle distance (times m), and
those terms for “small" p; + ¢; look roughly like the ¢3 distance (times m?). This is why we

have given ourselves the flexibility to consider subsets A of the domain.

We will now prove several upper and lower bounds on E[Z 4], based in part on whether
we will apply them in the large or small p; + ¢; regime. Let us begin with a pair of upper

bounds.

Proposition 7. Suppose for everyi € A, p; +q; > 9. Then

B[Z4] < 57, (b1, 4).
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Proof. Because f(z) <1 for all z > 0,

E[fo]zz:M - f(m(pi+a:)) <Z dul ) 52 = dzz(pA,QA)

icA pi + G icA pz—l—qz i€cA

Proposition 8. E[Z] < m*d},(p, q).

Proof. Let L be the set of i such that m(p; + ¢;) > 1. Then E[Z] = E[Z,] + E[Z7], and
by Proposmonl [Z,] < m?d;,(pr,qr). On the other hand, by Fact , f(z) < x, and

therefore
Bz - N Pima)’ - e
[ L] - D + g m - f(m(pl + Q'L>> ~ (pl %) m° =m Zg(pf7 QZ)
ieL Z ' i€l
The proof is completed by noting that dzz (pr,qr) + dé (pr,q7) = dzz (, ). 0

Now we give a pair of lower bounds.
Proposition 9. Suppose for everyi € A, m(p; + ¢;) > 1. Then

2m

E[Z,] > Td?{(m, qa).

Proof. Because f(x) is monotonically increasing and f(1) = 1/e,

— qz 2m
Z + pz + Qz > m Z T = d2 (pA7 QA)
icA Di ™ q; icA Di ™ q;

where the first step is by Proposition [6] and the last is by Proposition [3] The result follows

from e < 3. ]
The next proposition is essentially the second half of the proof of Lemma 4 from [CDVV14].

Proposition 10. For any subset A,

4m? 9
E[Z,] > (2’14‘ ) —|—q(A))) +dpy(pas qa),

where we write p(A) = Y .. 4 p(1) and likewise for q(A).
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Proof. Consider the function g(z) = xf(x)~!. Then g(x) < 2 + z for nonnegative z. Fur-

thermore,

pi—a) _ (pi—a) <1 1)
(

g(m(pi +a:))  m(pi + a) m(p; + ¢;)
which, from Proposition @ is &5 - E[Z{;;]. As a result,

diy(pa, qa) = (Z lpi — @ ) = i (Z D — | - zgzgpz + %)))

icA icA pi+q))
1 (pi — 1
< Ii\ 2 oo m(pi+ @) | < —5-E[Za]- (2|A]+m- (p(A) +4(A))),
4<i€ZAg( (pl+ql > (ZEZAQ ) 1z ElZal-(24] (p(A) +q(A)))
where the first inequality is Cauchy-Schwarz. Rearranging finishes the proof. O

2.4.1 Equivalence Testing with ¢, Tolerance

In this section, we prove Theorem [7] We will take the number of samples to be

n2/

3 nl/2
m = max {C’ c32.n } : (2.7)

24737 £2

where C' is some constant which can be taken to be 101°.

Rather than drawing samples from p or ¢, our algorithm draws samples from pt!/2

+1/2

and ¢7/“. By Proposition {4}, we have the following guarantees in the two cases:

g

4v/n’

(Case 1): dy, (p*2,¢™/%) < (Case 2): dpy(pt/?,¢t1/?) >

l\DI(“)

Furthermore, for any i € [n], we know the i-th coordinates of p*/? and ¢*'/? are both at

least 5-. Henceforth, we will write p’ and ¢’ for p*/2 and ¢**/2, respectively.
In Case 1, if we apply Proposition 7| with A = [n] and 6 = % and Proposition ,

2 2
£ m 5

B[Z] < min{m®, mn} - di, () < min{m®,mn} - 7o < golm e
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On the other hand, in Case 2, applying Proposition [10| with A = [n],

2 2 m? 2
d /’ ! > — __.¢
(' d)" = 2m + 2n

4dm

E[Z] > ———
2m + 2n

Our algorithm therefore thresholds Z on the value Sm? )52, outputting “close" if it’s below

8(2m—+2n

this value and “far" otherwise.
The two bounds in (2.7) meet when C3¢™* = n, which is exactly when m = n. When
m < n, the first bound applies, and when m > n the second bound applies. As a result, we

will split our analysis into the two cases.
Lemma 6. The tester succeeds in the m < n case of Theorem @

Proof. By Corollary []
Var|Z] < 2min{m,n} + 20mdu(p’,¢')* < 22m,

where we used the fact that dy(p’,¢') < 1. In Case 1, by Chebyshev’s inequality,

2

2
ez ]« o () <o ().
8(2m + 2n) < 3m2 2) m e m3e

8(2m+2n) €

In Case 2,

5m? 64Var|Z] m n?
prlz < oM o bRVariZl [ m ) .
' [ ~ 8(2m+ 2n)5 } — OE[Z]? © (%454> © (m354)

Both of these bounds can be made arbitrarily small constants by setting C' sufficiently

large. O
Lemma 7. The tester succeeds in the m > n case of Theorem|[7.
Proof. We first consider Case 1. By Proposition [6]

n I 412
Var[Z] < 2min{m,n} + Z 5m(pll—qzl) < 2n+5mndy,(p',q) < 2n+ Sme”.
a 4+

(2 K3
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Then, we have that

5m? Var[Z] n me? n 1
s 8(2m + 2n)6 ] T a2 )\ (m254 T e et | me?
(8(2m+2n)8 )

Next, we focus on Case 2. Write L for the set of i € [n] such that m(p, 4+ ¢;) > 1. Then
A (P dn) < 52z (Ph 4+ ¢f) < n/2m. As a result, by Corollary

Var[Z] < 2min{m,n} + 20mdy(p’,¢") < 12n + 20mdy (v}, ;).

By Proposition |§|, E(Z] > Z*d}(p}, q}). Hence,

5m? 64Var|Z] n md%(py, qr)
P Z < 2 < — H Ly4L
7= 8emt2n)° } < ogzp ¢ (E[ZP T ERZp )

-9 (E[ZP § EEZ]) -9 (m284 y mL) |

Both of these bounds can be made arbitrarily small constants by setting C' sufficiently

large. [l

2.4.2 Equivalence Testing with Hellinger Distance

In this section, we prove Theorem [§] We will take the number of samples to be

2/3 3/4
m—min{C-—n C3/4'—n }7

=8/3" o2

where C' is some constant which can be taken to be 101°.
Rather than drawing samples from p or ¢, our algorithm draws samples from p*° and ¢*°

for § = €2/32. By Proposition , we have the following guarantees in the two cases:

2
1
(Case 1): dy,(p,q) < (Case 2): du(p,q) > 35

€
_ma el

Furthermore, for any i € [n], we know the i-th coordinates of p™ and ¢*° are both at

least 382—2” Henceforth, we will write p’ and ¢’ for p*® and ¢, respectively.
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The two bounds meet when C%/*¢=2 = n!/*, which is exactly when m = n. When m < n,
the first bound applies, and when m > n the second bound applies. As a result, we will split

our analysis into the two cases.

Lemma 8. The tester succeeds in the m < n case of Theorem @

Proof. In Case 1, if we apply Proposition 8]

E[Z] <m®-d;,(p.q) <

322pn°

On the other hand, in Case 2, applying Proposition [10| with A = [n],

4m? 4m? m2e?
E Z > o . d /N2 > o . d /N4 > )
z] (2n+2m) )" 2 (2n+2m) n(p,q)" = 16n
Our algorithm therefore thresholds Z on the value %285:, outputting “close" if it’s below this

value and “far" otherwise.

By Corollary []
Var[Z] < 2min{m,n} + 20mdgu(p’, ¢')* < 22m,

where we used the fact that dy(p’,¢’) < 1. In Case 1,

2.4 2
Pr sza SValr[Z;:O 4& _0 n .
128n (ﬁ) m_e8 m3e8

256n n?

m2et 64Var|Z] m n?
Pr|Z < < —o[ ™ Yo ).
r{ = 128n] < Jopzp Y ml 0 <m368)

Both of these bounds can be made arbitrarily small constants by setting C' sufficiently

In Case 2,

large. O

Lemma 9. The tester succeeds in the m > n case of Theorem [
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Proof. In Case 1, if we apply Proposition @ with A = [n| and § = 1%—2n and Proposition ,

4

2.4 2
. 2 mn 2 (1 : 2 mn < — mi me _m5
E[Z] < mm{m ’165_2} +dy,(p',¢') < min {m >16€_2} 1392, mm{322n’ 64 }

Case 2 is more complicated. We will need to define the set of “large" coordinates L = {i :
m(p; + ¢q}) > 1} and the set of “small" coordinates S = [n| \ L. Applying Proposition

to S, we have

4m?

2[S|+m - (p'(S) +¢'(5))

4m?
) - diy (P, 4s) = S—Hdgrv(p/s,qls);

where m - (p'(S) 4+ ¢'(S)) < n by the definition of S. If we also apply Proposition [J] to L, we

get

4m? ,

2m .
B|Z] = BlZs] + BlZ1] > 5 —di (W, d5) + (v, ap) = m{

m2et me? }
b

48n " 12

where the last step follows because d%(ps,qs) + d&4(pr,q;) = d54(p',¢') and d3 (P, qs) >
df; (P, ¢s). As a result, we threshold Z on the value

1 (m2e* me?
— - min —
2 48n " 12

outputting “close" if it’s below this value and “far" otherwise.

In Case 1, by Proposition [6]

80mn

m / \2

v )
Var[Z] < 2min{m,n} + ZSm(p’,—ql) <2n P — |5 < 2n+ 6—4m52.
i=1 '

/
3 7
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Hence, by Chebyshev’s inequality,

2.4 2
Pr [Z > 1-min{—m = H < .Vaf;ii] s
2 48n 12 ( 'mm{48n’ﬁ )
n n me? me?
<0
- ((ﬁﬁ T mep e <m52>2)

_0 n3 N n N n? N 1
N mied  m2e4 m3e6  me2 )

This can be made an arbitrarily small constant by setting C' sufficiently large.

In Case 2, by Corollary [T,

(2.8)

E[Z] 4Var[Z] _ 8n+ 80mdu(p/,q)?
o [ZS 2 ]S BZP = EZP

Because du(p/,q')? = di(ps,qs) + d4(p},q}), either d4(pl,qs) or di(p},qr) is at least
%d%{(p’, q'). Suppose that d%(pls, qs) > %d%{(p’, q'). We note that

m (s, ds) = 5 (V6 — V@) < 5 Y+ al < 5

€S €S

by the definition of S. Thus,

IN

2 (! A 3 3
£3) < 8n + 160mdy; (ps, ¢5) 88n ( n )) < O( n ) 7

(o diy (s, 45)? — (5 diy(Ps, 45)) m*dyy (P, g5 mie®

where the last step used the fact that drv(p, ¢5) > di(ps, ds) > 3dz(0'. ¢') > 3¢

In the case when d%(p},q}) > %d%{(p', q),

8n + 160mdy (p}, q}) n 1 n 1
2.8) < =0 <0 — .
B < ~mz i o) g | mawna)) = e e

This can be made an arbitrarily small constant by setting C' sufficiently large. O

65



2.5 Upper Bounds Based on Estimation

We start by showing a simple meta-algorithm — in short, it says that if a testing problem is
well-defined (i.e., has appropriate separation between the cases) and we can estimate one of

the distances, it can be converted to a testing algorithm.

Theorem 9. Suppose there exists an m(n,e)-sample algorithm which, given sample access
to distributions p and q over [n] and parameter €, estimates some distance d(p,q) up to an
additive £ with probability at least 2/3. Consider distances dx(-,-),dy(-,-) and 1,69 > 0
such that dy (p,q) > €9 — dx(p,q) > 31/2 and dx(p,q) < &1 — dy(p,q) < 2e9/3, and d(-,-)
is either dx(-,-) or dy(-,).

Then there exists an algorithm for equivalence testing between p and q distinguishing the

cases:
o dx(p,q) <en;

o dy(p,q) > es.

The algorithm uses either m(n,O(e1)) or m(n, O(e2)) samples, depending on whether d = dx

or dy.

Proof. Suppose that d = dy, the other case follows similarly. Using the m(n,e;1/4) samples,
obtain an estimate 7 of dx(p,q), accurate up to an additive £,/4. If 7 < 5ey/4, output
that dx(p,q) < &1, else output that dy(p,q) > e2. Conditioning on the correctness of
the estimation algorithm, correctness for the case when dx(p,q) < 1 is immediate, and

correctness for the case when dy (p, ¢) > &5 follows from the separation between the cases. [

It is folklore that a distribution over [n] can be e-learned in fo-distance with O(1/&?)
samples (see, e.g., [CDVV14, Wagl5| for a reference). By triangle inequality, this implies
that we can estimate the ¢y distance between p and ¢ up to an additive O(e) with O(1/?)

samples, leading to the following corollary.

Corollary 2. There exists an algorithm for equivalence testing between p and q distinguishing

the cases:
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e d(p,q) < f(n,¢);
L4 db(pa Q) 2 g,

where d(-,-) is a distance and f(n,e) is such that dy,(p,q) > ¢ — d(p,q) > 3f(n,€)/2 and
d(p,q) < f(n,e) = de,(p,q) < 2¢/3. The algorithm uses O(1/€*) samples.

Finally, we note that total variation distance between p and ¢ can be additively estimated
up to a constant using O(n/logn) samples [LCO6, VVII1b, [JHW16], leading to the following

corollary:

Corollary 3. For constant € > 0, there exists an algorithm for equivalence testing between

p and q distinguishing the cases:
L4 dTV(p7 q) S 82/4;
o du(p,q) >¢/V2.

The algorithm uses O(n/logn) samples.

2.6 Lower Bounds for Testing with Tolerance and Alter-
native Distances

We start with a simple lower bound, showing that identity testing with respect to KL diver-

gence is impossible. A similar observation was made in [BFR00].

Theorem 10. No finite sample test can perform identity testing between p and q distin-

guishing the cases:

¢ p=gq;

o dxi(p,q) > €

Proof. Simply take ¢ = (1,0) and let p be either (1,0) or (1—4,6), for 6 > 0 tending to zero.
Then p = ¢ in the first case and dk(p,q) = oo in the second, but distinguishing between

these two possibilities for p takes Q(67!) — oo samples. O
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Next, we prove our lower bound for KL tolerant identity testing.

Theorem 11. There exist constants 0 < s < ¢, such that any algorithm for identity testing

between p and q distinguishing the cases:
o dxn(p.q) <'s;
e drv(p,q) > ¢

requires )(n/logn) samples.

Proof. Let q = (%, cee %) be the uniform distribution. Let R(-,-) denote the relative earth-
mover distance (see [VV10a] for the definition). By Theorem 1 of [VV10a], for any 6 < ;
there exist sets of distributions C and F (for close and far) such that:

e For every p € C, R(p,q) = O(6|logd]).

e For every p € F there exists a distribution 7 which is uniform over n/2 elements such

that R(p,r) = O(d]logd|).

on
log(n)

e Distinguishing between p € C and p € F requires €( ) samples.

Now, if p € C then
() = Y- o (1) = tou(n) ~ H(s) < O] g,
=1

where H(p) is the Shannon entropy of p, and here we used the fact that |H(p) — H(q)| <
R(p,q), which follows from Fact 5 of [VV10a]. On the other hand, if ¢ € F, let r be the

corresponding distribution which is uniform over n/2 elements. Then

1
5= drv(p, q) < drv(q,p) + dov(p,r) < drv(g,p) + O(6|logdl),

where we used the triangle inequality and the fact that dry(p,r7) < R(p,r) (see [VV10al
page 4). As a result, if we set § to be some small constant, s = O(d|log(d)|), and ¢ =
2 —0(6|log d]), then this argument shows that distinguish diy,(p, ¢) < s versus drv(p,q) > ¢
requires 2(n/logn) samples. O
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Finally, we conclude with our lower bound for y2?-tolerant equivalence testing.

Theorem 12. There exists a constant € > 0 such that any algorithm for equivalence testing

between p and q distinguishing the cases:
o dy(p.q) <e%/4;
e drv(p,q) > €;

requires )(n/logn) samples.

Proof. We reduce the problem of distinguishing dy(p, q) < \/nge from drv(p, q) > 3¢ to this.
Define the distributions
2 1 12

r__“ - — -
p = 3p—|—3q, q 3p+3Q-

Then m samples from p’ and ¢’ can be simulated by m samples from p and ¢. Furthermore,

1 1
du(p',q') < \/_4_88’ drv(p',q') = ngv(P, q) > ¢,

where we used the fact that Hellinger distance satisfies the data processing inequality. But

then, in the “close" case,

n n

P — q)? P —dq.)*
de(v, )= # < 32% < 12d3(p,¢) <

1,
.
i1 a; — pitq

where we used the fact that p, < 2¢; and Proposition 3| Hence, this problem, which requires
Q(n/logn) samples (by the relationship between total variation and Hellinger distance, and
the lower bound for testing total variation-close versus -far of [VV10a]), reduces to the

problem in the proposition, and so that requires (n/logn) samples as well. ]
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Chapter 3

Testing Shape-Restricted Families of

Distributions

3.1 Introduction

In this chapter, our focus is on composite hypothesis testing. Much of prior work focuses on
testing for a single null hypothesis q. However, is a rather unrealistic scenario for hypothesis
testing — it seems implausible that we would have a precise guess for the unknown distri-
bution. In the previous chapter, we considered one natural way of relaxing this restriction,
where we considered testing whether p is in an e;-neighborhood of ¢ (in distance measure
dy). In this chapter, we consider an alternative relaxation: we wish to test whether the
unknown distribution belongs to some structured class of distributions: is p € C, or is it
far from all such representations (i.e., dry(p,C) > €). For example, one might wish to ask
if the distribution p follows some Binomial distribution, rather than a particular Binomial

distribution. More precisely, our problem is the following:

Given a class of distributions C, some ¢ > 0, and sample access to an

unknown distribution p over a discrete support, how many samples are

required to distinguish between p € C versus dry(p,C) > €7

In some cases, composite hypothesis testing may be rather simple. For instance, if we wish

to test whether p is equal to one of O(1) hypotheses, this can be done with O(1) - O(y/n/e?)
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samples. The real challenge arises when the class C is infinite. In this case, perhaps the
natural extension is to generate an O(e)-net over C, and perform tolerant testing against
every distribution in this net. Even disregarding the size of this net, testing against a single
hypothesis requires a testing algorithm which is tolerant in total variation distance, which
requires Q(n/logn) samples [VV17b|, so this approach seems infeasible. Another approach
is to use a generalized likelihood ratio test, but their behavior is not well-understood in our
regime, and optimizing likelihood over our classes becomes computationally intense.

In the finite sample regime we consider in this thesis, this type of question has received
relatively limited attention. The primary classes of interest have been monotonicity [BKR04,
BERV1I] and independence [BFET01, IAAK™07, LRRI3, RX14]. Even then, the known
upper bounds seem to be quite distant from the information-theoretic lower bounds, and the

true sample complexity of these problems is unclear.

3.1.1 Results

In this work, we prove a framework for testing whether an unknown distribution p belongs
to some class C, or dry(p,C) > . We apply this framework in order to obtain sample-
optimal and computationally efficient testers for a number of natural shape restrictions to a

distribution. Our contributions are the following:

d

1. For the class C = M? of monotone distributions over [n]¢ we require an optimal

@) samples for d = 1

S} <"52/2> number of samples, where prior work requires {2 (
and Q <nd_%poly (%)) for d > 1 [BKR04, BERV1I]. Our results improve the exponent
of n with respect to d, shave all logarithmic factors in n, and improve the exponent of

€ by at least a factor of 2.

(a) A useful building block and interesting byproduct of our analysis is extend-
ing Birgé’s oblivious decomposition for single-dimensional monotone distribu-
tions |Bir87] to monotone distributions in d > 1, and to the stronger notion

of x2-distance. See Section [3.5.1]

(b) Moreover, we show that O(log? n) samples suffice to learn a monotone distribution

over [n]? in x*-distance. See Lemma [L1]for the precise statement.
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2. For the class C = Il; of product distributions over [n;] X --- X [ng], our algorithm
requires O ((([T,n)"? + >, n¢) /€?) samples. We note that a product distribution is
one where all marginals are independent, so this is equivalent to testing if a collection
of random variables are all independent. In the case where n,’s are large, then the first
term dominates, and the sample complexity is O(([], n¢)'’? /?). In particular, when
d is a constant and all n,’s are equal to n, we achieve the optimal sample complexity
of ©(n??/?). To the best of our knowledge, this is the first result for d > 3, and
when d = 2, this improves the previously known complexity from O (E%polylog(n/ 5))
[BEFT01, LRR13|, significantly improving the dependence on e and shaving all loga-

rithmic factors.

3. For the classes C = LCD,,, C = MHR, and C = U, of log-concave, monotone-hazard-
rate and unimodal distributions over [n], we require an optimal © <‘E/—§> number of
samples. Our testers for LCD,, and C = MHR,, are to our knowledge the first for
these classes for the low sample regime we are studying—see [HVEKO05| and its references
for statistics literature on the asymptotic regime. Our tester for U, improves the
dependence of the sample complexity on ¢ by at least a factor of 2 in the exponent, and

shaves all logarithmic factors in n, compared to testers based on testing monotonicity.

(a) A useful building block and important byproduct of our analysis are the first com-
putationally efficient algorithms for properly learning log-concave and monotone-
hazard-rate distributions, to within ¢ in total variation distance, from poly(1/e)
samples, independent of the domain size n. See Corollaries [§ and [10] Again,
these are the first computationally efficient algorithms to our knowledge in the
low sample regime. [CDSS14] [ADLS17| provide algorithms for density estimation,
which are non-proper, i.e. will approximate an unknown distribution from these
classes with a distribution that does not belong to these classes. On the other
hand, the statistics literature focuses on maximum-likelihood estimation in the

asymptotic regime—see e.g. [CS10] and its references.

4. For all the above classes we obtain matching lower bounds, showing that the sample

complexity of our testers is optimal with respect to n, ¢ and when applicable d. See
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Section [3.10, Our lower bounds are based on extending Paninski’s lower bound for

testing uniformity |[Pan0§].

Our tester follows a very intuitive “learn then test” approach, though there are some
perhaps unexpected technical twists in order to achieve the optimal sample complexity.

More precisely, we could imagine the following two-step procedure:
1. Learn: Estimate a distribution ¢ € C which best approximates p;
2. Test: Test whether p and ¢ are close or far.

Naturally, if p and ¢ are close, then we can conclude that p € C, and if they are far, we know
that drv(p,C) > €. The major unspecified parameter in this approach is which distance to
use: in what metric should we try to approximate p? Arguably the most natural approach
would be to choose the total variation distance — in this case, the second step asks us to
distinguish whether p and ¢ are close or far in total variation distance. Unfortunately, this
approach hits a roadblock: as shown by [VV17h] (and discussed in Chapter [2)), this testing
problem requires (n/logn) samples. As a result, the second step alone would seem to
preclude an O(y/n/e?) sample algorithm.

To avoid this information-theoretic lower bound, we must instead consider a relazxation of
the previous testing problem. In particular, rather than learning in total variation distance,
we will instead consider the x2-distance. As a result, the second step will be realized as the

following testing problem:
e p and ¢ are O(g?)-close in y*-distance; this case corresponds to p € C.
e p and ¢ are Q(e)-far in total variation distance; this case corresponds to drv(p,C) > e.

It can be verified (cf. Proposition [1)) that this testing problem is easier than the previous
one with total variation tolerance. Indeed, this is precisely the setting in which Theorem [4]
(from Chapter |2) is designed to Workﬂ and the sample complexity of the second step drops
to O(y/n/e?). Note that we achieve dramatic savings by considering the x2-distance rather

!Theorem [4|is actually designed to solve a harder problem (testing for farness in Hellinger distance), but
the result for total variation follows from Proposition E
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than the total variation distance — this serves as another motivation for studying distribution
testing with alternative distances, as we have done in Chapter

With this y2-tolerant identity testing primitive in place, we are ready to turn our focus to
the testing of specific classes. In particular, it turns out the first step (obtaining an estimate
q of the unknown distribution p) is quite cheap for many natural classes, including all the
ones we consider, and thus, the overall cost of our test is dominated by the second step.
While many of these learning problems have been studied significantly in the total variation
setting (see, e.g., [CDSS14,[ADLST7]), there has been less exploration when one considers y>-
learning. Nonetheless, we show that this is still possible, with a mild increase in the sample
complexity. However, the cost is still very cheap: for instance, estimating log-concave or
monotone hazard rate distributions in y2-distance requires only poly(1/¢) samples, while

estimating monotone or unimodal distributions requires poly(logn, 1/¢) samples.

Our base tester is combined with the afore-mentioned extension of Birgé’s decomposition
theorem to test monotone distributions in Section (see Theorem [14] and Corollary [4]),
and is also used to test independence of distributions in Section (see Theorem [17).

Naturally, there are several bells and whistles that we need to add to the above skeleton
to accommodate all classes of distributions that we are considering. For log-concave and
monotone-hazard distributions, we are unable to obtain a cheap (in terms of samples) learner
that y2-approximates the unknown distribution p throughout its support. Still, we can
identify a subset of the support where the y?-approximation is tight and which captures
almost all the probability mass of p. We extend our tester to accommodate excluding subsets

of the support from the y?-approximation. See Theorems [18 and [19|in Sections and [3.9]

For unimodal distributions, we are even unable to identify a large enough subset of the
support where the y2-approximation is guaranteed to be tight. But we can show that there
exists a light enough piece of the support (in terms of probability mass under p) that we can
exclude to make the y2-approximation tight. Given that we only use Chebyshev’s inequality
to prove the concentration of the test statistic, it would seem that our lack of knowledge
of the piece to exclude would involve a union bound and a corresponding increase in the
required number of samples. We avoid this through a careful application of Kolmogorov’s

max inequality in our setting. See Theorem [16| of Section (3.6
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3.1.2 Related Work

Shape restrictions have played a vast role in probabilistic modeling and testing, and we
are unable to cover this area in its entirety. It suffices to say that the classes of distribu-
tions that we study are fundamental, motivating extensive literature on their learning and
testing [BBBBT2|. In the recent times, there has been work on shape restricted statistics,
pioneered by Jon Wellner, and others. [JW09, BW10| study estimation of monotone and
k-monotone densities, and [BJRP13l [SW14| study estimation of log-concave distributions.

As we have mentioned, statistics has focused on the asymptotic regime as the number of
samples tends to infinity. Instead we are considering the low sample regime and are more
stringent about the behavior of our testers, requiring two-sided guarantees. We want to
accept if the unknown distribution is in our class of interest, and also reject if it is far from
the class. For this problem, as discussed above, there are few results when C is a whole class of
distributions. Closer related to our work is the line of papers [BKR04, [ACS10, BFRV11] for
monotonicity testing, albeit these papers have sub-optimal sample complexity as discussed
above. Testing independence of random variables has a long history in statisics |[RS81),
Agri2]. The theoretical computer science community has also considered the problem of
testing independence of random variables [BFET01, IAAK™T07, LRR13, [RX14]. While our
results sharpen the case where the variables are over domains of equal size, they demonstrate
an interesting asymmetric upper bound when this is not the case. More recently, Acharya and

Daskalakis provide optimal testers for the family of Poisson Binomial Distributions [AD15].

Contemporaneous work of Canonne et al [CDGRI16| provides a generic algorithm and
lower bounds for the single-dimensional families of distributions considered here. We note
that their algorithm has a sample complexity which is suboptimal in both n and e, while our
algorithms are optimal. Their algorithm also extends to mixtures of these classes, though
some of these extensions are not computationally efficient. They also provide a framework
for proving lower bounds, giving the optimal bounds for many classes when ¢ is sufficiently
large with respect to 1/n. In comparison, we provide these lower bounds unconditionally by

modifying Paninski’s construction [Pan(8] to suit the classes we consider.

There has been a great deal of work on testing for structure subsequent to the initial pub-
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lication of this work as [ADK15|. Our technique was applied and extended in [Can16] for test-
ing k-histogram distributions, improving upon previous results for this problem by [ILR12].
IDK16] has improved results for testing independence on domains with different size in each
dimension. [CDS17] applies Fourier techniques for testing additional classes of distributions.
[BC17, IDKS17| focus on the new problem of “generalized” uniformity testing: here, one
wishes to test against the class of all distributions which are uniform over some (unknown)
subset of [n]. [OZ18| work on the hypercube, testing whether distributions are uniform when
restricted to any k coordinates. Finally, in a relatively new direction, [CDKSIS§]| study testing
for conditional independence.

Our work provides the first efficient algorithm for proper learning of log-concave distri-
bution, even in total variation distance. After our work, [DKS16| provided a more efficient
algorithm for this task.

The above works mentioned focus on testing for structure. There have also been a number

of works on more efficient testing with structure, which is discussed more in Chapter

3.2 Preliminaries
In this work, we will consider the following classes of distributions:
e Monotone distributions over [n]? (denoted by M¢), for which ¢ < j implies f; > f}

e Unimodal distributions over [n] (denoted by U4M,,), for which there exists an i* such

that f; is non-decreasing for ¢« < ¢* and non-increasing for ¢ > *;

e Log-concave distributions over [n] (denoted by L£CD,,), the sub-class of unimodal dis-

tributions for which f; 1 fii1 < ff;

e Monotone hazard rate (MHR) distributions over [n] (denoted by MHR,,), for which

fi fi
[y o

1 < j implies

Definition 7. An n-effective support of a distribution p is any set S such that p(S) > 1—mn.

2This definition describes monotone non-increasing distributions. By symmetry, identical results hold for
monotone non-decreasing distributions.
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The flattening of a function f over a subset S is the function f such that f; = p(S)/|S].

Definition 8. Let p be a distribution, and let I, ..., I be a partition of the domain. The
flattening of p with respect to I, ..., I is the distribution p which is the flattening of p over

the intervals Iy, . .., Ij.

3.3 Overview

Our algorithm for testing a distribution p can be decomposed into three steps.

Near-proper learning in y2-distance. Our first step requires a learning algorithm with
very specific guarantees. In proper learning, we are given sample access to a distribution
p € C, where C is some class of distributions, and we wish to output ¢ € C such that p
and ¢ are close in total variation distance. In our setting, given sample access to p € C,
we wish to output ¢ such that ¢ is close to C in total variation distance, and p and ¢ are
close in y?-distance on an effective suppor‘rﬂ of p. From an information theoretic standpoint,
this problem is harder than proper learning, since y?-distance is more restrictive than total
variation distance. Nonetheless, this problem can be shown to have comparable sample

complexity to proper learning for the structured classes we consider.

Computation of distance to class. The next step is to see if the hypothesis ¢ is close
to the class C or not. Since we have an explicit description of ¢, this step requires no further
samples from p, i.e. it is purely computational. If we find that ¢ is far from the class C, then
it must be that p € C, as otherwise the guarantees from the previous step would imply that

q is close to C. Thus, if it is not, we can terminate the algorithm at this point.

y3-testing. At this point, the previous two steps guarantee that our distribution ¢ is such

that:

e If p € C, then p and q are close in y*-distance on a (known) effective support of p;

3We also require the algorithm to output a description of an effective support for which this property
holds. This requirement can be slightly relaxed, as we show in our results for testing unimodality.
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o If dry(p,C) > ¢, then p and ¢ are far in total variation distance.

We can distinguish between these two cases using O(y/n/e?) samples with the statistical test

of Theorem [l

Using the above three-step approach, our tester, as described in the next section, can
directly test monotonicity, log-concavity, and monotone hazard rate. With an extra modifi-

cation, using Kolmogorov’s max inequality, it can also test unimodality.

3.4 A Testing Framework

Our main result in this section is Theorem 13} This will follow from our y2-tolerant Hellinger

identity tester (Theorem [4).

Theorem 13. Suppose we are given € € (0,1], a class of probability distributions C, sample
access to a distribution p over [n], and an explicit description of a distribution q with the

following properties:

Property 1. drv(q,C) < 5.

Property 2. If p € C, then d,2(p,q) < %.
Then there exists an algorithm with the following guarantees:
e Ifp €C, the algorithm outputs ACCEPT with probability at least 2/3;
o [fdry(p,C) > ¢, the algorithm outputs REJECT with probability at least 2/3.

The time and sample complexity of this algorithm are O (g—f)

Proof. We note that combined with Proposition [, Theorem [] implies a test which can

distinguish between the following two cases:
o dy(p,q) < e*/8;

e drv(p,q) > ¢e/2.
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At this point, the proof follows by using this test on p and ¢. If p € C, then d,2(p, q) < %,
and we fall into the first case. On the other hand, if drv(p,C) > €, then drv(q,C) < €/2,
and by triangle inequality, drv(p,q) > /2. These two conditions fall into the two cases of

the test, and hence we can distinguish them. O]

3.4.1 Class-Specific Modifications

As stated in Theorem Property 2|requires that ¢ is O(g?)-close in x2-distance to p over its

entire domain. For the class of monotone distributions, we are able to efficiently obtain such
a ¢, which immediately implies sample-optimal learning algorithms for this class. However,
for some classes, we cannot learn a ¢ with such strong guarantees, and we must consider
modifications to our base testing algorithm.

For example, for log-concave and monotone hazard rate distributions, we can obtain a

distribution ¢ and a set S with the following guarantees:
e If p € C, then d2(ps, gs) < O(¢?) and p(S) > 1 — O(e);
o If dTV(p7C) Z g, then dTV(pa Q) Z 6/2

In this scenario, the tester will simply pretend the support of p and ¢ is S, ignoring any
samples and support elements in [n]\ S. Analysis of this tester is extremely similar to what
was presented in Chapter 2] In particular, we can still show that the statistic Z will be
separated in the two cases. When p € C, excluding [n] \ S will only reduce Z. On the other
hand, when drv(p,C) > €, since p(S) > 1 — O(e), p and ¢ must still be far on the remaining
support, and we can show that Z is still sufficiently large. Therefore, a small modification
allows us to handle this case with the same sample complexity of O(y/n/e?).

A further modification can handle even weaker learning guarantees. We could handle the
previous case because the tester “knows what we don’t know” — it can explicitly ignore the
support over which we do not have a y2-closeness guarantee. A more difficult case is when
there may be a low measure interval hidden in our effective support, over which p and ¢ have
a large y*-distance. While we may have insufficient samples to reliably identify this interval,

it may still have a large effect on our statistic. A naive solution would be to consider a tester

80



which tries all possible “guesses” for this “bad” interval, but a union bound would incur an
extra logarithmic factor in the sample complexity. We manage to avoid this cost through a
careful analysis involving Kolmogorov’s max inequality, maintaining the O(y/n/e?) sample
complexity even in this more difficult case.

Being more precise, we can handle cases where we can obtain a distribution ¢ and a set

of intervals S = {I3,..., I} with the following guarantees:

o If p e C, then p(S) > 1—0(e), p(I;) = O(p(S)/b) for all j €|

b|, and there exists a set
T C [b] such that |T] > b—t (for t = O(1)) and d,2(pr, qr) < O(g?), where R = UpI;;

o If dpv(p,C) > ¢, then dry(p,q) > /2.

This allows us to additionally test against the class of unimodal distributions.

The tester requires that an effective support is divided into several intervals of roughly
equal measure. It computes our statistic over each of these intervals, and we let our statistic
Z be the sum of all but the largest ¢ of these values. In the case when p € C, Z will only
become smaller by performing this operation. We use Kolmogorov’s maximal inequality to

show that Z remains large when drv(p,C) > €. More details on this tester are provided in

Section B.61

3.5 Testing Monotonicity

As an application of our testing framework, we will demonstrate how to test for monotonicity.

Let d > 1,and i = (i1,...,iq),j = (j1,...,7a) € [n]?. Wesayis=jifi > g forl=1,....d.

Definition 9. A distribution p over [n]?

is monotone (decreasing) if for alli = j, pi < p;.
Our main result of this section is as follows:

Theorem 14. For any d > 1, there exists an algorithm for testing monotonicity over [n]?

0 (ndf N <dlo2gn)d ' %)
€ € £
nd/2

and time complexity O ( —~ + poly(logn, 1/5)d).

with sample complexity
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In particular, this implies the following optimal algorithms for monotonicity testing for

all d > 1:

Corollary 4. Fix any d > 1, and suppose £ > VZB%". Then there ezists an algorithm for

testing monotonicity over [n]? with sample complezity O (nd/z/sz).

Our analysis starts with a structural lemma about monotone distributions. In [Bir87],
Birgé showed that any monotone distribution p over [n] can be obliviously decomposed
into O(log(n)/¢e) intervals, such that the flattening p (recall Definition [§)) of p over these
intervals is e-close to p in total variation distance. [AJOSI4al] extend this result, giving a
bound between the y?-distance of p and p. We strengthen these results by extending them
]d

to monotone distributions over [n]?. In particular, we partition the domain [n]¢ of p into

O((dlog(n)/e?)?) rectangles, and compare it with p, the flattening over these rectangles.

Lemma 10. Let d > 1. There is an oblivious decomposition of [n]? into O((dlog(n)/e?)9)

rectangles such that for any monotone distribution p over [n]¢, its flattening p over these

rectangles satisfy d2(p,p) < 2.

This effectively reduces the support size to logarithmic in n. At this point, we can
apply the Laplace estimator (along the lines of [KOPS15]) and learn a ¢ such that if p was

monotone, then ¢ will be O(g?)-close in 2-distance.

Lemma 11. Let d > 1, and p be a monotone distribution over [n]?. There is an algorithm

which outputs a distribution q such that E [d,2(p, q)] < 5720. The time and sample complexity
are both O((dlog(n)/?)¢/e?).

The final step before we apply our y2-tester is to compute the distance between ¢ and
M. This subroutine is similar to the one introduced by [BKR04]. The key idea is to write
a linear program, which searches for any distribution f which is close to ¢ in total variation
distance. We note that the desired properties of f (i.e., monotonicity, normalization, and
e-closeness to ¢) are easy to enforce as linear constraints. If we find that such an f exists, we
will apply our y2-test to ¢. If not, we output REJECT, as this is sufficient evidence to conclude

that p & M%. Note that the linear program operates over the oblivious decomposition used
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in our structural result, so the complexity is polynomial in (dlog(n)/c)?, rather than the

naive n®.

At this point, we have precisely the guarantees needed to apply Theorem [13] directly
implying Theorem [I4 The proof of Lemmas [I0] and [I1] are in in Sections [3.5.1] and [3.5.2]

respectively.

3.5.1 Structure of Monotone Distributions

Birgé |[Bir87| showed that any monotone distribution is estimated to a total variation £ with a
O(log(n)/e)-piecewise constant distribution. Moreover, the intervals over which the output is
constant is independent of the distribution p. This result, was strengthened to the Kullback-
Leibler divergence by [AJOSI4al to study the compression of monotone distributions. They
upper bound the KL divergence by x2-distance and then bound the y?-distance. We extend
this result to [n]¢. We divide [n]¢ into b? rectangles as follows. Let {Ii, ..., [} be a partition

of [n] into consecutive intervals defined as:
|11 =

For j = (ji,...,ja) € [W]%, let [ = 1; x I, x ... x I,

The y?-distance between p and p can be bounded as

p?
dX2<p7ﬁ) = Z 712 - 1

jep)d ier; 1

> oGl -1

| je[b]

IN
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For j = (j1,...,Jja) € [b]?, let j* = (jf, ..., i) be

Ji if 5, <b/2+1

Ji
7; — 1 otherwise.

We bound the expression above as follows.

Let T C [d] be any subset of d. Suppose the size of T is £. Let T be the set of all j that
satisfy j; = b/2 4+ 1 for i € T. In other words, over the dimensions determined by T, the
value of the index is equal to d/2 + 1. The map j — j* restricted to T is one-to-one, and

since at most d — ¢ of the coordinates drop,
5] < L] - (14 )"

Since there are ¢ coordinates that do not change, and each of them have 2(1++) coordinates,

we obtain

ST m < S w20 ) (1)

jeT jeT

= > |

jer

241+ )

Since the mapping is one-to-one, the probability of observing as element in T is the
probability of observing b/2 + 1 in ¢ coordinates, which is at most (2/(b + 2)) under any

monotone distribution. Therefore,

Y op< (b%)z 21+ y)%

jeT
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For any /¢ there are (‘Z) choices for T'. Therefore,

dy2(p,p) < Zd: (?) (bj%)g (1+~)4—1

=0
4 d
= (1 14+ —) -1
( +7)( +b+2)

YRR S T R
N T 2 b2

Recall that v = 2log(n)/b > 1/b, implies that the expression above is at most (142v)¢—1.
This implies Lemma [10]

3.5.2 Learning Monotone Distributions

Our algorithm requires a distribution ¢ satisfying the properties discussed earlier. We learn

a monotone distribution from samples as follows.

Before proving this result, we prove a general result for y2-learning of arbitrary discrete
distributions, adapting the result from [KOPSI5|. For a distribution p, and a partition of the
domain into b intervals I, ..., I, let p; = p(I;)/|I;| be the flattening of p over these intervals.
We saw that for monotone distributions there exists a partition of the domain such that p

is close to the underlying distribution in y2-distance.

Suppose we are given m samples from a distribution p and a partition I, ..., [,. Let m;
be the number of samples that fall in I;. For ¢ € [;, let

qj:mm+b'
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Let Sj =) .c I p?. The expected y*-distance between p and ¢ can be bounded as follows.

E[d(p,q)] = i;i (ZL) (p(fj))fu—p(fj))m@(Hl)/(ﬁil(mM)) ~1
|ms A (i (7w puj))m*”“)] =
- |t ;mjjﬂm (-a _p(fj)mﬂ)] 1
S_Zifgmﬁm -
- |2 e+ 1] -1
=L dapp) (3.1

Suppose v = O(log(n)/b), and b = O(d - log(n)/e?). Then, by Lemma [10]
dy2(p,p) < €. (3.2)

Combining this with (3.1)) gives Lemma

3.6 Testing Unimodality

One striking feature of Birgé’s result is that the decomposition of the domain is oblivious
to the samples, and therefore to the unknown distribution. However, such an oblivious
decomposition will not work for the unimodal distribution, since the mode is unknown.
Suppose we know where the mode of the unknown distribution might be, then the problem
can be decomposed into monotone functions over two intervals. Therefore, in theory, one
can modify the monotonicity testing algorithm by iterating over all the possible n modes.

Indeed, by applying a union bound, it then follows that

Theorem 15 (Follows from Theorem . Fore > 1 /nl/ 4 there exists an algorithm for
testing unimodality over [n] with sample complexity O (‘g/—f log n>
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However, this is unsatisfactory, since our lower bound (and as we will demonstrate, the
true complexity of this problem) is y/n/e?. We overcome the logarithmic barrier introduced
by the union bound, by employing a non-oblivious decomposition of the domain, and using
Kolmogorov’s max-inequality.

Our main result for testing unimodality is the following theorem.

Theorem 16. Suppose ¢ > n~Y*. Then there exists an algorithm for testing unimodality

over [n] with sample complexity O(y/n/e?).

Proof. Recall that to circumvent Birgé’s decomposition, we want to decompose the interval
into disjoint intervals such that the probability of each interval is about O(1/b), where b
is a parameter, specified later. In particular we consider a decomposition of [n| with the

following properties:
1. For each element ¢ with probability at least 1/b, there is an I, = {i}.
2. There are at most two intervals with p(I) < 1/2b.
3. Every other interval [ satisfies p(I) € [%, %]

Let Iy,...,1; denote the partition of [n| corresponding to these intervals. Note that
L = 0O(b).

Claim 1. There is an algorithm that takes O(blogb) samples and outputs Iy, . .., I}, satisfying

the properties above.

The first step in our algorithm is to estimate the total probability within each of these

intervals. In particular,

Lemma 12. There is an algorithm that takes m’ = O(blogb/e?) samples from a distribution
p, and with probability at least 9/10 outputs a distribution q that is constant on each I7,.
Moreover, for any j such that p(I;) > 1/2b, g(1;) € (1 £¢)p(I;).

Proof. Consider any interval I; with p(I;) > 1/2b. The number of samples Nj, that fall

in that interval is distributed as Binomial(m',p(;)). Then by Chernoff bounds for m’ >
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12blogb/e2,

Pr[|N;, — m'p(1;)] > em/p(I;)] <2exp (*m'p(I;)/2) (3.3)
1
where the last inequality uses the fact that p(/;) > 1/2b. O

The next step is estimate the distance of g from U,,. This is possible by a simple dynamic
program, similar to the one used for monotonicity. If the estimated distance is more than
£/2, we output REJECT.

Our next step is to remove certain intervals. This will be to ensure that when the
underlying distribution is unimodal, we are able to estimate the distribution multiplicatively

over the remaining intervals. In particular, we do the following preprocessing step:
o A=1(.
e For interval [;,

- If

q(l;) € (1 —¢)-q(lj41),(1+¢€) - q(L;11)) OR (3.5)
q(L;) ¢ (L —¢)-q(Lj—1), (1 +¢) - q(Lj-1)) , (3.6)

add I; to A.
e Add the (at most 2) intervals with mass at most 1/2b to A.
e Add all intervals j with ¢(I;)/|1;| < £/50n to A
If the distribution is unimodal, we can prove the following about the set of intervals A°.
Lemma 13. If p is unimodal then,

o p(lye) >1—¢/25—-1/b— O (logn/(eb)).
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e [Fzcept at most one interval in A® every other interval I; satisfies,

PLc 140
Pj

+
J

If this holds, then the y2-distance between p and ¢ constrained to A€, is at most 2. This

lemma follows from the following result.

4log(50n/e)

Lemma 14. Let C > 2. For a unimodal distribution over [n], there are at most —=4

+
intervals 1; that satisfy z% <(1+4¢/C).
i

41log(50n/¢)

o intervals, then at least half of them

Proof. To the contrary, if there are more than
are on one side of the mode, however this implies that the ratio of the largest probability

(50n/c)

1. . ; po- 2lo :
and smallest probability is at least (1 +¢/C)’, and if j > =557, is at least 50n/e,

contradicting that we have removed all such elements. O]

We have one additional pre-processing step here. We compute ¢(A°) and if it is smaller
than 1 — /25, we output REJECT.

Suppose there are L’ intervals in A°. Then, except at most one interval in L' we know
that the y2-distance between p and ¢ is at most €2 when p is unimodal, and the TV distance
between p and ¢ is at least £/2 over A°. We propose the following simple modification to
take into account, the one interval that might introduce a high y2-distance in spite of having
a small total variation. If we knew the interval, we can simply remove it and proceed. Since

we do not know where the interval lies, we do the following.

1. Let Z; be the x*-statistic over the ith interval in A¢, computed with O(y/n/e?) samples.
2. Let Z; be the largest among all Z;’s.
3. If 37, Z; > me?/10, output REJECT.

4. Output ACCEPT.

The objective of removing the largest y2-statistic is our substitute for not knowing the

largest interval. We now prove the correctness of this algorithm.
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Case 1 p € UM,: We only concentrate on the final step. The y?-statistic over all but one
interval are at most ¢ - me?, and the variance is bounded as before. Since we remove the
largest statistic, the expected value of the new statistic is strictly dominated by that of these
intervals. Therefore, the algorithm outputs ACCEPT with at least the same probability as if

we removed the spurious interval.

Case 2 p ¢ UM,: This is the hard case to prove for unimodal distributions. We know
that the y2-statistic is large in this case, and we therefore have to prove that it remains large
even after removing the largest test statistic Z;.

We invoke Kolmogorov’s Maximal Inequality to this end.

Lemma 15 (Kolmogorov’s Maximal Inequality). For independent zero mean random vari-

ables X1, ..., X with finite variance, let Sy = X1+ ... X,. Then for any X > 0,

1
Pr{ max |Sy| > )\] < el Var (S.) . (3.7)

1<¢<L

As a corollary, it follows that Pr[max,|X,| > 2X] < 55 - Var (5.

In the case we are interested in, we let X; = Z,—E [Z,]. Then, similar to the computations
before, and the fact that each interval has a small mass, it follows that that the variance of
the summation is at most E[Z,]* /100. Taking A = E[S, — me2/3]> /100, it follows that the
statistic does not fall below to y/n. ]

3.7 Testing Independence

Let X £ [n4] x ... X [ng], and let I1; be the class of all product distributions over X. We first

bound the y?-distance between product distributions in terms of the individual coordinates.

Lemma 16. Let p = p' x p>... x p%, and ¢ = ¢" x ¢*... x ¢¢ be two distributions in Il .

Then .
de (p.q) = [[(1 +de (0, ¢") — 1.

(=1
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Proof. By the definition of y2-distance

dy2 (p,q) = (ZZ) -1 (3.8)
icx ?
d ¢ 2
-11 <p12 1 (3.9)
=1 |ien,] @
d
= H (1+de (p,q")) -1 (3.10)
/=1
O

Along the lines of learning monotone distributions in y2-distance we obtain the following

result.

Lemma 17. There is an algorithm that takes
4
¢
o(3%)
=1

samples from a distribution p in Iy and outputs a distribution q € 1y such that with proba-

bility at least 5/6,
de (p,q) < O(e%).

This fits precisely in our framework of tolerant x2-f; testing. In particular, applying

Theorem [13], we obtain the following result.

Theorem 17. For any d > 1, there exists an algorithm for testing independence of random

variables over [ny] X ...[ng] with sample and time complexity

o ((Hz% n)' + 5 n) |

c2

The following corollaries are immediate.
Corollary 5. Suppose Hzlzl né/Q > 25:1 ng. Then there exists an algorithm for testing

independence over [ny] X -+ X [ng] with sample complexity @((H?zl ng)t/?/e?).
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In particular,

Corollary 6. There exists an algorithm for testing if two distributions over [n] are indepen-

dent with sample complexity O(n/e?).

We conclude by proving Lemma [I7]

Proof of Lemma([I7: In this section we prove Lemma The proof is analogous to the proof
for learning monotone distributions, and hinges on the following result of [KOPSI5|. Given
m samples from a distribution ¢ over n elements, the add-1 estimator (Laplace estimator) ¢

satisfies:
n

E[d\:(p,q)] < e

Now, suppose p is a product distribution over X = [nq] X - -+ x [ny4]. We simply perform
the add-1 estimation over each coordinate independently, giving a distribution ¢' x - - - x ¢%.
Since p is a product distribution the estimates in each coordinate is independent. Therefore,

a simple application of the previous result and independence of the coordinates implies

Elde(p,¢)] = [[ (1 +E[de(',d)]) -1

< exp (M) —1, (3.11)

where (3.11)) follows from e” > 14 z. Using e* < 1+ 2z for 0 < x < 1, we have

Efde(p,q)] <2

Zf’ , (3.12)

m—+1

when m > ), n;. Therefore, following an application of Markov’s inequality, when m =

Qo) /), Lemmais proved. O

92



3.8 Testing Log-Concavity

In this section we describe our results for testing log-concavity of distributions. Our main

result is as follows:

Theorem 18. There exists an algorithm for testing log-concavity over [n] with sample com-

plexity

and time complezity poly(n,1/e).

In particular, this implies the following optimal tester for this class:

1/5

Corollary 7. Suppose € > 1/n'/°. Then there exists an algorithm for testing log-concavity

over [n] with sample complexity O (1/n/e?).

Our algorithm will fit into the structure of our general framework. We first perform a
very particular type of learning algorithm, whose guarantees are summarized in the following

lemma:

Lemma 18. Given € > 0 and sample access to a distribution p, there exists an algorithm

with the following guarantees:

e If p € LCD,, the algorithm outputs a distribution ¢ € LCD, and an O(e)-effective

support S of p such that d,2(ps, qs) < 56—020 with probability at least 5/6;

e [fdrv(p, LCD,) > &, the algorithm either outputs a distribution ¢ € LCD,, or REJECT.
The sample complezity is O(1/e°) and the time complezity is poly(n,1/¢).

We note that as a corollary, one immediately obtains a O(1/£%) proper learning algorithm
for log-concave distributions. The result is immediate from the first item of Lemma [18| and
Proposition We can actually do a bit better — in the proof of Lemma we partition
[n] into intervals of probability mass ©(¢%/?). If one instead partitions into intervals of
probability mass ©(e/log(1/¢)) and works directly with total variation distance instead of

x?-distance, one can show that O(1/&*) samples suffice.
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Corollary 8. Given ¢ > 0 and sample access to a distribution p € LCD,, there exists
an algorithm which outputs a distribution ¢ € LCD,, such that drv(p,q) < €. The sample
complegity is O(1/e*) and the time complexity is poly(n,1/e).

Then, given the guarantees of Lemma [18, Theorem [1§] follows from Theorem [13]

Proof of Lemma .' We first draw samples from p and obtain a O(1/e%?)-piecewise constant
distribution f by appropriately flattening the empirical distribution. The proof is now in
two parts. In the first part, we show that if p € LCD,, then f will be close to p in y2-distance
over its effective support. The second part involves proper learning of p. We will use a linear
program on f to find a distribution ¢ € LCD,,. This distribution is such that if p € LCD,,,
then d,2(p, ¢) is small, and otherwise the algorithm will either output some g € LCD,, (with

no other relevant guarantees) or REJECT.

We first construct f. Let p be the empirical distribution obtained by sampling O(1/&°)
samples from p. By Lemma , with probability at least 5/6, dk(p, p) < €°/2/10. In particular,
note that |p; — p;| < €°2/10. Condition on this event in the remainder of the proof.

Let a be the minimum 4 such that p; > ¢%2/5, and let b be the maximum i satisfying the
same condition. Let M = {a,...,b} or 0 if a and b are undefined. By the guarantee provided
by the DKW inequality, p; > £%/2/10 for alli € M. Furthermore, p; € p;£e%2/10 € (14¢)-p;.
For each i € M, let f; = p;. We note that | M| = O(1/¢), so this contributes O(1/¢) constant
pieces to f.

We now divide the rest of the domain into ¢ intervals, all but constantly many of measure
©(¢%?) (under p). This is done via the following iterative procedure. As a base case,
set o = 0. Define I; as [l;,r;], where [; = r;_; + 1 and r; is the largest j € [n] such
that p(I;) < 92%/2/10. The exception is if I; would intersect M — in this case, we “skip”
M: set r; = a—1and lj;; = b+ 1. If such a j exists, denote it by j*. We note that
p(I;) < p(I;) + %2/10 < %2, Furthermore, for all j except j* and ¢, r; + 1 & M, so
p(I;) > 9e3/2/10 — %/2/5 — /2 /10 > 3¢%2/5. Observe that this lower bound implies that

t < 53% for e sufficiently small.

4To be more precise, we require the modification of Theorem [13| which is described in Section in
order to handle the case where the y2-distance guarantees only hold for a known effective support.
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Part 1. For this part of the algorithm, we only care about the guarantees when p € LCD,,,

so we assume this is the case.

For the domain [n|\ M, we let f be the flattening of p over the intervals Iy, ... ;. To ana-
lyze f, we need a structural property of log-concave distributions due to Chan, Diakonikolas,
Servedio, and Sun [CDSS14]. This essentially states that a log-concave distribution cannot

have a sudden increase in probability.

Lemma 19 (Lemma 4.1 in [CDSS14]). Let p be a distribution over [n] that is non-decreasing
and log-concave on [1,x] C [n]. Let I = [z,y| be an interval of mass P(I) = 7, and suppose

that the interval J = [1,x — 1] has mass p(J) = o > 0. Then
p(y)/p(z) <1+7/0.

Recall that any log-concave distribution is unimodal, and suppose the mode of p is at 1.
We will first focus on the intervals Iy, ..., [;, which lie entirely to the left of ig and M. We

will refer to I; as L; for all j <t;. Note that p is non-decreasing over these intervals.

The next steps to the analysis are as follows. First we show that the flattening of p over
L; is a multiplicative (1+ O(1/7)) estimate for each p; € L;. Then, we show that flattening
the empirical distribution p over L; is a multiplicative (14 O(1/j)) estimate of p(7) for each
i € L;. Finally, we exclude a small number of intervals (those corresponding to O(e) mass
at the left and right side of the domain, as well as j*) in order to get the y?-approximation

we desire on an effective support.

e First, recall that p(L;) < &2 for all j. Also, letting J; = [1,7;_1], we have that
p(J;) > (j — 1) - 3¢%2/5. Thus by Lemma [19] p(r;) < p(l;)(1 +2/(j — 1)). Since the
distribution is non-decreasing in L;, the flattening p of p is such that p(i) € p(i)(l:l:j%l)

for all i € Lj;.

e We have that p(L;) > 3¢*2/5, and p(L;) € p(L;) ££2/10, so p(L;) € p(L;) - (1 £ £),
and hence p(7) € p(i) - (1 £ ¢) for all 7 € L;. Combining with the previous point, we
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have that

ﬁ(i)ep(i)‘(li(%—f—gﬁ—%)) Gp(i)-<1iﬁ>‘

A symmetric statement holds for the intervals that lie entirely to the right of ig and M.
We will refer to I; as R,_; for all j > ¢r.

To summarize, we have the following guarantees for the distribution f:
e Forallie M, f(i) € p(i) - (1 £¢);

e Foralli € L (except Ly and Ly.), (i) € p(i) - (14 2);

e For all i € R; (except Ry), f(i) € p(3) - (1 + 3—?),

Note that, in particular, we have multiplicative estimates for all intervals, except those in
Ly, Lj, Ry and the interval containing i5. Let S be the set of all intervals except Lj-, L;
and R; for j < 1/4/e, and the one containing iy Then, since each interval has probability
mass at most O(*?) and we are excluding O(1/+/€) intervals, p(S) > 1 — O(e).

We now compute the y2-distance induced by this approximation for elements in S. For

an element ¢ € L; N S, we have

Summing over all ¢ € L; N S gives
60=3/2

j2

since the probability mass of L; is at most £3/2. Summing this over all L; for j > 1/4/z and

j#J* gives
2= 1
6077 > — < 605> / —dz
. J 1/ &
j=1/\/e



as desired.

Part 2. To obtain a distribution ¢ € LCD,,, we write a linear program. We will work in
the log domain, so our variables will be @Q;, representing log¢(i) for i € [n]. We will use
F; =log f(i) as parameters in our LP. There will be no objective function, we simply search

for a feasible point. Our constraints will be
Qi1+ Qi1 <2Q; Vi€ [n—1]

log(1+¢) <|Q; — F;| <log(l+¢)forie M

29 22
10g<1—?) §|Qi_Fi’§10g(1+?) forie Lj,j>1/yeand j # j*
7 J

22 22
log (1—?) <|Q; — F| <log (1+?) fori € Rj,j >1/+¢
¥) J

If we run the linear program, then after a rescaling and summing the error over all the
intervals in the LP gives us that the distance between p and ¢ to be O(g?) x3-distance in a
set S which has measure p(S) > 1 — 4¢, as desired.

If the linear program finds a feasible point, then we obtain a ¢ € LCD,,. Furthermore, if
p € LCD,,, this also tells us that (after a rescaling of ¢), summing the error over all intervals
implies that d,2(ps, gs) < % for a known set S with p(S) > 1—0O(g), as desired. If M # 0,
this algorithm works as described. The issue is if M = (), then we don’t know when the L
intervals end and the R intervals begin. In this case, we run O(1/¢) LPs, using each interval
as the one containing iy, and thus acting as the barrier between the L intervals (to its left)
and the R intervals (to its right). If p truly was log-concave, then one of these guesses will

be correct and the corresponding LP will find a feasible point. O

3.9 Testing Monotone Hazard Rate

In this section, we obtain our main result for testing for monotone hazard rate:
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Theorem 19. There exists an algorithm for testing monotone hazard rate over [n] with

sample complexity
; ( Vi, 1og<n/e>)

g2 gl

and time complezity poly(n,1/e).
This implies the following optimal tester for the class:

Corollary 9. Suppose ¢ > +/log(n/e)/n'/*. Then there exists an algorithm for testing

monotone hazard rate over [n] with sample complezity O (v/n/e?).

We obey the same framework as before, first applying a x?-learner with the following

guarantees:

Lemma 20. Given € > 0 and sample access to a distribution p, there exists an algorithm

with the following guarantees:

o [fpe MHR,, the algorithm outputs a distribution ¢ € MHR,, and an O(e)-effective

support S of p such that d,2(ps, qs) < 56—020 with probability at least 5/6;

o [fdry(p, MHR,) > ¢, the algorithm either outputs a distribution ¢ € MHR, and a

set S C [n] or REJECT.
The sample complezity is O(log(n/e)/e*) and the time complexity is poly(n, 1/¢).
As with log-concave distributions, this implies the following proper learning result:

Corollary 10. Given € > 0 and sample access to a distribution p € MHR,, there exists
an algorithm which outputs a distribution ¢ € MHR,, such that drv(p,q) < . The sample
complexity is O(log(n/e)/e*) and the time complezity is poly(n, 1/¢).

Again, combining the learning guarantees of Lemma [20] with the appropriate variant of

Theorem [13] (cf. Section [3.4.1]), we obtain Theorem [19]

Proof of Lemma [20: As with log-concave distributions, our method for MHR distributions
can be split into two parts. In the first step, if p € MHR,, we obtain a distribution ¢
which is O(g?)-close to p in x*-distance on a set A of intervals such that p(A) > 1—0O(¢). g
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will achieve this by being a multiplicative (14 O(¢)) approximation for each element within
these intervals. This step is very similar to the decomposition used for unimodal distributions
(described in Section [3.6), so we sketch the argument and highlight the key differences.

The second step will be to find a feasible point in a linear program. If p € MHR,,, there
should always be a feasible point, indicating that ¢ is close to a distribution in MHR,, (lever-
aging the particular guarantees for our algorithm for generating ¢). If dry(p, MHR,) > ¢,
there may or may not be a feasible point, but when there is, it should imply the existence
of a distribution p* € MHR,, such that dry(q,p*) < e/2.

The analysis will rely on the following lemma from [CDSS14|, which roughly states that

an MHR distribution is “almost” non-decreasing.

Lemma 21 (Lemma 5.1 in [CDSS14]). Let p be an MHR distribution over [n]. Let I =
la,b] C [n] be an interval, and R = [b + 1,n] be the elements to the right of I. Let n =
p(I)/p(R). Then p(b+ 1) > r1p(a).

1+n

Part 1. As before, with unimodal distributions, we start by taking O(%) samples, with
the goal of partitioning the domain into intervals of mass approximately ©(1/b). First, we
will ignore the left and rightmost intervals of mass ©(e). For all “heavy” elements with mass
> O(1/b), we consider them as singletons. We note that Lemma [21| implies that there will
be at most O(1/¢) contiguous intervals of such elements. The rest of the domain is greedily
divided (from left to right) into intervals of mass ©(1/b), cutting an interval short if we reach
one of the heavy elements. This will result in the guarantee that all but potentially O(1/¢)
intervals have ©(1/b) mass.

Next, similar to unimodal distributions, considering the flattened distribution, we discard
all intervals for which the per-element probability is not within a (1 & O(e)) multiplicative
factor of the same value for both neighboring intervals. The claim is that all remaining
intervals will have the property that the per-element probability is within a (1 £ O(¢))
multiplicative factor of the true probability. This is implied by Lemma [2I} If there were a
point in an interval which was above this range, the distribution must decrease slowly, and
the next interval would have a much larger per-element weight, thus leading to the removal

of this interval. A similar argument forbids us from missing an interval which contains a

99



point that lies outside this range. Relying on the fact that truncating the left and rightmost
intervals eliminates elements with low probability mass, similar to the unimodal case, one can
show that we will remove at most log(n/e)/e intervals, and thus a log(n/e)/be probability
mass. Choosing b = Q(e?/log(n/c)) limits this to be O(g), as desired. At this point, if
p is indeed MHR, the multiplicative estimates guarantee that the result is O(g?)-close in

x2-distance among the remaining intervals.

Part 2. We note that an equivalent condition for distribution f being MHR is log-concavity
of log(1 — F), where F' is the CDF of f. Therefore, our approach for this part will be similar
to the approach used for log-concave distributions.

Given the output distribution ¢ from the previous part of this algorithm, our goal will
be check if there exists an MHR distribution f which is O(e)-close to ¢. We will run a linear
program with variables f; = log(1 — F;). First, we ensure that f is a distribution. This can

be done with the following constraints:

fi >fin Vie[n—1]

frn = —00

To ensure that f is MHR, we use the following constraint:

fie1 + fir1 < 2 Vie[2,n—1]

Now, ideally, we would like to ensure f and ¢ are e-close in total variation distance by

ensuring they are pointwise within a multiplicative (1 4 ¢) factor of each other:

(1—¢) < filai < (1+¢)

We note that this is a stronger condition than f and ¢ being e-close, but if p € MHR,,, the

guarantees of the previous step would imply the existence of such an f.

We have a separate treatment for the identified singletons (i.e., those with probability
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> 1/b) and the remainder of the support. For each element ¢; identified to have > 1/b mass,

we add two constraints:
log((1 —¢/2b)(1 — Qi) < fi <log((1+¢/2b)(1 — Qi)

log((1 —&/2b)(1 = Qi-1)) < fimx < log((14¢/2b)(1 = Qi-1))

If we satisfy these constraints, it implies that
g —¢e/b< [i <qi+e/b.

Since ¢; > 1/b, this implies
I-8a<fi<(1+eqg

as desired.

Now, the remaining elements each have < 1/b mass. For each such element ¢;, we create
a constraint
qi

(1-0E) =g, St~k <A+ 0@ =g

Note that the middle term is

1-F i Ji
—1 — | =1 1-— 1+2
Og(l—FH) Og( 1—F;1> ST, EE):

where the second equality uses the Taylor expansion and the facts that f; < 1/b and 1 —

F;_1 > e (since during the previous part, we ignored the rightmost O(e) probability mass).

If we satisfy the desired constraints, it implies that

I 1=K,
(1 + 28) 1-— Qi—l

i€ (15 0())a:.

Since we are taking (2(1/e*) samples and 1 — F;_; > Q(¢), Lemmall] implies that f; is indeed

a multiplicative (1 + ¢) approximation for these points as well.

We note that all points which do not fall into these two cases make up a total of O(e)

probability mass. Therefore, f may be arbitrary at these points and only incur O(g) cost in
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total variation distance.

If we find a feasible point for this linear program, it implies the existence of an MHR
distribution within O(e) total variation distance. In this case, we continue to the testing
portion of the algorithm. Furthermore, if p € MHR,,, our method for generating ¢ certifies
that such a distribution exists, and we continue on to the testing portion of the algorithm.

]

3.10 Lower Bounds for Testing Classes

We now prove sharp lower bounds for the classes of distributions we consider. We show that
the example studied by Paninski [Pan08]| to prove lower bounds on testing uniformity can be
used to prove lower bounds for the classes we consider. They consider a class Q consisting
of 22 distributions defined as follows. Without loss of generality assume that n is even.
For each of the 2"/2 vectors zpz1 ... 2,21 € {—1,1}"/2, define a distribution ¢ € Q over [n]

as follows.

Whzeed)  for =20+ 1

(zzece)  for j — 90,

n

Each distribution in Q has a total variation distance ce/2 from U,,, the uniform distribu-
tion over [n]. By choosing ¢ to be an appropriate constant, Paninski [Pan08§| showed that a
distribution picked uniformly at random from ©Q cannot be distinguished from U,, with fewer
than y/n/e? samples with probability at least 2/3.

Suppose C is a class of distributions such that

e The uniform distribution i, is in C,

e For appropriately chosen ¢, dry(C, Q) > ¢,

then testing C is not easier than distinguishing U, from Q. Invoking [Pan08| immediately
implies that testing the class C requires Q2(y/n/e?) samples.
The lower bounds for all the one dimensional distributions will follow directly from this

construction, and for testing monotonicity and independence in higher dimensions, we extend
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this construction to d > 1, appropriately. These arguments are proved in the following

subsections, leading to lower bounds for testing these classes:
Theorem 20.

e For any d > 1, any algorithm for testing monotonicity over [n] requires Q(n%?/e?)

samples.
e For d > 1, any algorithm for testing independence over [nq] x --- X [ng] requires
Q (—(mm;;"d)l/2> samples.

e Any algorithm for testing unimodality, log-concavity, or monotone hazard rate over [n]

requires Q)(y/n/e?) samples.

3.10.1 Monotone Distributions

We first consider d = 1 and prove that for appropriately chosen ¢, any monotone distribution
over [n] is e-far from all distributions in Q. Consider any ¢ € Q. For this distribution, we
say that ¢ € [n] is a raise-point if ¢; < ¢;+1. Let R, be the set of raise points of ¢q. For
q € Q, implies at least one in every four consecutive integers in [n] is a raise point,
and therefore, |R,| > n/4. Moreover, note that if  is a raise-point, then ¢ + 1 is not a raise
point. For any monotone (decreasing) distribution p, p; > p;;1. For any raise-point i € R,

by the triangle inequality,

2ce
Di — G| + |Pit1 — Gis1]| = |Pi — i1 + Gi1 — G|l > i1 — s = —. (3.14)
n

Summing over the set R,, we obtain dyv(p, q) > %|Rq| . 2% > ce/4. Therefore, if ¢ > 4, then
drv(M,, q) > €. This proves the lower bound for d = 1.

This argument can be extended to [n]?. Consider the following class of distributions on
[n]¢. For each point i = (i1, ...,i4) € [n]¢, where i is even, generate a random z € {—1,1},
and assign to i a probability of (14 zce)/n. Let e; = (1,0,...,0). Similar to d = 1, assign

nt/?

a probability (1 — zce)/n? to the point i+e; = (i + 1,4a, ..., 44). This class consists of 272~

distributions, and Paninski’s arguments extend to give a lower bound of Q(n%/?/e?) samples
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to distinguish this class from the uniform distribution over [n]?. It remains to show that all
these distributions are ¢ far from M. Call a point i as a raise point if p; < pjie,. For any i,
one of the points i, i + e, i + 2e1, i + 3e; is a raise point, and the number of raise points is
at least n?/4. Invoking the triangle inequality (identical to ([3.14])) over the raise-points, in

d

the first dimension shows that any monotone distribution over [n]* is at a distance § from

any distribution in this class. Choosing ¢ = 4 yields a bound of .

3.10.2 Product Distributions

Our idea for testing independence is similar to the previous section. We sketch the con-
struction of a class of distributions on X = [ny] X -+ X [ng]. Then |X| = ny - ny... - ng.
For each element in X" assign a value (1 &+ ce) and then for each such assignment, normalize
the values so that they add to 1, giving rise to a distribution. This gives us a class of 2*!
distributions. The key argument is to show that a large fraction of these distributions are
far from being a product distribution. This follows since the degrees of freedom of a product
distribution is exponentially smaller than the number of possible distributions. The second
step is to simply apply Paninski’s argument, now over the larger set of distributions, where
we show that distinguishing the collection of distributions we constructed from the uniform

distribution over X (which is a product distribution) requires 1/|X|/e? samples.

3.10.3 Log-concave and Unimodal Distributions

We will show that any log-concave or unimodal distribution is e-far from all distributions in
Q. Since LCD,, C U, it will suffice to show this for every unimodal distribution. Consider
any unimodal distribution p, with mode ¢. Then, p is monotone non-decreasing over the
interval [¢] and non-increasing over {¢ 4+ 1,...,n}. By the argument for monotone distribu-

tions, the total variation distance between p and any distribution ¢ over elements greater

t n—~{—1ce

7, and over elements less than £ is at least Z_Tl% Summing these

than ¢ is at leas

two gives the desired bound.
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3.10.4 Monotone Hazard Distributions

We will show that any monotone hazard rate distribution is e-far from all distributions in
Q.

Let p be any monotone-hazard distribution. Any distribution ¢ € Q has mass at least 1/2
over the interval I = [n/4,3n/4]. Therefore, by Lemma, foranyi € I, piyq (1 + ﬁ) > p;.
As noted before, at least /8 of the raise-points are in I.

Foranyie INR,, ¢ = (1+ce)/n, ¢is1=(1—ce)/n
di = |pi — @i| + [pi1 — Giral. (3.15)

If p; > (1 + 2ce)/n or p; < 1/n, then the first term, and therefore d; is at least ce/n. If
pi € (1/n, (1 + 2ce)/n), then for n > 5/(ce)

Sl 1 1oeef2
pz-i—l_n 1+ = .

S

n

Therefore the second term of d; is at ce/2n. Since there are at least n/8 raise points in I,

In ce ce
drv(p,q) > >

o> 1
=28 2n " 16 (3.16)

Thus any MHR distribution is e-far from O for ¢ > 16.
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Chapter 4

Testing High-Dimensional Ising Models

4.1 Introduction

Data analysis has become more prevalent in settings with multivariate data, which brings
with it a host of new challenges. In particular, the dimensionality of modern datasets is
much greater than what has been faced classically. We outline a few situation in which

multivariate data arises naturally:

e In natural language processing and information retrieval, the bag-of-words model maps
a text document to a vector, where each dimension corresponds to a word, and the
projection of the vector in a dimension is the multiplicity of that word in the document.
The dimensionality of the data corresponds to the number of unique words, which, in

English, can correspond to hundreds of thousands of dimensions.

e Recently, online services like Netflix have turned to statistical data analysis to under-
stand user behavior and optimize the user experience. For instance, recommendation
engines use machine learning to determine what users will like, based on what they
have liked in the past. Netflix takes this a step further, as it uses user data to decide
which shows to green-light: famously, it chose to produce the hit show House of Cards
based on the fact that there was a large number of users who simultaneously enjoyed
the British version of "House of Cards," films featuring Kevin Spacey, and films di-

rected by David Fincher. However, the dimensionality of the data is prohibitive for
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the application of naive methods, as Netflix has tens of thousands of titles. Similar
challenges are faced by online retailers like Amazon, which sells hundreds of millions

of products.

e Data analysis is frequently performed on large-scale social networks, in order to un-
derstand the complex structure of user interactions and the spread of information. In
this setting, the behavior of each user can be considered as a separate dimension. The
challenge lies in the scale of the data: modern social networks can be incredibly large,

with Facebook having over two billion active users.

Given the ubiquity of multivariate data, it is natural to ask whether distribution test-
ing can be efficiently performed in high-dimensional settings. Unfortunately, in general, the
answer is no: in an n-dimensional setting, the cost of most distribution testing problems
necessarily scales exponentially with nE] One easy way to see this is to consider testing

uniformity over the domain [r]". As shown by Paninski [Pan08] (Theorem [2)), testing unifor-

ViEl

2

mity over a domain ¥ requires €2 ( ) samples. In this setting, this result implies a lower
bound of Q(r™/?). This intractability is not specific to testing uniformity; as we showed in
Theorem testing for monotonicity or independence also requires a number of samples
which is exponential in the dimension. Very roughly speaking, this exponential dependence
on the dimension arises because the size of the support also increases exponentially — this
results in more space in which an adversary can pack exponentially many distributions which
are difficult to distinguish. As a consequence, even in moderate dimensions, the cost of most
standard distribution testing algorithms will be prohibitively expensive.

Given the importance of performing data analysis in high-dimensional settings, it is nat-
ural to ask whether we can develop tools which circumvent these statistical lower bounds.
A common way of doing so is by assuming the underlying distribution possesses some ad-
ditional structure. This can be seen as a way of going beyond worst-case analysis: phrased

differently, assuming some underlying structure limits the type of distributions an adversary

could ask an algorithm to distinguish. Stated yet another way, this assumption attempts to

'Tn this chapter alone, we use n to refer to the dimension of the data, rather than the size of the support.
For instance, on the n-dimensional hypercube, the size of the support is 2", rather than n.
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capture the notion that nature is not “evil” in the problems which it presents us with. Per-
haps the most common type of structural restriction is that the data enjoys some notion of
sparsity. This direction is far too broad to do justice, but perhaps the prototypical example
of exploiting sparsity in data analysis is the Lasso for regression problems [Tib96]. In our

work, we focus on a different type of structural restriction: graphical models.

Motivated by the above considerations and the ubiquity of Markov Random Fields
(MRFs) in the modeling of high-dimensional distributions (see [Jor10] for the basics of MRFs
and the references [STW10, [KNSO7| for a sample of applications), we initiate the study of
distribution testing for the prototypical example of MRFs: the Ising Model, which captures
all binary MRFs with node and edge potentialsf] Recall that the Ising model is a distribution
over {—1,1}", defined in terms of a graph G = (V, F) with n nodes. It is parameterized by
a scalar parameter 0, , for every edge (u,v) € E, and a scalar parameter 6, for every node

v € V, in terms of which it samples a vector x € {41}V with probability:

—

p(z) = exp Zﬁvmv + Z Oupryr, — 9(0) |, (4.1)

veV (u,v)eE

where 6 is the parameter vector and @(5) is the log-partition function, ensuring that the
distribution is normalized. Intuitively, there is a random variable X, sitting on every node
of G, which may be in one of two states, or spins: up (+1) or down (—1). The scalar
parameter 6, models a local (or “external”) field at node v. The sign of 6, represents whether
this local field favors X, taking the value +1, i.e. the up spin, when 8, > 0, or the value —1,
i.e. the down spin, when 6, < 0, and its magnitude represents the strength of the local field.
We will say a model is “without external field” when 6, = 0 for all v € V. Similarly, 6,,,
represents the direct interaction between nodes u and v. Its sign represents whether it favors
equal spins, when 6,,,, > 0, or opposite spins, when 0, , < 0, and its magnitude corresponds
to the strength of the direct interaction. Of course, depending on the structure of the Ising
model and the edge parameters, there may be indirect interactions between nodes, which

may overwhelm local fields or direct interactions.

2This follows trivially by the definition of MRFs, and elementary Fourier analysis of Boolean functions.
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The Ising model has a rich history, starting with its introduction by statistical physicists
as a probabilistic model to study phase transitions in spin systems [Isi25]. Since then it has
found a myriad of applications in diverse research disciplines, including probability theory,
Markov chain Monte Carlo, computer vision, theoretical computer science, social network
analysis, game theory, and computational biology [LPWQ9, [(Cha05| [Fel04, DMR11l, IGG86),
EI193, IMS10]. The ubiquity of these applications motivate the problem of inferring Ising
models from samples, or inferring statistical properties of Ising models from samples. This
type of problem has enjoyed much study in statistics, machine learning, and information
theory, see, i.e., [CL68, [AKNO6, [CT06b, RWLI10L [JJR11, SW12| BGS14, Brels, VMLC16],
BK16, Bhal6, BMI16, MdCCU16, HKMI17, [KM17|. Much of prior work has focused on
parameter learning, where the goal is to determine the parameters of an Ising model to
which sample access is given. In contrast to this type of work, which focuses on discerning
parametrically distant Ising models, our goal is to discern statistically distant Ising models,
in the hopes of dramatic improvements in the sample complexity. (We will come to a detailed
comparison between the two inference goals shortly, after we have stated our results.) To be

precise, we study the following problems:

Ising Model Goodness-of-fit (or Identity) Testing: Given sample access to an unknown
Ising model p (with unknown parameters over an unknown graph) and a parameter
e > 0, the goal is to distinguish with probability at least 2/3 between p = ¢ and

dskL(p, q) > €, for some specific Ising model g.

Ising Model Independence Testing: Given sample access to an unknown Ising model
p (with unknown parameters over an unknown graph) and a parameter ¢ > 0, the

goal is to distinguish with probability at least 2/3 between p € Z and dski,(p,Z) > ¢,

where Z are all product distributions over {£1}".

We note that there are several potential notions of statistical distance one could consider
— classically, total variation distance and the Kullback-Leibler (KL) divergence have seen
the most study. As our focus here is on upper bounds, we consider the symmetrized KL
divergence dskr,, which is a “harder” notion of distance than both: in particular, testers
for dskr, immediately imply testers for both total variation distance and the KL divergence

(cf. Proposition . Moreover, by virtue of the fact that dskr upper-bounds KL in both
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directions, our tests offer useful information-theoretic interpretations of rejecting a model g,

such as data differencing and large deviation bounds in both directions.

Sample Applications: As an instantiation of our proposed testing problems for the Ising
model one may maintain the study of strategic behavior on a social network. To offer
a little bit of background, a body of work in economics has modeled strategic behavior
on a social network as the evolution of the Glauber dynamics of an Ising model, whose
graph is the social network, and whose parameters are related to the payoffs of the nodes
under different selections of actions by them and their neighbors. For example, [E1193] MS10]
employ this model to study the adoption of competing technologies with network effects, e.g.
iPhone versus Android phones. Glauber dynamics, as described in Section [4.2] define the
canonical Markov chain for sampling an Ising model. Hence an observation of the actions
(e.g. technologies) used by the nodes of the social network should offer us a sample from
the corresponding Ising model (at least if the Glauber dynamics have mixed). An analyst
may not know the underlying social network or may know the social network but not the
parameters of the underlying Ising model. In either case, how many independent observations
would he need to test, e.g., whether the nodes are adopting technologies independently,
or whether their adoptions conform to some conjectured parameters? Our results offer
algorithms for testing such hypotheses in this stylized model of strategic behavior on a
network.

As another application, we turn to the field of computer vision. In the Bayesian setting,
it is assumed that images are generated according to some prior distribution. Often, practi-
tioners take this prior to be an Ising model in the binary case, or, in general, a higher-order
MRF [GGS86]. As such, a dataset of images can be pictured as random samples from this
prior. A natural question to ask is, given some distribution, does a set of images conform to
this prior? This problem corresponds to goodness-of-fit testing for Ising models.

A third application comes up in the field of medicine and computational biology. In
order to improve diagnosis, symptom prediction and classification, as well as to improve
overall healthcare outcomes, graphical models are trained on data, often using heuristic
methods [FLNP0O0O| and surgeon intuition, thereby incorporating hard-wired expert knowl-
edge; see, i.e., the pneumonia graphical model identified in [LAFHO1]. Our methods give
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efficient algorithms for testing the accuracy of such models. Furthermore, when the dis-
crepancy is large, we expect that our algorithms could reveal the structural reasons for the

discrepancy, i.e., blaming a large portion of the error on a misspecified edge.

Main Results and Techniques: Our main result is the following;:

Theorem 21. Both Ising Model Goodness-of-fit Testing and Ising Model Independence Test-

g can be solved from poly (n, %) samples in polynomial time.

There are several variants of our testing problems, resulting from different knowledge that
the analyst may have about the structure of the graph (connectivity, density), the nature
of the interactions (attracting, repulsing, or mixed), as well as the temperature (low vs
high). We proceed to discuss all these variants, instantiating the resulting polynomial sample
complexity in the above theorem. We also illuminate the techniques involved to prove these
theorems. This discussion should suffice in evaluating the merits of the results and techniques

of this work.

A. Our Baseline Result. In the least favorable regime, i.e. when the analyst is oblivious
to the structure of the Ising model p, the signs of the interactions, and their strength, the
polynomial in Theorem [21| becomes O <W) In this expression, 8 = max{[0} |}
for independence testing, and 8 = max{max{|0% |}, max{|0Z |}} for goodness-of-fit testing,

while h = 0 for independence testing, and h = max{max{|6?|}, max{|02|}} for goodness-of-fit

testing; see Theorem If the analyst has an upper bound on the maximum degree 0,y (of

n26r2nax52+n§maxh2
22 )

all Ising models involved in the problem) the dependence improves to O (
while if the analyst has an upper bound on the total number of edges m, then max{m,n}
takes the role of ndy.x in the previous bound; see Theorem

Technical Discussion 1.0: “Testing via Localization.” All the bounds mentioned
so far are obtained via a simple localization argument showing that, whenever two Ising
models p and ¢ satisfy dskr(p, ¢) > €, then “we can blame it on a node or an edge;” i.e. there
exists a node with significantly different bias under p and ¢ or a pair of nodes u,v whose
covariance is significantly different under the two models. Pairwise correlation tests are a
simple screening that is often employed in practice. For our setting, there is a straighforward

and elegant way to show that pair-wise (and not higher-order) correlation tests suffice; see
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Lemma [24]

For more details about our baseline localization tester see Section

B. Anchoring Our Ezxpectations. Our next results aim at improving the afore-described
baseline bound. Before stating these improvements, however, it is worth comparing the
sample complexity of our baseline results to the sample complexity of learning. Indeed, one
might expect and it is often the case that testing problems can be solved in a two-step fash-
ion, by first learning a hypothesis p that is statistically close to the true p and then using the
learned hypothesis p as a proxy for p to determine whether it is close to or far from some g,
or some set of distributions. Given that the KL divergence and its symmetrized version do
not satisfy the triangle inequality, however, it is not clear how such an approach would work.
Even if it could, the only algorithm that we are aware of for proper learning Ising models,
which offers KL divergence guarantees but does not scale exponentially with the maximum

degree and (3, is a straightforward net-based algorithm. This algorithm, explained in Sec-

tion 4.11} requires ) (W) samples and is time inefficient. In particular, our baseline

algorithm already beats this sample complexity and is also time-efficient. Alternatively, one
could aim to parameter-learn p; see, e.g., [VMLCI6 [KM17| and their references. However,
these algorithms require sample complexity that is exponential in the maximum degree, and
they typically use samples exponential in 5 as well. For instance, if we use [VMLCI6|, which
is one of the state-of-the-art algorithms, to do parameter learning prior to testing, we would
need é("”iﬁ) samples to learn p’s parameters closely enough to be able to do the testing
afterwards. Our baseline result beats this sample complexity, dramatically so if the degrees
are unbounded.

The problem of learning the structure of Ising models (i.e., determining which edges are
present in the graph) has enjoyed much study, especially in information theory — see [SW12),
Brelb, VMLCT6, [HKMI17, KM17| for some recent results. At a first glance, one may hope
that these results have implications for testing Ising models. However, thematic similarities
aside, the two problems are qualitatively very different — our problem focuses on statistical
estimation, while theirs looks at structural estimation. To point out some qualitative dif-
ferences for these two problems, the complexity of structure learning is exponential in the

maximum degree and 3, while only logarithmic in n. On the other hand, for testing Ising
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models, the complexity has a polynomial dependence in all three parameters, which is both

necessary and sufficient.

C. Trees and Ferromagnets. When p is a tree-structured (or forest-structured) Ising
model, then independence testing can be performed computationally efficiently without any
dependence on (3, with an additional quadratic improvement with respect to the other pa-
rameters. In particular, without external fields, i.e. max{|¢?|} = 0, independence can be
solved from O(Z) samples, and this result is tight when m = O(n); see Theorem 23| for an
upper bound and Theorem (0] for a lower bound. Interestingly, we show the dependence
on 3 cannot be avoided in the presence of external fields, or if we switch to the problem
of identity testing; see Theorem In the latter case, we can at least maintain the linear
dependence on n; see Theorem Similar results hold when p is a ferromagnet, i.e. 6 > 0,

with no external fields, even if it is not a tree. In particular, the sample complexity becomes

O(max{em,n}) (Wthh is again tlght when m = O(n)), see Theorem

Technical Discussion 2.0: “Testing via Strong Localization.” The improvements
that we have just discussed are obtained via the same localization approach discussed earlier,
which resulted into our baseline tester. That is, we are still going to “blame it on a node
or an edge.” The removal of the § dependence and the improved running times are due
to the proof of a structural lemma, which relates the parameter 6, , on some edge (u,v)
of the Ising model to the E[X,X,]. We show that for forest-structured Ising models with
no external fields, E[X,X,] = tanh(f,,), see Lemma [28) A similar statement holds for
ferromagnets with no external field, i.e., E[X,X,] > tanh(f,,), see Lemma [31] The proof
of the structural lemma for trees/forests is straightforward. Intuitively, the only source of
correlation between the endpoints u and v of some edge (u, v) of the Ising model is the edge
itself, as besides this edge there are no other paths between u and v that would provide
alternative avenues for correlation. Significant more work is needed to prove the inequality
for ferromagnets on arbitrary graphs. Now, there may be several paths between u and v
besides the edge connecting them. Of course, because the model is a ferromagnet, these
paths should intuitively only contribute to increase E[X,X,] beyond tanh(d,,). But making

this formal is not easy, as calculations involving the Ising model quickly become unwieldy
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beyond treesﬂ Our argument uses a coupling between (an appropriate generalization of)
the Fortuin-Kasteleyn random cluster model and the Ising model. The coupling provides an
alternative way to sample the Ising model by first sampling a random clustering of the nodes,
and then assigning uniformly random spins to the sampled clusters. Moreover, it turns out
that the probability that two nodes u and v land in the same cluster increases as the vector
of parameters g of the Ising model increases. Hence, we can work inductively. If only edge
(u,v) were present, then E[X,X,] = tanh(f,,). As we start adding edges, the probability
that u, v land in the same cluster increases, hence the probability that they receive the same
spin increases, and therefore E[X, X, ] increases.

A slightly more detailed discussion of the structural result for ferromagnets is in Sec-

tion 4.1.1.1] and full details about our testers for trees and ferromagnets can be found in

Sections [4.4.1| and 4.4.2] respectively.

D. Dobrushin’s Uniqueness Condition and the High- Temperature Regime. Moti-
vated by phenomena in the physical world, the study of Ising models has identified phase
transitions in the behavior of the model as its parameters vary. A common transition occurs
as the temperature of the model changes from low to high. As the parameters 0 corre-
spond to inverse (individualistic) temperatures, this corresponds to a transition of these
parameters from low values (high temperature) to high values (low temperature). Often
the transition to high temperature is identified with the satisfaction of Dobrushin-type con-
ditions [Geoll]. Under such conditions, the model enjoys a number of good properties,
including rapid mixing of the Glauber dynamics, spatial mixing properties, and unique-
ness of measure. The Ising model has been studied extensively in such high-temperature
regimes [Dob56], [Cha05l, Hay06, DGJ08|, and it is a regime that is often used in practice.
In the high-temperature regime, we show that we can improve our baseline result without
making ferromagnetic or tree-structure assumptions, using a non-localization based argu-
ment, explained next. In particular, we show in Theorem [27| that under high temperature
and with no external fields independence testing can be done computationally efficiently
10/3

from O (EZ(S—Q> samples, which improves upon our baseline result if d,,,, is large enough.

max

For instance, when ., = €2(n), the sample complexity becomes o (”§£3> Other tradeoffs

3We note that the partition function is #P-hard to compute|JS93].
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between 3, dmax and the sample complexity are explored in Theorem [26] Similar improve-
ments hold when external fields are present (Theorem , as well as for identity testing,
without and with external fields (Theorems [30] and [31)).

We offer some intuition about the improvements in Figures and (appearing in
Section , which are plotted for high temperature and no external fields. In Figure ,
we plot the number of samples required for testing Ising models with no external fields when
B = @(ﬁ) as dmax varies. The horizontal axis is log, dmax. We see that localization is
the better algorithm for degrees smaller than O(n?3), above which its complexity can be
improved. In particular, the sample complexity is O(n?/e?) until degree dynax = O(n?/3),
beyond which it drops inverse quadratically in d,.,. In Figure [4-2| we consider a different
tradeoff. We plot the number of samples required when 5 = n~* and the degree of the graph
varies. In particular, we see three regimes as a function of whether the Ising model is in
high temperature (dp.x = O(n®)) or low temperature (dya, = w(n®)), and also which of our

techniques localization vs non-localization gives better sample complexity bounds.

We note that in the special case when the Ising model is both high-temperature and
ferromagnetic, we can use a similar algorithm to achieve a sample complexity of O(n/e)
(Theorem ﬂ This is nearly-tight for this case, as the lower bound instance of Theorem

(which requires §2(n/e) samples) is both high-temperature and ferromagnetic.

Technical Discussion 3.0: “Testing via a Global Statistic, and Variance Bounds.”
One way or another all our results up to this point had been obtained via localization,
namely blaming the distance of p from independence, or from some distribution ¢ to a
node or an edge. Our improved bounds employ non-localized statistics that look at all
the nodes of the Ising model simultaneously. Specifically, we employ statistics of the form
Z = Ze:(u,v) ci CeXu X, for some appropriately chosen signs c,.

The first challenge we encounter here involves selecting the signs c. in accordance with
the sign of each edge marginal’s expectation, E[X,X,]. This is crucial to establish that
the resulting statistic will be able to discern between the two cases. While the necessary

estimates of these signs could be computed independently for each edge, this would incur

4We note that prior work of [GLP17] proves a qualitatively similar upper bound to ours, using a y2-style
statistic. We show that our existing techniques suffice to give a near-optimal sample complexity.
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an unnecessary overhead of O(n?) in the number of samples. Instead we try to learn signs
that have a non-trivial agreement with the correct signs, from fewer samples. Despite the
X, X, terms potentially having nasty correlations with each other, a careful analysis using
anti-concentration calculations allows us to sidestep this O(n?) cost and generate satisfactory
estimates with a non-negligible probability, from fewer samples.

The second and more significant challenge involves bounding the variance of a statistic
Z of the above form. Since Z’s magnitude is at most O(n?), its variance can trivially be
bounded by O(n?*). However, applying this bound in our algorithm gives a vacuous sample
complexity. As the X,’s will experience a complex correlation structure, it is not clear how
one might arrive at non-trivial bounds for the variance of such statistics, leading to the

following natural question:

Question 6. How can one bound the variance of statistics over high-dimensional distribu-

tions?

This meta-question is at the heart of many high-dimensional statistical tasks, and we
believe it is important to develop general-purpose frameworks for such settings. In the
context of the Ising model, in fairly general regimes, we can show the variance to be O(nQ)
We consider this to be surprising — stated another way, despite the complex correlations
which may be present in the Ising model, the summands in Z behave roughly as if they were
pairwise independent.

This question has been studied in-depth in three recent works [DDK17, [GLP17, [GSS1S],
which prove concentration of measure for d-linear statistics over the Ising model. We note
that these results are stronger than what we require in this work — we need only variance
bounds (which are implied by concentration of measure) for bilinear statistics. Despite these
stronger bounds, for completeness, we present a proof of the variance bounds for bilinear
statistics which we requireﬂ This approach uses tools from [LPW09]. It requires a bound
on the spectral gap of the Markov chain, and an expected Lipschitz property of the statistic
when a step is taken at stationarity. The technique is described in Section [.8, and the
variance bounds are given in Theorems [37 and [38]

®We thank Yuval Peres for directing us towards the reference [LPW09] and the tools required to prove
these bounds.

117



E. Our Main Lower Bound. The proof of our linear lower bound applies Le Cam’s
method |[LCT3]. Our construction is inspired by Paninski’s lower bound for uniformity test-
ing [Pan08|, which involves pairing up domain elements and jointly perturbing their prob-
abilities. This style of construction is ubiquitous in univariate testing lower bounds. A
naive application of this approach would involve choosing a fixed matching of the nodes and
randomly perturbing the weight of the edges, which leads to an Q(y/n) lower bound. We
analyze a construction of a similar nature as a warm-up for our main lower bound, while also
proving a lower bound for uniformity testing on product distributions over a binary alphabet
(which are a special case of the Ising model where no edges are present), see Theorem To
achieve the linear lower bound, we instead consider a random matching of the nodes. The
analysis of this case turns out to be much more involved due to the complex structure of
the probability function which corresponds to drawing k samples from an Ising model on a
randomly chosen matching. Indeed, our proof turns out to have a significantly combinatorial
flavor, and we believe that our techniques might be helpful for proving stronger lower bounds
in combinatorial settings for multivariate distributions. Our analysis of this construction is
tight, as uniformity testing on forests can be achieved with O(n) samples. We believe that a
super-linear lower bound would be very interesting, but also quite difficult to obtain. Proving
our linear lower bound already required a very careful analysis for a relatively simple con-
struction, and an improved lower bound would require analyzing a distribution over dense
constructions, for which an improved structural understanding is needed. A further technical
discussion of this lower bound is in Section see Section and Theorem [0] for a
formal statement and full analysis of our main lower bound. As mentioned before, we also
show that the sample complexity must depend on 8 and h in certain cases, see Theorem

for a formal statement.
Table [.1] summarizes our algorithmic results.

The High-Dimensional Frontier and Related Work: We emphasize that we believe
the study of high-dimensional distribution testing to be of significant importance, as real-
world applications often involve multivariate data. As univariate distribution testing is now
very well understood, with a thorough set of tools and techniques, this is the natural next

frontier to attack. However, multivariate distributions pose several new technical challenges,
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Testing Problem

No External Field

Arbitrary External Field

INDEPENDENCE

using Localization

O ( 26aax62>

O ( 26fnaxﬁ2)

IDENTITY

using Localization

O ( 263m62)

g2 g2

O ( 26311&)(52 + n2h2>

INDEPENDENCE
under Dobrushin /high-temperature

using Learn-Then-Test

nl0/3 32
ez

o

o

n10/332
22

IDENTITY
under Dobrushin/high-temperature

using Learn-Then-Test

~ 11/3 g2 5/3p2
o (252 4

INDEPENDENCE ON FORESTS

using Improved Localization

IDENTITY ON FORESTS

using Improved Localization

INDEPENDENCE ON FERROMAGNETS

using Improved Localization

INDEPENDENCE ON FERROMAGNETS

under Dobrushin /high-temperature

using Globalization

~ ([ p11/332 5/3p2
O (5 + =)

Table 4.1:

Summary of our results in terms of the sample complexity upper bounds for

the various problems studied. n = number of nodes in the graph, d,,,x = maximum degree,
£ = maximum absolute value of edge parameters, h = maximum absolute value of node
parameters (when applicable), and ¢ is a function discussed in Theorem .

and many of these univariate tools are rendered obsolete — as such, we must extend these

methods, or introduce new techniques entirely. It is important to develop approaches which

may be applicable in much more general high-dimensional distribution testing settings, when

there may be complex correlations between random variables. First, it is important to get

a grasp on the concentration and variance of statistics in these settings, and we provide

exposition of a technique for bounding the variance of some simple statistics. Additionally,

our linear lower bound’s construction and analysis give insight into which instances cause

intractability to arise, and provide a recipe for the style of combinatorics required to analyze
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them.

In further works, the authors and other groups have investigated more properties of
multilinear functions over the Ising model [DDK17, [GLP17, I(GSS18]. In the present work,
we require and prove variance bounds for bilinear functions of the Ising model. These other
works prove concentration bounds (which are qualitatively stronger than variance bounds)
for multilinear functions of arbitrary degree d (rather than just bilinear functions, which are
of degree d = 2).

High-dimensional distribution testing has recently attracted the interest of the theoretical
computer science community, with work concurrent to ours on testing Bayesian networksﬂ
[CDKS17, [DP17]. There is also a more recent work on learning and testing causal Bayesian
networks with interventions [ABDKIS§|. One may also consider testing problems in settings
involving Markov Chains, of which there has been interest in testing standard properties as
well as domain specific ones (i.e., the mixing time) [BEFT01, BV15, [DDG18, [HKS15, [LP16,
HKL"17, BK18]. There have also been other recent works on learning and testing Ising
models, in both the statistical and structural sense [GNS17, [DMRI18, BN18|. It remains to
be seen which other multivariate distribution classes of interest allow us to bypass the curse
of dimensionality.

We note that the paradigm of distribution testing under structural assumptions has been
explored in the univariate setting, where we may assume the distribution satisfies some
shape restriction: for example, we could assume the distribution is log-concave or k-modal.
This often allows exponential savings in the sample complexity [BKR04, [DDS*13, [DKN15b),
DEKNT15a, [DKN17, DKP18|. Note that this testing with structure is not to be confused with

the problem of testing for structure (as was covered in Chapter (3.

4.1.1 Further Technical Discussion and Highlights

In this section, we give a slightly more in-depth discussion of some of the technical highlights
of our work. For full details and more discussion, the interested reader can refer to the

corresponding sections in the body.

6Bayes nets are another type of graphical model, and are in general incomparable to Ising models.
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4.1.1.1 Structural Results for Ferromagnetic Ising Models

Our general-purpose testing algorithm is a localization-based algorithm — in particular, it
operates based on the structural property that if two Ising models (with no external field)
are far from each other, they will have a distant edge marginal. We convert this structural
property to an algorithm by estimating each edge marginal and testing whether they match
for the two models. However, the underlying structural property is quantitatively weak, and
leads to sub-optimal testing bounds. In some cases of interest, we can derive quantitatively

stronger versions of this structural result, giving us more efficient algorithms.

For instance, one can consider the ferromagnetic case, where one has all edge parameters
0. > 0. We would like to derive a relationship between an edge marginal (i.e., E[X,X,] for
an edge e = (u,v)) and the parameter on that edge .. For a tree-structured Ising model
with no external field (ferromagnetic or not), it is not hard to show that E[X,X,] = tanh(0.)
— for small edge parameters, this indicates a linear relationship between the edge marginal
and the edge parameter. Intuitively, if a model is ferromagnetic and contains cycles, these
cycles should only increase the correlation between adjacent nodes, i.e., we would expect that
E[X,X,] > tanh(f.). While this is true, it proves surprisingly difficult to prove directly, and

we must instead view the Ising model through the Fortuin-Kastelyn random cluster model.

At a high level, the Fortuin-Kastelyn random cluster model is defined for a graph G =
(V, E) with a probability parameter 0 < r. < 1 on each edge. This parameter indicates
the probability of a bond being present on edge e (i.e., the distribution gives a measure over
{0, 1}F), placing this model into the space of bond percolation models (see Section and
for the formal definition). It turns out that an alternative way to draw a sample from
the Ising model is through this random cluster model. Namely, we first draw a sample from
the Fortuin-Kastelyn model (defined with appropriate parameters), and for each connected
component in the resulting graph, we flip a fair coin to determine whether all the nodes in

the component should be —1 or +1.

With this correspondence in hand, we can apply results for the Fortuin-Kastelyn model
— crucial for our purposes is that the fact that the FK model’s measure is stochastically

increasing. Roughly, this means that if we increase the values of the r.’s, the probability of
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an edge having a 1 can only increase. Intuitively, this leads to an increase in E[ X, X,] in the
Ising model, since it increases the probability that the nodes are connected in the FK model,
and thus the expectation of any edge can only increase as we increase the ferromagnetic edge
parameters. Careful work is needed to carry through the implications of this correspondence,
but it allows us to conclude the nearly-optimal sample complexity of O(m /€), and under the
additional constraint that the Ising model is in the high-temperature regime, O(n /€).

Full details are provided in Sections and [4.7]

4.1.1.2 A Linear Lower Bound for Testing Ising Models

As a starting point for our lower bound, we use Le Cam’s classical two-point method. This
is the textbook method for proving lower bounds in distribution testing. It involves defining
two families of distributions P and O, such that every distribution p € P is e-far from every
distribution ¢ € Q. We consider selecting a uniformly random pair (p,q) € (P, Q) and then
drawing k independent samples from each of p and ¢. If we can show that the resulting two
transcripts of k samples are close in total variation distance, then k£ samples are insufficient
to distinguish these two cases.

While this method is fairly well-understood in the univariate setting, it proves more
difficult to apply in some multivariate settings. This difficulty arises in the definition of
the set ] In the univariate setting, we often decompose the domain into several disjoint
sets, and define @ by applying perturbations to each of these sets independently. This style
of construction allows us to analyze each subset locally and compose the results. In the
multivariate setting, constructions of this local nature are still possible and are not too hard
to analyze — see Theorem [39] In this construction, we consider an Ising model defined by
taking a fixed perfect matching on the graph and selecting a distribution from Q by applying
a random sign vector to the edge potentials of this matching. This allows us to prove an
Q(y/n) lower bound on the complexity of uniformity testing.

However, such local constructions prove to be limited in the multivariate setting. In
order to prove stronger lower bounds, we instead must consider an Ising model generated by

taking a random perfect matching on the graph. This construction is more global in nature,

"We note that for simplicity, P is often chosen to be a singleton.
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since the presence of an edge gives us information about the presence of other edges in the
graph. As a result, the calculations no longer decompose elegantly over the (known) edges
in the matching. While at a first glance, the structure of such a construction may seem too
complex to analyze, we reduce it to analyzing the structure of a random pair of matchings
by exploiting combinatorial symmetries. An important step in the proof requires us to
understand the random variable representing the number of edges shared by two random
perfect matchings. This analysis allows us to prove a quadratically-better lower bound
of Q(n). We believe our analysis may be useful in proving lower bounds for such global
constructions in other multivariate settings.

Full details are provided in Section [4.9]

4.1.2 Organization

In Section[4.2] we discuss preliminaries and the notation that we use throughout the chapter.
In Section 4.3 we give a simple localization-based algorithm for independence testing and its
corresponding variant for goodness-of-fit testing. In Section .4 we present improvements
to our localization-based algorithms for forest-structured and ferromagnetic Ising models. In
Section 4.5 we describe our main algorithm for the high-temperature regime which uses a
global statistic on the Ising model. In Section [4.6] we compare our algorithms from Sections
4.3 and [4.5] In Section 4.7, we give a global statistic for testing models which are both
ferromagnetic and high-tempearture. In Section , we discuss the bounds in [LPW09| and
apply them to bounding the variance of bilinear statistics over the Ising model. In Section

[4.9] we describe our lower bounds.

4.2 Preliminaries

In this chapter, we have a few differences in notation from the rest of the thesis, which we
outline here. Rather than considering distributions over the domain [n|, we instead consider
distributions over the domain {#1}". While before, our goal was to design algorithms
which were sublinear in the size of the domain, we now desire algorithms which are (poly)-

logarithmic: this will correspond to algorithms with sample complexity poly(n). As the
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symbol m is used to refer to the number of edges in a graph, we instead use k for the number
of samples used by an algorithm.

Recall the definition of the Ising model from Eq. (4.1)). We will abuse notation, referring
to both the probability distribution p and the random vector X that it samples in {41}V
as the Ising model. That is, X ~ p. We will use X, to denote the variable corresponding
to node u in the Ising model X. When considering multiple samples from an Ising model
X, we will use X% to denote the I sample. We will use h to denote the largest node
parameter in absolute value and [ to denote the largest edge parameter in absolute value.
That is, |0, < h for all v € V and |0.| < [ for all e € E. Depending on the setting, our
results will depend on h and . Furthermore, in this chapter we will use the convention that
E ={(u,v) | u,v € V,u # v} and 6, may be equal to 0, indicating that edge e is not present
in the graph. We use m to denote the number of edges with non-zero parameters in the
graph, and 0., to denote the maximum degree of a node.

Throughout this chapter, we will use the notation p, = E[X,] for the marginal expec-
tation of a node v € V (also called node marginal), and similarly p,, = E[X,X,] for the
marginal expectation of an edge e = (u,v) € E (also called edge marginal). In case a context
includes multiple Ising models, we will use u? to refer to the marginal expectation of an edge
e under the model p.

We will use U,, to denote the uniform distribution over {£1}", which also corresponds to
the Ising model with = 0. Similarly, we use Z for the set of all product distributions over
{£1}™.

We will consider Rademacher random variables, where Rademacher(p) takes value 1 with
probability p, and —1 otherwise.

When p and ¢ are vectors, we will write p'< ¢ to mean that p; < ¢; for all i.
Definition 10. In the setting with no external field, 6, =0 for allv € V.
Definition 11. In the ferromagnetic setting, 8. > 0 for all e € E.

Definition 12 (Dobrushin’s Uniqueness Condition). Consider an Ising model p defined on a
graph G = (V, E) with |V| = n and parameter vector 6. Suppose max,cy >y tAND ([04]) <

1 —mn for some constant n > 0. Then p is said to satisfy Dobrushin’s uniqueness condition,
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or be in the high temperature regime. Note that since tanh(|z|) < |z| for all x, the above
condition follows from more simplified conditions which avoid having to deal with hyperbolic

functions. For instance, either of the following two conditions:

maxz 0] <1—mn or

veV
uFv

66max S 1 _77

are sufficient to imply Dobrushin’s condition (where f = max, , |0uw| and dmax s the mazi-

mum degree of G).

In general, when one refers to the temperature of an Ising model, a high temperature
corresponds to small 6, values, and a low temperature corresponds to large 6, values. In this

work, we will only use the precise definition as given in Definition [12]

Remark 2. We note that high-temperature is not strictly needed for our results to hold — we
only need Hamming contraction of the “greedy coupling.” This condition implies rapid mixing
of the Glauber dynamics (in O(nlogn) steps) via path coupling (Theorem 15.1 of [LPWW09]).
See [DDK17, [GLP17, [GSS18] for further discussion of this weaker condition.

Lipschitz functions of the Ising model have the following variance bound, which is in

Chatterjee’s thesis [Cha05]:

Lemma 22 (Lipschitz Concentration Lemma). Suppose that f(Xi,...,X,) is a function
of an Ising model in the high-temperature regime. Suppose the Lipschitz constants of f are

ly,lo, ... 1, respectively. That is,
If(Xy, oo, Xy, X)) — f( X, XD X)) <

or all values of X1,..., Xi_1, Xiy1,..., X, and for any X; and X!. Then for some absolute
+ Y i

constant cq,
2
Pr{|f(X) — E[f(X)]| > 1] < 2exp (‘#’1?) .
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In particular, for some absolute constant ca,
Var(f(X)) < e Y 17,

We will use the following folklore result on estimating the parameter of a Rademacher

random variable.

Lemma 23. Given i.i.d. random variables Xy, ..., Xy ~ Rademacher(p) for k = O(log(1/4)/&?),
there exists an algorithm which obtains an estimate p such that |p — p| < e with probability

1—94.

In Section 4.8 we use the Glauber dynamics on the Ising model. Glauber dynamics is
the canonical Markov chain for sampling from an Ising model. We consider the basic variant
known as single-site Glauber dynamics. The dynamics are a Markov chain defined on the

set X" where 3 = {£+1}. They proceed as follows:
1. Start at any state X© € 3. Let X® denote the state of the dynamics at time .

2. Let N(u) denote the set of neighbors of node u. Pick a node u uniformly at random

and update X as follows:

exp («9u + ZUEN(U) QuUqut)>
exp <9u + ZUGN(U) 0qu5”> + exp (—Qu — ZUEN(U) HWX,Et)>
exp <—9u - ZUGN(u) Hquvgt)>
exp (Hu + ZUEN(U) Hquqgt)> + exp (—Hu — ZveN(u) GMXét))

X =X v oy £

Xffﬂ) =1 w.p.

XY = -1 wp.

Glauber dynamics define a reversible, ergodic Markov chain whose stationary distribution
is identical to the corresponding Ising model. In many relevant settings, such as, for instance,
the high-temperature regime, the dynamics are fast mixing, i.e., they mix in time O(nlogn)

and hence offer an efficient way to sample from Ising models.
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Input to Goodness-of-Fit Testing Algorithms. To solve the goodness-of-fit testing or
identity testing problem with respect to a discrete distribution ¢, a description of ¢ is given
as part of the input along with sample access to the distribution p which we are testing.
In case ¢ is an Ising model, its support has exponential size and specifying the vector of
probability values at each point in its support is inefficient. Since ¢ is characterized by the
edge parameters between every pair of nodes and the node parameters associated with the
nodes, a succinct description would be to specify the parameters vectors {0,,}, {0, }. In many
cases, we are also interested in knowing the edge and node marginals of the model. Although
these quantities can be computed from the parameter vectors, there is no efficient method
known to compute the marginals exactly for general regimes. A common approach is to use
MCMC sampling to generate samples from the Ising model. However, for this technique
to be efficient we require that the mixing time of the Markov chain be small which is not
true in general. Estimating and exact computation of the marginals of an Ising model is a
well-studied problem but is not the focus of this work. Hence, to avoid such computational
complications we will assume that for the identity testing problem the description of the
Ising model ¢ includes both the parameter vectors {6,,}, {0, } as well as the edge and node

marginal vectors { i, = E[X,X,|}, {1, = E[X,]}

Symmetric KL Divergence Between Two Ising Models. We note that the symmetric

KL divergence between two Ising models p and g admits a very convenient expression [SW12|:

dskn(p,q) = ) (07— 602) (b — pd) + > (67— 67) (ul — pf). (4.2)

veV e=(u,v)eE

This expression will form the basis for all our algorithms.

4.3 Testing via Localization

Our first algorithm is a general purpose “localization” algorithm. While extremely simple,
this serves as a proof-of-concept that testing on Ising models can avoid the curse of di-

mensionality, while simultaneously giving a very efficient algorithm for certain parameter
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regimes. The main observation which enables us to do a localization based approach is
stated in the following Lemma, which allows us to “blame” a difference between models p

and ¢ on a discrepant node or edge.
Lemma 24. Given two Ising models p and q, if dsk(p,q) > €, then either

e There exists an edge e = (u,v) such that (62, — 64 ) (b, — pd ) > = or

2m’

o There exists a node u such that (02 — 02) (uf — pd) > =

— 2n-

Proof of Lemma[2]: We have,

dski(p,q) = (07— 07) (2 — ) + > (67— 62) (ub — pd) > &
e=(u,v)EE veV
= ) (-0 (- pd) =e/2 or Y (67— 09) (uh— pd) > /2
e=(u,v)eE veV

In the first case, there has to exist an edge e = (u,v) such that (6%, — 0¢,) (b, — pl,) > 5
and in the second case there has to exist a node u such that (0% — 02) (uf, — pl) > 5~ thereby

proving the lemma. O]

Before giving a description of the localization algorithm, we state its guarantees.

Theorem 22. Given O <m;’62) samples from an Ising model p, there exists a polynomial-time

algorithm which distinguishes between the cases p € T and dski(p,Z) > e with probability

at least 2/3. Furthermore, given 0, (m;ﬁQ + ”i§2> samples from an Ising model p and a
description of an Ising model q, there exists a polynomial-time algorithm which distinguishes
between the cases p = q and dsky,(p, q) > € with probability at least 2/3 where = max{|0,,|}
and h = max{|0,|}. The above algorithms assume that m, an upper bound on the number of
edges, is known. If no upper bound is known, we may use the trivial upper bound of (g) If

we are given as input the maximum degree of nodes in the graph dmax, m in the above bounds

is substituted by nomax.

Note that the sample complexity achieved by the localization algorithm gets worse as the

graph becomes denser. This is because as the number of possible edges in the graph grows,
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the contribution to the distance by any single edge grows smaller thereby making it harder
to detect.
We describe the algorithm for independence testing in Section [£.3.1] The algorithm for

testing identity is similar, its description and correctness proofs are given in Section [£.3.2]

4.3.1 Testing Independence via Localization

We start with a high-level description of the algorithm. Given sample access to Ising model
X ~ p it will first obtain empirical estimates of the node marginals p, for each node u € V
and edge marginals i, for each pair of nodes (u, v). Denote these empirical estimates by /i,
and [i,, respectively. Using these empirical estimates, the algorithm computes the empirical
estimate for the covariance of each pair of variables in the Ising model. That is, it computes
an empirical estimate of \,, = E[X,X,] —E[X,|E[X,] for all pairs (u,v). If they are all close
to zero, then we can conclude that p € Z. If there exists an edge for which \,, is far from 0,
this indicates that p is far from Z. The reason for this follows from the expression Lemma
and is described in further detail in the proof of Lemma [26] A precise description of the
test is given in in Algorithm [2] and its correctness is proven via Lemmas 25 and 26, We note
that this algorithm is phrased as if an upper bound on the number of edges m is known. If
we instead know an upper bound on the maximum degree d,,.,, then we can replace m by

N0 max-

Algorithm 2 Test if an Ising model p is product
1: function LOCALIZATIONTEST(sample access to Ising model p, accuracy parameter
e, B,m)
2: Draw k = O (%) samples from p. Denote the samples by XM ... X®*)

3: Computg empirical estimates f[i, = %Zz qui) for each node v € V and fi,, =
=3 XX for each pair of nodes (u, v)

4: Using the above estimates compute the covariance estimates j\uv = flyy — flujl, for
each pair of nodes (u, v)

)\’U,U

> = return that dsk(p,Z) > ¢

5: If for any pair of nodes (u,v), pr

6: Otherwise, return that p € 7
7: end function

To prove correctness of Algorithm [2 we will require the following lemma, which allows
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us to detect pairs u, v for which A, is far from 0.

Lemma 25. Given O (105%”) samples from an Ising model X ~ p, there exists a polynomial-
time algorithm which, with probability at least 9/10, can identify all pairs of nodes (u,v) € V?
such that |\y| > €, where Ay, = E[X,X,] — E[X,|E[X,]. Namely, the algorithm computes
the empirical value of |A\yy| for each pair of nodes and identifies pairs such that this value is

sufficiently far from 0.

Proof. This lemma is a direct consequence of Lemma [23] Note that for any edge e =
(u,v) € E, X, X, ~ Rademacher((1 + u.)/2). Also X, ~ Rademacher((1 + p,)/2) and
X, ~ Rademacher((1+ p,)/2). We will use Lemma [23 to show that O(logn/e?) samples
suffice to detect whether A, = 0 or |\.| > € with probability at least 1 — 1/10n?. With
O(logn/e?) samples, Lemma [23| implies we can obtain estimates jiyy, fly and i, for fiu,, fy
and i, respectively such that |fuw — ftw| < 5, [l — ] < §5 and [, — po| < {5 with
probability at least 1 — 1/10n%. Let S\M = flyy — flufly- Then from the above, it follows by
triangle inequality that |A,, — ;\uv| < % + %. It can be seen that in the case when the

latter term in the previous inequality dominates the first, ¢ is large enough that O(logn)

samples suffice to distinguish the two cases. In the more interesting case, % < 15, and
Auo — M| < L. Therefore if |A,,| > €, then Auo| > % and if [Ay| = 0, then M| < =2

thereby implying that with probability at least 1 — 1/10n? we can detect whether \,, = 0
or [Ayy| > €. Taking a union bound over all edges, the probability that we correctly identify
all such edges is at least 9/10. O

With this lemma in hand, we now prove the first part of Theorem 22

Lemma 26. Given O (%) samples from an Ising model X ~ p, Algorithm@ distinguishes
between the cases p € T and dskr,(p,Z) > € with probability at least 2/3.

Proof. We will run Algorithm 2| on all pairs X,,, X,, to identify any pair such that |\,,| is
large. This will involve using the algorithm of Lemma [25| with parameter “c” as /28m. If
no such pair is identified, output that p € Z, and otherwise, output that dskr(p,Z) > e.
If p € Z, we know that E[X,X,] = E[X,|E[X,] for all edges (u,v), and therefore, with

probability 9/10, there will be no edges for which the empirical estimate of |A\.| > 55m- On
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the other hand, if dskr,(p,Z) > €, then dskr,(p, q) > € for every ¢ € Z. In particular, consider
the product distribution ¢ on n nodes such that ud = p? for all w € V. For this particular
product distribution ¢, by 1} there must exist some e* such that |Ae-

> %Lm, and the

algorithm will identify this edge. This is because

> (00— 02) (b — pd) =0 (4.3)

veV

codskin(p,q) > €

— 3¢ = (u,v) s (07— 07) (1 — ud) > — (4.4)
m

= Je” = (u,v) s.t |(ug — pd)| = 2Bm (4.5)

= Jde* = (u,v) s.t |Aes| > %Lm

where (4.3)) follows because pu? = u? for all v € V', (4.4) follows from Lemma [24] and (4.5))
follows because |#? — 04| < 23. This completes the proof of the first part of Theorem 22| [

4.3.2 Testing Identity via Localization

If one wishes to test for identity of p to an Ising model ¢, the quantities whose absolute
values indicate that p is far from ¢ are pf, — pd  for all pairs u,v, and pf — ud for all w,
instead of \,,. Since pud and pd are given as part of the description of ¢, we only have to
identify whether E[X,X,] > ¢ and E[X,] > ¢ for any constant ¢ € [—1,1]. A variant of
Lemma [25| as stated in Lemma [27] achieves this goal. Algorithm |3| describes the localization
based identity test. Its correctness proof will imply the second part of Theorem [22] and is
similar in vein to that of Algorithm [2 It is omitted here.

Lemma 27. Given O (bagz") samples from an Ising model p, there exists a polynomial-time

algorithm which, with probability at least 9/10, can identify all pairs of nodes (u,v) € V?

such that |pP, — c| > e for any constant ¢ € [—1,1]. There exists a similar algorithm, with

sample complezity O (bg”) which instead identifies all v € V' such that |uf — c| > €, where

2

wb = E[X,] for any constant c € [—1,1].
Proof of Lemma[27: The proof follows along the same lines as Lemma Let X ~ p. Then,
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for any pair of nodes (u,v), X, X, ~ Rademacher((1412)/2). Also X, ~ Rademacher((1+
u?)/2) for any node w. For any pair of nodes u,v, with O(logn/e?) samples, Lemma
implies we that the empirical estimate (if, is such that |, — pb, | < 15 with probability at
least 1 — 1/10n”. By triangle inequality, we get |p8, —c| — & < |, — ¢ < |pb, — | + 5.
Therefore if |uf, — c| = 0, then |8, —¢| < & w.p. > 1—1/10n* and if |18}, — ¢| > ¢, then
i, —c| > % wp. > 1—1/10n". Hence by comparing whether |, — ¢| to £/2 we can
distinguish between the cases |y, —c| = 0 and |pf, — | > ¢ w.p. > 1 —1/10n?. Taking

a union bound over all edges, the probability that we correctly identify all such edges is at

least 9/10. The second statement of the Lemma about the nodes follows similarly. O

Algorithm 3 Test if an Ising model p is identical to ¢
1: function LOCALIZATIONTESTIDENTITY (sample access to Ising model X ~ p, descrip-
tion of Ising model ¢, accuracy parameter ¢,5,h,m)

9. Draw k — O ((m252+n2h2)10gn

2

k)

) samples from p. Denote the samples by XV, ... X(

3: Compute empirical estimates ff = %ZZ X for each node u € V and b =
=3 XD X for each pair of nodes (u,v)
If for any pair of nodes (u,v), g2, — pl,| >

€
8mp

If for any node w, if |8 — pd| > g5 return that dski(p,q) > €
Otherwise, return that p = ¢
end function

return that dskr,(p,q) > €

The proof of correctness of Algorithm [3|follows along the same lines as that of Algorithm
and uses Lemma [27] We omit the proof here.

4.4 Improved Testing on Forests and Ferromagnets

In this section we will describe testing algorithms for two commonly studied classes of Ising
models, namely forests and ferromagnets. In these cases, the sample complexity improves
compared to the baseline result when in the regime of no external field. The testers are still
localization based (like those of Section , but we can now leverage structural properties
to obtain more efficient testers.

First, we consider the class of all forest structured Ising models, where the underlying

graph G = (V, E) is a forest. Such models exhibit nice structural properties which can

132



be exploited to obtain more efficient tests. In particular, under no external field, the edge
marginals p., which, in general are hard to compute, have a simple closed form expression.
This structural information enables us to improve our testing algorithms from Section [4.3]
on forest graphs. We state the improved sample complexities here and defer a detailed

description of the algorithms to Section [4.4.1}

Theorem 23 (Independence testing of Forest-Structured Ising Models). Algorithm |4 takes
in O (g) samples from an Ising model X ~ p whose underlying graph is a forest and which is

under no external field and outputs whether p € T or dsky,(p,Z) > € with probability > 9/10.

Remark 3. Note that Theorem [23 together with our lower bound described in Theorem [{{
indicate a tight sample complexity up to logarithmic factors for independence testing on

forest-structured Ising models under no external field.

Theorem 24 (Identity Testing of Forest-Structured Ising Models). Algorithm [J takes in the
edge parameters of an Ising model q on a forest graph and under no external field as input,
and draws O (c(ﬁ)g) samples from an Ising model X ~ p (where c(B) is a function of the
parameter ) whose underlying graph is a forest and under no external field, and outputs

whether p = q or dski(p, q) > & with probability > 9/10.

Note that for identity testing, any algorithm necessarily has to have at least a 8 depen-

dence due to the lower bound we show in Theorem {11

The second class of Ising models we consider this section are ferromagnets. For a ferro-
magnetic Ising model, 6,, > 0 for every pair of nodes u,v. Ferromagnets may potentially
contain cycles but since all interactions are ferromagnetic, the marginal of every edge is at
least what it would have been if it was a solo edge. This intuitive property turns out to be
surprisingly difficult to prove in a direct way. We prove this structural property using an
alternative view of the Ising model density which comes from the Fortuin-Kasteleyn random
cluster model. Using this structural property, we give a quadratic improvement in the de-
pendence on parameter m for testing independence under no external field. We state our

main result in this regime here and a full description of the algorithm and the structural

lemma are provided in Section [4.4.2]
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Theorem 25 (Independence Testing of Ferromagnetic Ising Models). Algorithm @ takes in
O (%) samples from a ferromagnetic Ising model X ~ p which is under no external field

and outputs whether p € Z or dskr(p,Z) > € with probability > 9/10.

4.4.1 Testing on Forests

Before we present the improved algorithms, we will prove the following fact about the edge
marginals of an arbitrary Ising model with no external field where the underlying graph is
a forest. This result was known prior to this work by the community but we couldn’t find a

proof of the same, hence we provide our own proof of the lemma.

Lemma 28 (Structural Lemma for Forest-Structured Ising Models). If p is an Ising model

on a forest graph with no external field, and X ~ p, then for any (u,v) € E, we have
E [X,X,| = tanh(0,,).

Proof. Consider any edge e = (u,v) € E. Consider the tree (7', E7) which contains e. Let np
be the number of nodes in the tree. We partition the vertex set 1" into U and V' as follows.
Remove edge e from the graph and let U denote all the vertices which lie in the connected
component of node u except wu itself. Similarly, let V' denote all the vertices which lie in
the connected component of node v except node v itself. Hence, 7= U UV U {u} U {v}.
Let Xy be the vector random variable which denotes the assignment of values in {£1}Y] to
the nodes in U. Xy is defined similarly. We will also denote a specific value assignment to
a set of nodes S by xg and —xg denotes the assignment which corresponds to multiplying
each coordinate of xg by —1. Now we state the following claim which follows from the tree

structure of the Ising model.
Claim 2. Pr [XU = .Z‘U,Xu = 17Xv = l,XV = LL’\/] = exp(29m,) Pr [XU = .%‘U,Xu = l,Xv = —1,XV = —IV:

In particular the above claim implies the following corollary which is obtained by marginal-

ization of the probability to nodes u and v.

Corollary 11. If X is an Ising model on a forest graph G = (V, E) with no external field,
then for any edge e = (u,v) € E, Pr[X, =1, X, = 1] = exp(20,,) Pr[X, =1, X, = —1].
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Now,

E[X,X,] = Pr[X,X, = 1] - Pr[X, X, = —1] (4.6)
=2Pr[X,=1,X,=1-2Pr[X,=1,X, = —1] (4.7)
_2Pr[X,=1,X,=1-2Pr[X,=1X, = -1 (48)
C2Pr (X, =1,X,=1]+2Pr[X, =1,X, = —1] '
_ PriX,=1,X,=1-Pr[X,=1X,=-1] (49)
CPr[X,=1,X,=1+Pr[X,=1X, = —1] '
~(exp(20y,) — 1\ Pr{X, =1,X, = —1] (4.10)
- \exp(20,,) +1) Pr(X, =1,X, = —1] ‘
= tanh(f,,) (4.11)

where (4.7)) follows because Pr [ X, =1, X, =1] =Pr[X, = -1, X, = —1Jand Pr[X,, = -1, X, = 1] =
Pr[X, =1, X, = —1] by symmetry. Line (4.8)) divides the expression by the total probability
which is 1 and (4.10) follows from Corollary [L1]

O

Given the above structural lemma, we give the following simple algorithm for testing

independence on forest Ising models under no external field.

Algorithm 4 Test if a forest Ising model p under no external field is product
: function TESTFORESTISING-PRODUCT (sample access to Ising model p)

—_

2: Run the algorithm of Lemma 28] to identify all edges e = (u,v) such that [E[X,X,]| >.
\/g using O (%) samples. If it identifies any edges, return that dskp(p,Z) > ¢

3: Otherwise, return that p is product.

4: end function

Algorithm [4] at a high level, works as follows. If there is an edge parameter whose abso-
lute value is larger than a certain threshold, it will be easy to detect due to the structural
information about the edge marginals. In case all edges have parameters smaller in absolute
value than this threshold, the expression for dsky(., .) between two Ising models tells us that
there still has to be at least one edge with a significantly large value of . in case the model
is far from uniform, and hence will still be detectable by the algorithm of Lemma [25] The
proof of Theorem [23] shows this formally.
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Proof of Theorem [23: Firstly, note that under no external field, the only product Ising
model is the uniform distribution U,,. Therefore the problem reduces to testing whether p
is uniform or not. Consider the case when p is indeed uniform. That is, there are no edges
in the underlying graph of the Ising model. In this case with probability at least 9/10 the
localization algorithm of Lemma [25] will output no edges. Hence Algorithm [4 will output
that p is uniform.

In case dskr.(p,Uy,) > €, we split the analysis into two cases.

e Case 1: There exists an edge e = (u, v) such that |6,,| > /. In this case, E[X,X,] =
tanh(f,,) and in the regime where |0| = o(1), |tanh(#)| > |6/2|. Hence implying that
B[ X, X,]| > [0uw/2] > ’\/g /2|. Therefore the localization algorithm of Lemma
would identify such an edge with probability at least 9/10. Note that the regime where
the inequality |[tanh(f)| > |0/2] isn’t valid is easily detectable using O(g) samples, as
this would imply that [#] > 1.9 and |E[X, X, ]| > 0.95.

e Case 2: All edges e = (u,v) are such that |0,,| < }\/%‘ In this case we have,

dskr(p,Un) > ¢ (4.12)

— Jedge e = (u,v) s.t 0,E[X,X,] > = (4.13)
n

— TJedge e = (u,0) 5.t |E[Xu X > | x g (4.14)
n
g

- 4.15

. (4.15)

Hence, the localization algorithm of Lemma [25 would identify such an edge with prob-

ability at least 9/10.

]

Next, we will present an algorithm for identity testing on forest Ising models under no

external field.
Proof of Theorem[2]: Consider the case when p is indeed ¢. In this case with probability at
least 9/10 the localization algorithm of Lemma [25| will output no edges. Hence Algorithm
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Algorithm 5 Test if a forest Ising model p under no external field is identical to a given
Ising model ¢

1: function TESTFORESTISING-IDENTITY (Ising model g,sample access to Ising model p)

2:

4:

If the Ising model ¢ is not a forest, or has a non-zero external field on some node,.
return dskr,(p,q) > €

Run the algorithm of Lemma to identify all edges e = (u,v) such that.
|E[X,X,] — tanh(6¢,)| > /< using 0, (%) samples. If it identifies any edges, return
that dskr.(p,q) > €

Otherwise, return that p = q.

5. end function

will output that p is uniform.

In case dski(p, q) > €, we split the analysis into two cases.

e Case 1: There exists an edge e = (u,v) such that |02, — 02 | > \/5 In this case,

E[X,X,] — pl, = tanh(6?,)) — tanh(A%) and hence has the same sign as 62, — 62 .
Assume that 62 > 02 . The argument for the case 61, > 0 will follow similarly. If
op — 61 < 1/2tanh(5), then the following inequality holds from Taylor’s theorem.

SeChQ(ﬁ) (egv — egw)
2

tanh(6P ) — tanh(02 ) >

which would imply tanh(6?,) — tanh(64,) > Sed;&\/% and hence the localization
algorithm of Lemma would identify edge e with probability at least 9/10 us-
ing O (@) samples (where ¢,(3) = cosh*(B)). If 2, — 09, > 1/2tanh(f), then
tanh(0P,) —tanh(0?, ) > tanh(f) — tanh <6 - m> and hence the localization algo-
rithm of Lemmawould identify edge e with probability at least 9/10 using O (c2(3))

samples where co(f) = (tanh(B)—tanh(é—l/Qtanh(B)))2' Note that as [ grows small, cy(5)

gets worse. However it cannot grow unbounded as we also have to satisfy the constraint

that 02 — 02 < 23. This implies that

. 2 1
() = min {5 " (tanh(B3) — tanh(3 — 1/2 tanh(ﬂ)))Q}

samples suffice in this case. Therefore the algorithm will give the correct output with

probability > 9/10 using O (¢(8)%) samples where ¢(8) = max{ci(8), c2(5)}-
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e Case 2: All edges e = (u,v) are such that |61 — 6% | < /£, In this case we have,

dsxi(p,q) > € (4.16)

— TJedge e = (u,0) 5.t (07, — 07 ) (B[X,X,] — ) > = (4.17)
n

— Jdedge e = (u,v) s.t |E[X,X,] —pl,| > % X g (4.18)

= \/% (4.19)

Hence, the localization algorithm of Lemma [25| would identify such an edge with prob-
ability at least 9/10.

4.4.2 Testing on Ferromagnets

In this section we will describe an algorithm for testing independence of ferromagnetic Ising
models under no external field. The tester follows the localization based recipe of Section
but leverages additional structural information about ferromagnets to obtain an improved

sample complexity.

At a high level, the algorithm is as follows: if there exists an edge with a large edge
parameter, then we lower bound its marginal by tanh(f,,) where uv is the edge under con-
sideration. This implies that its marginal sticks out and is easy to catch via performing local

tests on all edges. If all the edge parameters were small, then Algorithm [2]is already efficient.

We first prove a structural lemma about ferromagnetic Ising models. We will use the
Fortuin-Kasteleyn random cluster model and its coupling with the Ising model (described in
Chapter 10 of [RAS15]) to argue that in any ferromagnetic Ising model i, > tanh(6,,) for

all pairs u, v.
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4.4.2.1 Random Cluster Model

Let G = (V, E') be a finite graph. The random cluster measure is a probability distribution on
the space Q = {0, 1}¥ of bond configurations denoted by n = (n(e))ccr € {0,1}F. Each edge
has an associated bond 7(e). n(e) = 1 denotes that bond e is open or present and n(e) =0
implies that bond e is closed or unavailable. A random cluster measure is parameterized by
an edge probability 0 < r < 1 and by a second parameter 0 < s < co. Let k(n) denote
the number of connected components in the graph (V,n). The random cluster measure is

defined by

where Z, s is a normalizing factor to make p a probability density. We consider a general-
ization of the random cluster model where each edge is allowed to have its own parameter

0 <7, < 1. Under this generalization, the measure becomes

|
prs(n) = (H (1 - re)l‘"‘e)> s+, (4.20)

78 ecE

The random cluster measure is stochastically increasing in 7 when s > 1. This property is
formally stated in Lemma 10.3 of [RAS15]. We state a generalized version of the Lemma

here which holds when each edge is allowed its own probability parameter r..

Lemma 29. [Lemma 10.3 from [RAS1H]] For s > 1, and ri < 73 coordinate-wise, py s <

prs.s Where given two bond configurations ny and n2, m1 > 1y iff m(e) =1 for all e such that
na(e) =1.
4.4.2.2 Coupling between the Random Cluster Model and the Ising model

We will now describe a coupling between the random cluster measure and the probability

density function for a ferromagnetic Ising model. In particular, the edge probability r. under

the random cluster measure and the edge parameters 6. of the Ising model are related by
re = 1 —exp(—26,)
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and the parameter s = 2 because the Ising model has two spins +1. The coupling ) will be
a joint distribution on the spin variables X = (X;...X,,) of the Ising model and the bond

variables 7 = (n(€))ecr. The measure () is defined as

Q=5 TI 790 (Lo, + (1= () L)

e=(u,v)eE

where Z is a normalizing constant so as to make () a probability measure. Under the relation

stated above between 7, and 6., the following properties regarding the marginal distributions

of Q hold.

Z Q(X,n) ——exp (ZQWXX>

ne{0,1}7 uFv
1 € —nle
> X = (Hr;ﬂ (1 7)o >> 20 = pral)
Xe{£1}m eclk

(4.21)

where Z’, Z" are normalizing constants to make the marginals probability densities. The
above equations imply that the measure @) is a valid coupling and more importantly they

yield an alternative way to sample from the Ising model as follows:

First sample a bond configuration n according to pr2(n). For each connected component
in the bond graph, flip a fair coin to determine if the variables in that component will be all

+1 or all —1.

In addition to the above information about the marginals of (), we will need the following

simple observations.
1. Q(X,n)=0if n(e) =1 for any e ¢ E.
2. Q(X,n) =0if for any e = (u,v) € E, n(e) =1 and X, # X,.

Next we state another property of the coupling Q(.,.) which says that if two nodes u

and v are in different connected components in the bond graph specified by 7, then the
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probability that X, = X, is the same as the probability that X, # X,.

Claim 3. Let C,(u,v) denote the predicate that under the bond configuration n, w and v are

connected with a path of open bonds. Then,

Z Z Q(Xﬂ?): Z Z Q(Xﬂ?)

n s.t X s.t. n s.t X s.t.
Ch(u,0)=0 Xu=Xy Ch(u,0)=0 Xu7#Xo

The proof of the above claim is quite simple and follows by matching the appropriate
terms in the probability density ) when u and v lie in different connected components. The

proof is omitted here.

Armed with the coupling () and its properties stated above, we are now ready to state

the main structural lemma we show for ferromagnetic Ising models.

Lemma 30. Consider two ferromagnetic Ising models p and q under no external field defined
on Gy = (V,E,) and G, = (V, E,). Denote the parameter vector of p model by 0° and that

of ¢ model by g, If or > g1 coordinate-wise, then for any two nodes u,v € V, ub > pl .

uv —

Proof. Since

foy = Pr{X, = X,] = Pr(X, # X,]
p p
— b, =2Pr[X,=X,]-1
P
to show that p?, > pd it suffices to show that Pr, [ X, = X,| > Pr,[X, = X,]. Consider the

coupling Q(X,n) described above between the random cluster measure and the Ising model

probability. Pr, [X, = X,] can be expressed in terms of Q,(X,n) as follows:

121‘ [Xu - XU] = Z ZQP(Xv 77)

Xst. 7

U=\

Denote the sum on the right in the above equation by S,. It suffices to show that S, > S,.
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Lemma 10.3 of [RAS15)] gives that for any bond configuration 7,

> pPrn) = > pEr(n)

n>no n>no

This follows because the parameter vectors of p and ¢ satisfy the condition of the lemma
that 6 > 41. Again, let C)(u,v) denote the predicate that under the bond configuration 7,
u and v are connected. Let H be the set of all bond configurations such that v and v are

connected by a single distinct path. Therefore C,,(u,v) =1 for all ny € H. Then the set
C = {n|n > no for some ny € H}

represents precisely the bond configurations in which v and v are connected. Applying

Lemma 10.3 of [RAS15] on each 7y € H and summing up the inequalities obtained, we get

Soolm= Y. e

ns.t ns.t

Cp(uw)=1 Cp(uw)=1
= Z ZQP (X,n) Z ZQq (X,n)
an?usvt) 1 Cn(nusvg 1
= > D> QX Y Y QX (4.22)
n s.t X s.t. n s.t X s.t.
Ch(uw)=1 Xu=Xy Ch(uw)=1 Xu=Xy

where the last inequality follows because Q(X,n) = 0 if for any pair u,v, n(uv) = 1 but
X, # X,

Also, from Claim [3] we have that for any Ising model,

> Yoww- Y Yo (123

n s.t X s.t. ns.t X s.t.
Ch(u,0)=0 Xu=Xy C,,(u 0)=0 XuF#Xy
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And since Q(.,.) is a probability measure we have that for any Ising model,

Yood X+ D> > X+ > > X+ Y Y @

n s.t X s.t. n s.t X s.t. n s.t X s.t. n s.t X s.t.

Cr(uw)=1 Xu=Xy Ch(u,w)=0 Xu=Xy Ch(u,0)=0 Xu7#Xo Ch(u,w)=1 Xu7#Xo
= 2. > QXm+ > Y QXm+ Y ) QX

n s.t X s.t. 7 s.t X s.t. n s.t X s.t.
Cp(uw)=1 Xu=Xy Cn(u v)=0 Xu=Xy Cy (u v)=0 Xu7#Xy

= 2. 2 Qw2 ) Y Q

'r] s.t X s.t. n s.t X s.t.
CTI ) 1 Xu=Xy C”I (u,v):O Xu=Xy

where (4.25)) follows because the last term in (4.24)) is 0 and (4.26|) follows from (4.23)).
Equation (4.26)) implies that

Z Z QP(X777)+ Z Z QP(X7T]>

n s.t X s.t. n s.t X s.t.
n(u,0)=1Xu=Xy O (u,0)=0 Xu=Xy

C
=3 Y Yy

n s.t X s.t.
C’n(u,v)zl Xu:X'U

Therefore from (4.22), we get

O

Using the above lemma, we now prove the main structural lemma for ferromagnets which

will be crucial to our algorithm for testing ferromagnetic Ising models.

Lemma 31 (Structural Lemma about Ferromagnetic Ising Models). If X ~ p is a ferro-
magnetic Ising model on a graph G = (V, E) under zero external field, then i, > tanh(0,,)
for all edges (u,v) € E.

Proof. Fix the edge of concern e = (u,v). If the graph doesn’t contain cycles, then from
Lemma, fuy = tanh(f,,) and the statement is true. To show that the statement holds
for general graphs we will use induction on the structure of the graph. Graph G can be
constructed as follows. Start with the single edge e = (u,v) and then add the remaining

edges in E\{e} one by one in some order. Denote the intermediate graphs obtained during
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this process as Gy, G1,...,G,, = G where G is the graph consisting of just a single edge.
For each graph GG; we can associate the corresponding Ising model p; to be the model which
has 07" = 0, for e € Eg, and 62 = 0 otherwise. For each graph G; in the sequence, we
will use pPi to denote E[X,X,| for the Ising model corresponding to graph G,;. We will
prove that pf, > tanh(6,,) by induction on this sequence of graphs. The statement can
be easily verified to be true for Gy. In fact, p?° = tanh(6,,). Suppose the statement was
true for some G; in the sequence. By Lemma [30, we have that uby™* > p?i. This implies
that pCP*! > tanh(f,,) hence showing the statement to be true for all graphs G; in the

sequence. ]

Given the above structural lemma about ferromagnetic Ising models under no external
field, we present the following algorithm for testing whether a ferromagnetic Ising model is

product or not.

Algorithm 6 Test if a ferromagnetic Ising model p under no external field is product
1: function TESTFERROISING-INDEPENDENCE(sample access to an Ising model p)
2: Run the algorithm of Lemma 28] to identify if all edges e = (u, v) such that E[X,X,] >.

VE/n using O (7‘5—2> samples. If it identifies any edges, return that dsky(p,Z) > ¢

3: Otherwise, return that p is product.
4: end function

Proof of Theorem[25: Firstly, note that under no external field, the only product Ising model
is the uniform distribution i,,. To the problem reduces to testing whether p is uniform or not.
Consider the case when p is indeed uniform. That is, there are no edges in the underlying
graph of the Ising model. In this case with probability at least 9/10 the localization algorithm
of Lemma [25] with output no edges. Hence Algorithm [6] will output that p is product.

In case dskr.(p,Z) > €, we split the analysis into two cases.

e Case 1: There exists an edge e = (u,v) such that |0,,] > /5. In this case,

|E[X,X,]| > [tanh(0,,)| and in the regime where ¢ is a fixed constant, |tanh(0)| > [0/2].
Hence implying that |E[X,X,]| > [0../2| > \/5/2. Therefore the localization algo-
rithm of Lemma [25{ would identify such an edge with probability at least 9/10. (The
regime where the inequality |tanh(6)| > [0/2] isn’t valid would be easily detectable

using O(";) samples.)
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e Case 2: All edges e = (u,v) are such that 6,, < /5. In this case we have,

dSKL(Xa I) Z 3 (427)
— Jedge e = (u,0) 8.t 0, B[X,X,] > — (4.28)
n
€ n?
= Jedge e = (u,v) st BE[X, X,] > — X > (4.29)
n
€

Hence, the localization algorithm of Lemma [25| would identify such an edge with prob-
ability at least 9/10.

4.5 Improved Testing in High-Temperature

In this section, we describe a framework for testing Ising models in the high-temperature
regime which results in algorithms which are more efficient than our baseline localization
algorithm of Section for dense graphs. This is the more technically involved part of our
result and we modularize the description and analysis into different parts. We will give a
high level overview of our approach here.

The main approach we take in this section is to consider a global test statistic over all
the variables on the Ising model in contrast to the localized statistics of Section 4.3] For
ease of exposition, we first describe the approach for testing independence under no external
field. We then describe the changes that need to be made to obtain tests for independence
under an external field and goodness-of-fit in Section [4.5.5]

Note that testing independence under no external field boils down to testing uniformity
as the only independent Ising model when there is no external field is the one corresponding
to the uniform distribution. The intuition for the core of the algorithm is as follows. Suppose
we are interested in testing uniformity of Ising model p with parameter vector g. Note that
for the uniform Ising model, 8,, = 6, = 0 for all u,v € V. We start by obtaining an upper

bound on the SKL between p and U, which can be captured via a statistic that does not
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depend on g. From 1’ we have that under no external field (6, = 0 for all u € V),

dSKL p, Z qu,uuv
e=(u,v)eE
- dSKL p,U < Zﬁ |/~Luv (431>
UFEV
dSKL
— T < > [t - (4.32)
uFv

where (4.31)) holds because |0,,| < f.
Given the above upper bound, we consider the statistic Z = 3, sign(u,) - (XuX,),
where X ~ p and sign(ji,,) is chosen arbitrarily if ji,, = 0.

= Z Wuvl .

UFv

If X € Z, then E[Z] = 0. On the other hand, by (4.32)), we know that if dskr,(X,Z) > ¢, then
E[Z] > ¢/5. If the sign(y.) parameters were known, we could simply plug them into Z, and
using Chebyshev’s inequality, distinguish these two cases using Var(Z)3?/e? samples.

There are two main challenges here.

e First, the sign parameters, sign(f,, ), are not known.
e Second, it is not obvious how to get a non-trivial bound for Var(Z7).

One can quickly see that learning all the sign parameters might be prohibitively expensive.
For example, if there is an edge e such that |u.| = 1/2", there would be no hope of correctly
estimating its sign with a polynomial number of samples. Instead, we perform a process
we call weak learning — rather than trying to correctly estimate all the signs, we instead
aim to obtain a T' which is correlated with the vector sign(sx.). In particular, we aim to
obtain T' such that, in the case where dskr.(p,Uy,) > ¢, E> uvyer e (XuXy)] > €/(B,
where ¢ = poly(n). That is we learn a sign vector ' which is correlated enough with the
true sign vector such that a sufficient portion of the signal from the dski, expression is
still preserved. The main difficulty of analyzing this process is due to correlations between

random variables (X,X,). Naively, we could get an appropriate I', for (X,X,) by running
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a weak learning process independently for each edge. However, this incurs a prohibitive
cost of O(n?) by iterating over all edges. We manage to sidestep this cost by showing that,
despite these correlations, learning all I'. simultaneously succeeds with a probability which
is > 1/ poly(n), for a moderate polynomial in n. Thus, repeating this process several times,
we can obtain a I which has the appropriate guarantee with sufficient constant probability.

At this point, we are in the setting as described above — we have a statistic Z’ of the

form:

7' =Y XX, (4.33)
UFv

where ¢ € {il}(;/) represent the signs obtained from the weak learning procedure. E[Z'] =0
if X € Z, and E[Z'] > ¢/(f if dsk.(X,Z) > €. These two cases can be distinguished using
Var(Z')(?3%/e? samples, by Chebyshev’s inequality. At this point, we run into the second
issue mentioned above. Since the range of Z’ is Q(n?), a crude bound for Var(Z’) is O(n*),
granting us no savings over the localization algorithm of Theorem 22| However, in the high

temperature regime, we show the following bound on the variance of Z’ (Theorem .
Var(Z') = O(n?).

In other words, despite the potentially complex structure of the Ising model and potential
correlations, the variables X, X, contribute to the variance of Z’ roughly as if they were all
independent! We describe the result and techniques involved in the analysis of the variance
bound in Section 4.8 Given the tighter bound on the variance of our statistic, we run the
Chebyshev-based test on all the hypotheses obtained in the previous learning step (with ap-
propriate failure probability) to conclude our algorithm. Further details about the algorithm
are provided in Sections [4.5.1}4.5.4]

We state the sample complexity achieved via our learn-then-test framework for indepen-
dence testing under no external field here. The corresponding statements for independence

testing under external fields and identity testing are given in Section [£.5.5

Theorem 26 (Independence Testing using Learn-Then-Test, No External Field). Suppose
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p is an Ising model in the high temperature regime under no external field. Then, given

O <”10§)52> i.1.d samples from p, the learn-then-test algorithm runs in polynomial time and

distinguishes between the cases p € T and dsky,(p,Z) > € with probability at least 9/10.

Next, we state a corollary of Theorem 26| with sample complexities we obtain when [ is

close to the high temperature threshold.

Theorem 27 (Independence Testing with § near the Threshold of High Temperature, No

External Field). Suppose that p is an Ising model in the high temperature regime and suppose

that 6 = 4511]“. That is, B is close to the high temperature threshold. Then:

. ~ 10/3
° GwenO(”/

D5 ) i.5.d samples from p with no external field, the learn-then-test

algorithm runs in polynomial time and distinguishes between the cases p € I and
dsk(p,Z) > € with probability at least 2/3. For testing identity of p to an Ising model

q in the high temperature regime, we obtain the same sample complexity as above.

Figure shows the dependence of sample complexity of testing as .y is varied in the
regime of Theorem [27] for the case of no external field.

The description of our algorithm is presented in Algorithm [7] It contains a parameter
7, which we choose to be the value achieving the minimum in the sample complexity of

Theorem 28] The algorithm follows a learn-then-test framework, which we outline here.

Algorithm 7 Test if an Ising model p under no external field is product using Learn-Then-
Test
1: function LEARN-THEN-TEST-ISING (sample access to an Ising model p, 5, dmax, €, T)
2: Run the localization Algorithm [2/ on p with accuracy parameter =. If it identifies.
any edges, return that dskr,(p,Z) > ¢

33 for/=1to O(n* ") do

4: Run the weak learning Algorithm |8 on S = {X, X, },2, with parameters 7 and ¢/p.
to generate a sign vector I'®) where T'\%) is weakly correlated with sign (E [ X))

5: end for

6: Using the same set of samples for all ¢, run the testing algorithm of Lemma [34]on each.

of the T® with parameters 7 = 7,8 = O(1/n?77). If any output that dskr.(p,Z) > e,
return that dskp,(p,Z) > . Otherwise, return that p € Z
7: end function

Note: The first step in Algorithm [7]is to perform a localization test to check if |p.| is not
too far away from 0 for all e. It is added to help simplify the analysis of the algorithm
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and is not necessary in principle. In particular, we use the first part of Algorithm
2 which checks if any edge looks far from uniform, to perform this first step, albeit
with a smaller value of the accuracy parameter € than before. Similar to before, if we
find a single non-uniform edge, this is sufficient evidence to output dskr(X,Z) > e.
If we do not find any edges which are verifiably far from uniform, we proceed onward,

with the additional guarantee that || is small for all e € E.

A statement of the exact sample complexity achieved by our algorithm is given in Theo-

rem [28] When optimized for the parameter 7, this yields Theorem [26]

Theorem 28. Given O (min7>0 (n?T7 + nb727) ’f—j) i.i.d samples from an Ising model p in
the high-temperature regime with no external field, there exists a polynomial-time algorithm

which distinguishes between the cases p € I and dskr(p,Z) > € with probability at least 2/3.

The organization of the rest of the section is as follows. We describe and analyze our
weak learning procedure in Section Given a vector with the appropriate weak learning
guarantees, we describe and analyze the testing procedure in Section [£.5.2] In Section [4.5.3]
we describe how to combine all these ideas — in particular, our various steps have several
parameters, and we describe how to balance the complexities to obtain the sample complexity
stated in Theorem Finally, in Section [£.5.4] we optimize the sample complexities from
Theorem [28| for the parameter 7 and filter out cleaner statement of Theorem We compare
the performance of our localization and learn-then-test algorithms and describe the best

sample complexity achieved in different regimes in Section [4.6]

4.5.1 Learn ...

Our overall goal of this section is “weakly learn” the sign of p. = E[X,X,] for all edges

e = (u,v). More specifically, we wish to output a vector I' with the following guarantee:

Ex | Y T.XX |2

e=(u,v)€E - 25”2_7—2 ’

for some constant ¢ > 0 and parameter 75 to be specified later. Note that the “best” IT", for

which T'. = sign(u.), has this guarantee with 75 = 2 — by relaxing our required learning
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guarantee, we can reduce the sample complexity in this stage.

The first step will be to prove a simple but crucial lemma answering the following question:
Given k samples from a Rademacher random variable with parameter p, how well can we
estimate the sign of its expectation? This type of problem is well studied in the regime where
k = Q(1/p*), in which we have a constant probability of success (see, i.e. Lemma , but
we analyze the case when k < 1/p? and prove how much better one can do versus randomly

guessing the sign. See Lemma 40| in Section for more details.

With this lemma in hand, we proceed to describe the weak learning procedure. Given
parameters 7,6 and sample access to a set S of 'Rademacher-like’ random variables which
may be arbitrarily correlated with each other, the algorithm draws O <"€—?> samples from
each random variable in the set and computes their empirical expected values and outputs

a signs of thus obtained empirical expectations. The procedure is described in Algorithm [§]

Algorithm 8 Weakly Learn Signs of the Expectations of a set of Rademacher-like random
variables
1: function WEAKLEARNING (sample access to set S = {Z;}; of random variables where
|S| = O(n®) and where Z; € {—1,0,+1} and can be arbitrarily correlated,e, 7,).

2: Draw k = O (%) samples from each Z;. Denote the samples by Zi(l), ey Zi(k)

3: Compute the empirical expectation for each Z;: Zi = % Zle Zi(l).
4: Output T where I'; = sign(Z;).
5: end function

We now turn to the setting of the Ising model, discussed in Section [£.5.1.1 We invoke
the weak-learning procedure of Algorithm [§ on the set S = { X, X, },, with parameters ¢/
and 0 < 7 < 2. By linearity of expectations and Cauchy-Schwarz, it is not hard to see that
we can get a guarantee of the form we want in expectation (see Lemma . However, the
challenge remains to obtain this guarantee with constant probability. Carefully analyzing
the range of the random variable and using this guarantee on the expectation allows us
to output an appropriate vector [ with probability inversely polynomial in n (see Lemma
. Repeating this process several times will allow us to generate a collection of candidates

{I—"(Z)}, at least one of which has our desired guarantees with constant probability.
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4.5.1.1 Weak Learning the Edges of an Ising Model

We now turn our attention to weakly learning the edge correlations in the Ising model. To

recall, our overall goal is to obtain a vector [ such that

ce
Ex., | Y TX.JX, >

e=(u,v)eE

We start by proving that the weak learning algorithm yields a T for which such a bound
holds in expectation. The following is fairly straightforward from Lemma (0] and linearity

of expectations.

Lemma 32. Givenk = O ( 2T2252> samples from an Ising model X ~ p such that dsx(p, Z) >
outputs T = {I'.} € {£1}E! such that

e and [pe| < 55

Er [Exo, | Y. TXX,||> n2 - (Zlue>,

e=(u,v)eE eck

for some constant ¢ > 0.

Proof. Since for all e = (u,v) € E, |u.| < and by our upper bound on k, all of the

3
Bn7z?
random variables X, X, fall into the first case of Lemma [40| (the “small £” regime). Hence,
we get that

Pr I, = sign(p.)] >

which implies that

1 ¢ ,ue\/E 1 ¢ ue\/E
EFe [Feue] Z (5 + %) |Ne| + (5 - % (_|'u€|)

= cl|:ue|2\/E
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Summing up the above bound over all edges, we get

Ep Zfeue] > aVEY el
eck eck
dn™f
> =2 lnel*,
eckE

for some constant ¢} > 0. Applying the Cauchy-Schwarz inequality gives us

(; Iue!> 2 ,

as desired. O

Ez

cf
Zreue] e

eckE

Next, we prove that the desired bound holds with sufficiently high probability. The
following lemma follows by a careful analysis of the extreme points of the random variable’s

range.

2

e and |pe| < 5= for alle € E, Algom'thm@ outputs T = {T'.} € {£1}El where: Define x,
to be the event that

Lemma 33. Givenk = O ("27262> i.i.d. samples from an Ising model p such that dsky,(p,Z) >

Exvy | > DXX,| >

C
~ 2fn% ]
e=(u,v)€E

for some constant ¢ > 0. We have that

c
Prr [xr,] > n2—

Proof. We introduce some notation which will help in the elucidation of the argument which

follows. Let r = Prr [x,,]|. Let

2
T- o (Zwel) -

ecE
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Let Y be the random variable defined as follows

Y = EXNp Z FeXuXv ’

e=(u,v)eE
U=E:[Y|Y >T] and
L=E:[Y]Y <T]

Then we have

rU+ (1—7r)L > 2T (From Lemma 32)

. S 2T — L
,
- U-L
Since U < )~ | te|, we have
2T — L
r >

B (ZEEE |lue|) —L

Since L > — " __p ||,
2T — L
P> =
2 (ZEGE ’NBD
Since L < T, we get

T
r >

T2 (Xeep lel)

Substituting in the value for T" we get

v B (e lpel)’
" den? (Cep liel)

0B (Xeer I1el)

—— >
" 4en?—T2

Since dskr,(p, Z) > ¢, this implies (3, 5 |pte|) > €/ and thus

L
TS

as desired.
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4.5.2 ... Then Test!

In this section, we assume that we were successful in weakly learning a vector ' which is
“good” (i.e., it satisfies x,,, which says that the expectation the statistic with this vector
is sufficiently large). With such a f, we show that we can distinguish between p € Z and
dskr(p,Z) > e.

Lemma 34. Let p be an Ising model, let X ~ p, and let o* be such that, for any ¥ = {v.} €
{x1}7,

Var Z Ve Xu X, | <02

e=(u,v)eE

€

dskL(p,Z) > €, and [= {T.} € {£1}F! which satisfies x-, (as defined in Lemma in the

Given k = O (02 : %W> 1.1.d samples from p, which satisfies either p € I or

case that dsky,(p,Z) > €, then there exists an algorithm which distinguishes these two cases

with probability > 1 — 9.

Proof. We prove this lemma with failure probability 1/3 — by standard boosting arguments,
this can be lowered to & by repeating the test O(log(1/4)) times and taking the majority

result.

Denote the ith sample as X@. The algorithm will compute the statistic

k
Z:% >y rxPx

i=1 e=(u,v)€E

If 7 < 4BHC+TQ, then the algorithm will output that p € Z. Otherwise, it will output that

dski(p,I) > e.

By our assumptions in the lemma statement, in either case,
2
o
Var (7) < -

If p € Z, then we have that
E[Z] = 0.



By Chebyshev’s inequality, this implies that

7z >
kc2e?

272, 4—27
Py > € < 160°5°n
45712—7'2

Substituting the value of k gives the desired bound in this case. The case where dsky,(p,Z) > ¢
follows similarly, but additionally using the fact that x,, implies that

ce
EZ > ——.
[ ] - 2677‘277'2

4.5.3 Putting Them Together

In this section, we combine lemmas from the previous sections to complete the proof of
Theorem [28] Lemma [33] gives us that a single iteration of the weak learning step gives a
“good” T with probability at least €2 (nz%m) We repeat this step O(n?~™) times, generating
O(n*~™) hypotheses ', By standard tail bounds on geometric random variables, this will
imply that at least one hypothesis is good (i.e. satisfying x.,) with probability at least 9/10.
We then run the algorithm of Lemma[34 on each of these hypotheses, with failure probability
§ = O(1/n*> ™). If p € Z, all the tests will output that p € Z with probability at least 9/10.
Similarly, if dskr(p,Z) > ¢, conditioned on at least one hypothesis L) being good, the
test will output that dgsky,(p,Z) > ¢ for this hypothesis with probability at least 9/10. This

proves correctness of our algorithm.

To conclude our proof, we analyze its sample complexity. Combining the complexities of

Lemmas [25] [33] and 34} the overall sample complexity is

271 21 2479 Q2 4—279 Q2

2

Noting that the first term is always dominated by the second term we can simplify the

155



complexity to the following expression.

24719 Q2 4—279 32

Plugging in the variance bounds from Section [4.8] Theorems [37] and [38] gives Theorem [28]

4.5.4 Balancing Learning and Testing

The sample complexities in the statement of Theorem [2§ arise from a combination of two
separate algorithms and from a variance bound for our multi-linear statistic which depends
on  and dy.c. To balance for the optimal value of 7 in various regimes of g and 0., we

use Claim [4] which can be easily verified and arrive at Theorem

Claim 4. Let S = O ((n2+7+n4_27 o) f—j) Let 0 = O(n®). The value of T which

minimizes S s %

Claim 4] together with the variance bound (Theorem implies Theorem [26]

Theorem 26 (Independence Testing using Learn-Then-Test, No External Field). Suppose

p is an Ising model in the high temperature regime under no external field. Then, given

O <”10§52> i.5.d samples from p, the learn-then-test algorithm runs in polynomial time and

distinguishes between the cases p € T and dsky,(p,Z) > € with probability at least 9/10.

4.5.5 Modifications for Testing Independence and Identity

We describe the modifications that need to be done to the learn-then-test approach described
in Sections to obtain testers for independence under an arbitrary external field
(Section |4.5.5.1)), identity without an external field (Section [4.5.5.2)), and identity under an

external field (Section [4.5.5.3]).

4.5.5.1 Independence Testing under an External Field

Under an external field, the statistic we considered in Section needs to be modified.

Suppose we are interested in testing independence of an Ising model p defined on a graph G =
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(V, E) with a parameter vector gp. Let X ~ p. We have that dgky,(p, Z) = minger dskr(p, q)-
In particular, we consider ¢ to be the independent Ising model on graph G' = (V, E’) with
parameter vector 67 such that E/ = ¢ and 04 is such that pd = p? for all w € V. Then,

dski(p, ) < dski(p, q) (4.35)
= Z 951} (:uﬁv - :u?w)

e=(u,v)€E

= >0, (b, — )

e=(u,v)eE

< Y Blb, — b

e=(u,v)eE

dSKL(p7I)
— = DAt
e=(u,v)EE

The above inequality suggests a statistic Z such that E[Z] = > ci |AL,| where AL =

2)> where XV, X®) ~

e=(u,v)
b, — k. We consider Z =3~ sign(Ay,) <X£1) - Xff)) <X51) — X!
p are two independent samples from p. It can be seen that Z has the desired expectation.
However, we have the same issue as before that we don’t know the sign(\,,) parameters.
Luckily, it turns out that our weak learning procedure is general enough to handle this case
as well. Consider the following random variable: 7, = i (XZ(LI) - Xq(f)) (qul) — Xq@). L
takes on values in {—1,0,4+1}. Consider an associated Rademacher variable Z;, defined
as follows: Pr(Z,, = —1] = Pr[Z,, = —1] + 1/2Pr[Z,, = 0]. It is easy to simulate a
sample from 7, given access to a sample from Z,,. If Z,, = 0, toss a fair coin to decide
whether 7], = —1 or +1. E[Z] ] = E[Z,,] = 2. Hence Z,, ~ Rademacher (1 + 2u)
and by Lemma [40] with %k copies of the random variable Z,, we get a success probability
of 1/2 4+ c1Vk | Auy| of estimating sign()\,,) correctly. Given this guarantee, the rest of the
weak learning argument of Lemmas [32| and [33] follows analogously by replacing p, with ..

After we have weakly learnt the signs, we are left with a statistic Z_,, of the form:

Zhon =Y cun (X = XP) (XY = XP) (4.36)

cen
uFv
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where the subscript cen denotes that the statistic is a centered one and ¢ € {il}(g) We need

to obtain a bound on Var(Z/, ). We again employ the techniques described in Section

cen

to obtain a non-trivial bound on Var(Z/_ ) in the high-temperature regime. The statement
of the variance result is given in Theorem |38 and the details are in Section [4.8.3] Combining
the weak learning part and the variance bound gives us the following sample complexity for

independence testing under an external field:

O <(TL2+T+TL42TO'2)B2>

e2

:O <(n2+T + n427n2)52)

e2

Balancing for the optimal value of the 7 parameter gives Theorem [29]

Theorem 29 (Independence Testing using Learn-Then-Test, Arbitrary External Field).

Suppose p is an Ising model in the high temperature regime under an arbitrary external field.

nl0/332
22

The learn-then-test algorithm takes in O( > i.1.d. samples from p and distinguishes

between the cases p € T and dsky(p,Z) > € with probability > 9/10.

The tester is formally described in Algorithm [9]

Algorithm 9 Test if an Ising model p under arbitrary external field is product
1: function LEARN-THEN-TEST-ISING (sample access to an Ising model p, 5, dmax, €, 7)
2: Run the localization Algorithm [2| with accuracy parameter -=. If it identifies any.
edges, return that dskp(p,Z) > ¢
for /=1 to O(n*7) do
4: Run the weak learning Algorithm [8jon S = {(qul) - XﬁQ))(qul) - X52))}u¢v with pa-.

rameters 7, = 7 and £/ to generate a sign vector ['® where T'YY) is weakly correlated

with sign (E [(Xff) ~ Xy x® - xP )])
end for
Using the same set of samples for all ¢, run the testing algorithm of Lemma[34]on each.
of the T® with parameters 7, = 7,8 = O(1/n%"7). If any output that dskr(p,Z) > e,
return that dskr,(p,Z) > . Otherwise, return that p € 7
7: end function

@
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4.5.5.2 Identity Testing under No External Field

We first look at the changes needed for identity testing under no external field. Similar to
before, we start by obtaining an upper bound on the SKL between the Ising models p and
q. We get that,

dSKL pv Z - 0(1 luu'u lu’tqw)

(u,v)eE

d
— Wsz (2, 1)
utv

Since we know pd for all pairs u, v, the above upper bound suggests the statistic Z of the

form

Z =Y sign(ub, — ) (X, X, — pl,)
u#v
If p=ygq, E[Z] = 0 and if dski(p,q) > ¢, E[Z] > ¢/25. As before, there are two things
we need to do: learn a sign vector which is weakly correlated with the right sign vector
and obtain a bound on Var(Z). By separating out the part of the statistic which is just a

constant, we obtain that

Var(Z) < Var (Z cm,XuXv>

u#v

where ¢ € {jzl}(g) Hence, the variance bound of Theorem |37 holds for Var(Z).

As for the weakly learning the signs, using Corollary of Lemma [40] we get that for
each pair u,v, with k samples, we can achieve a success probability 1/2 + ¢;vk [p?, — pd|
of correctly estimating sign(u?, — p2,). Following this up with analogous proofs of Lemmas
and [33| where p. is replaced by u? — ud, we achieve our goal of weakly learning the signs

with a sufficient success probability.

By making these changes we arrive at the following theorem for testing identity to an

Ising model under no external field.
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Theorem 30 (Identity Testing using Learn-Then-Test, No External Field). Suppose p and q
are Ising models in the high temperature regime under no external field. The learn-then-test
algorithm takes in O <"HZ#> i.1.d. samples from p and distinguishes between the cases p = q

and dsk1,(p, q) > € with probability > 9/10.

The tester is formally described in Algorithm

Algorithm 10 Test if an Ising model p under no external field is identical to ¢

1: function TESTISING (sample access to an Ising model p, 3, dnax, €, 7, description of Ising
model ¢ under no external field)
2: Run the localization Algorithm |3 with accuracy parameter -=. If it identifies any.
edges, return that dskr(p,q) > €
33 for /=1t O(n* ") do
4: Run the weak learning Algorithm 8 on S = {X,X, — p, }uz, with parameters.

75 = 7 and £/ to generate a sign vector IO where T is weakly correlated with
sign (E [X,, — pd,])
5: end for
Using the same set of samples for all ¢, run the testing algorithm of Lemma [34]on each.
of the T® with parameters 7, = 7,6 = O(1/n2™7). If any output that dsk(p,q) > &,
return that dskr(p, q) > €. Otherwise, return that p = ¢
7. end function

4.5.5.3 Identity Testing under an External Field

When an external field is present, two things change. Firstly, the terms corresponding to
nodes of the Ising model in the SKL expression no longer vanish and have to be accounted
for. Secondly, it is unclear how to define an appropriately centered statistic which has a
variance of O(n?) in this setting, and we consider this an interesting open question. Instead,
we use the uncentered statistic which has variance ©(n?).

We now describe the first change in more detail now. Again, we start by considering an

upper bound on the SKL between Ising models p and g¢.

veV (u,v)eE

—> dsku(p,q) <20 ) |(uh — pd)| + 28> |(h, — pd,)|

veV UFv
Hence if dskr(p, q) > €, then either
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© 2h3 ey () — )| = €/2 or

Moreover, if p = g, then both 2h Y . [(uf — pf)| = 0 and 283", [(4f, — pd,)| = 0. Our
tester will first test for case (i) and if that test doesn’t declare that the two Ising models are

far, then proceeds to test whether case (ii) holds.

We will first describe the test to detect whether ) . [(uf — pd)| = 0 or is > £/2h. We
observe that the random variables X, are Rademachers and hence we can use the weak-
learning framework we developed so far to accomplish this goal. The statistic we consider is
Z =73 cysign(ph) (X, — pd). Again, as before, we face two challenges: we don’t know the

signs of the node expectations pf and we need a bound on Var(Z).

We employ the weak-learning framework described in Sections to weakly learn
a sign vector correlated with the true sign vector. In particular, since X, ~ Rademacher(1/2+
ftv/2), from Corollary[12] we have that with k& samples we can correctly estimate sign(p2—pu?)
with probability 1/2 4 ¢;Vk |2, — p9|. The rest of the argument for obtaining a sign vector
which, with sufficient probability, preserves a sufficient amount of signal from the expected
value of the statistic, proceeds in a similar way as before. However since the total number of
terms we have in our expression is only linear we get some savings in the sample complexity.

And from Lemma [22| we have the following bound on functions f.(.) of the form f.(X) =
> vev CoXo (where ¢ € {£1}") on the Ising model:

Var(f.(X)) = O(n).

By performing calculations analogous to the ones in Sections [£.5.3 and [£.5.4] we obtain that

by using O (”Zth) samples we can test whether > . [(¢) — pu?)| = 0 or is > £/4h with

probability > 19/20. If the tester outputs that Y- . [(#h — pu?)| = 0, then we proceed to
test whether > (15, — pf,)| =0 or > /48.
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To perform this step, we begin by looking at the statistic Z used in Section [4.5.5.2}

Z = sign(uh, — ph,) (Xu X, — pil,)
utv
as Z has the right expected value. We learn a sign vector which is weakly correlated with
the true sign vector. However we need to obtain a variance bound on functions of the form
fe(X) =2y Cun(Xu Xy — pd,) where ¢ € {i1}<‘2/) By ignoring the constant term in f.(X),
we get that,
Var(f.(X)) = Var (Z cm,XuXv>
utv

which can be Q(n?®) as it is not appropriately centered. We employ Lemma to get a
variance bound of O(n?) which yields a sample complexity of 0, (%) for this setting.

Theorem [31] captures the total sample complexity of our identity tester under the presence

of external fields.

Theorem 31 (Identity Testing using Learn-Then-Test, Arbitrary External Field). Suppose

p and q are Ising models in the high temperature regime under arbitrary external fields. The

n5/3p2 {11/ 32
- =

learn-then-test algorithm takes in O < > i.i.d. samples from p and distinguishes

between the cases p = q and dski(p,q) > & with probability > 9/10.

The tester is formally described in Algorithm

4.6 Localization Versus Learn-then-Test

At this point, we now have two algorithms: the localization algorithm of Section and the
learn-then-test algorithm of Section [4.5] Both algorithms are applicable in all temperature
regimes but learn-then-test beats localization’s sample complexity in high temperature un-
der some degree regimes. We note that their sample complexities differ in their dependence
on  and 0. In this section, we offer some intuition as to why the difference arises and
state the best sample complexities we achieve for our testing problems by combining these

two approaches.
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Algorithm 11 Test if an Ising model p under an external field is identical to Ising model ¢
1: function TESTISING(sample access to an Ising model p, 8, dyax, €, 71, T2, description of
Ising model q)
2: Run the localization Algorithm (3] on the nodes with accuracy parameter 5= If it.
identifies any nodes, return that dsk(p,q) > €
for =1 to O(n'™™) do

@

4: Run the weak learning Algorithm on S = {(X, — Y.}luev, where Y, ~.
Rademacher(1/2 + pl/2), with parameters 7, and €/2h to generate a sign vector

T'® where I'{" is weakly correlated with sign (E [X, — pll)
5: end for
Using the same set of samples for all ¢, run the testing algorithm of Lemma
on each of the T® with parameters 73 = 7,6 = O(1/n'~™). If any output that
dsk1(p, q) > €, return that dskr(p,q) > €

8: Run the localization Algorithm |3 on the edges with accuracy parameter 5=;. If it.
identifies any edges, return that dskr,(p,q) > €
9:  for /=1to O(n* ™) do

10: Run the weak learning Algorithm (8 on § = {(X,X, — Y }uzs, where Y, ~.
Rademacher(1/2 4+ pl,/2), with parameters 7o and £/2 to generate a sign vector

['® where T'Y) is weakly correlated with sign (E[X.X, —pd))
11: end for
12: Using the same set of samples for all ¢, run the testing algorithm of Lemma
on each of the T'® with parameters 7, = 7,8 = O(1/n?7™). If any output that

dski(p, q) > €, return that dskr(p, q¢) > €. Otherwise, return that p = ¢
13: end function

First, we note that if the algorithm is agnostic of the maximum degree d,,.,, then learn-
then-test always outperforms localization in the high temperature regime. This leads to

Theorem [32L

Theorem 32. Suppose p is an Ising model in the high temperature regime. To test either

independence or identity agnostic of the mazimum degree of the graph Owax, localization re-

quires O ("4ﬁ2> samples from p for a success probability > 2/3. Learn-then-test, on the other

2
n10/362
2

hand, requires O for independence testing and identity testing under no external

)

field. It requires O (”11/552) for identity testing under an external field.

When knowledge of d,,.« is available to the tester, he can improve his sample complexities
of localization approach. Now the sample complexity of localization gets worse as Opax
increases. As noted in Section [4.3] the reason for this worsening is that the contribution to

the distance by any single edge grows smaller thereby making it harder to detect. However,
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when we are in the high-temperature regime a larger d,,., implies a tighter bound on the
strength of the edge interactions § and the variance bound of Section [£.8| exploits this tighter
bound to get savings in sample complexities when the degree is large enough.

We combine the sample complexities obtained by the localization and the learn-then-test
algorithms and summarize in the following theorems the best sample complexities we can
achieve for testing independence and identity by noting the parameter regimes in which of
the above two algorithms gives better sample complexity. In both of the following theorems
we fix § to be n™® for some « and present which algorithm dominates as .., ranges from

a constant to n.

Theorem 33 (Best Sample Complexity Achieved, No External Field). Suppose p is an Ising

model under no external field.

o if B =0(n"??), then for the range dmax < n*3, localization performs better, for both

1

independence and identity testing. For the range N3 < S < 15 learn-then-test

performs better than localization for both independence and identity testing yielding a

1

sample complexity which is independent of dmax. If Omax = vl then we are no longer

in the high temperature regime.

o if B =w(n"%3), then for the entire range of Gmax localization performs at least as well

as the learn-then-test algorithm for both independence and identity testing.

The theorem stated above is summarized in Figure for the regime when 5 = O(n=2/3).
The comparison for independence testing under the presence of an external field is similar

and is presented in Theorem [34]

Theorem 34 (Best Sample Complexity Achieved for Independence Testing, Arbitrary Ex-

ternal Field). Suppose p is an Ising model under an arbitrary external field.

o if 3= 0(n"%3), then for the range 6max < n*3, localization performs better, for inde-

pendence testing. For the range n?/? < Spax < ﬁ, learn-then-test performs better than
localization for independence testing yielding a sample complexity which is independent

Of Omax- If Omax = ﬁ, then we are no longer in the high temperature regime.
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o if B =w(n"23), then for the entire range of Gmax localization performs at least as well

as the learn-then-test algorithm for independence testing.

Finally, we note in Theorem [35 the parameter regimes when learn-then-test performs
better for identity testing under an external field. Here our learn-then-test approach suffers

worse bounds due to a weaker bound on the variance of our statistic.

Theorem 35 (Best Sample Complexity Achieved for Identity Testing, Arbitrary External

Field). Suppose p is an Ising model under an arbitrary external field.

o if B =0(n°9), then for the range n?® < Gpax < ﬁ, learn-then-test performs better
than localization for identity testing yielding a sample complexity which is independent

Of Omax- If Omax > ﬁ, then we are no longer in the high temperature regime.

o if B =w(n=/%), then for the entire range of Gmax localization performs at least as well

as the learn-then-test algorithm for identity.
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Figure 4-1: Localization versus Learn-Then-Test: A plot of the sample complexity of testing
identity under no external field when § = 4531“ is close to the threshold of high temperature.
Note that throughout the range of values of 0,,., we are in high temperature regime in this

plot.
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4.7 Improved Testing on High-Temperature Ferromag-
nets

In this section, we present an improved upper bound for testing uniformity of Ising models
which are both high-temperature and ferromagnetic. Similar to the algorithms of Section [4.5]
we use a global statistic, in comparison to the local statistic which is employed for general

ferromagnets in Section [4.4.2]

Our result is the following;:

Theorem 36 (Independence Testing of High-Temperature Ferromagnetic Ising Models).
Algorithm takes in O (g) samples from a high-temperature ferromagnetic Ising model
X ~ p which is under no external field and outputs whether p € T or dsky(p,Z) > € with
probability > 9/10.

We note that a qualitatively similar result was previously shown in [GLP17], using a x*-
style statistic. Our algorithm is extremely similar to our test for general high-temperature
Ising models. The additional observation is that, since the model is ferromagnetic, we know
that all edge marginals have non-negative expectation, and thus we can skip the “weak
learning” stage by simply examining the global statistic with the all-ones coefficient vector.

The test is described precisely in Algorithm [12]

Algorithm 12 Test if a high-temperature ferromagnetic Ising model p under no external
field is product

1: function TESTHIGHTEMPERATUREFERROISING-INDEPENDENCE(sample access to an
Ising model p)

2: Run the algorithm of Lemma 25| to identify if all edges e = (u, v) such that E[X, X,] >
\/e/n using O (%) samples. If it identifies any edges, return that dski,(p,Z) > e.
Draw k = O (%) samples from p, denote them by X®, ..., xX®).

Compute the statistic Z = 2 3% | > (uw)eE X9 x0.
If Z > 1/en, return that dski(p,Z) > .
Otherwise, return that p is product.

end function

Proof of Theorem[36]: First, note that under no external field, the only product Ising model

is the uniform distribution i,,, and the problem reduces to testing whether p is uniform or
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not. Consider first the filtering in Step 2 By the correctness of Lemma this will not
wrongfully reject any uniform Ising models. Furthermore, for the remainder of the algorithm,
we have that E[X,X,] < \/¢/n.

Now, we consider the statistic Z. By Theorem [37, we know that the variance of Z is at
most O (n?/k) (since we are in high-temperature). It remains to consider the expectation of

the statistic. When p is indeed uniform, it is clear that E[Z] = 0. When dsky(p,U,) > €, we

have that
e< Y 6,EX,X,] (4.37)
(u,v)EE
< Y tanh N(B[X,X,))E[X,X,] (4.38)
(u,v)EE
< Y 2E[X.X,? (4.39)
(u,v)EE
€
<2,/= .
< \/; S ELX.X,] (4.40)
(u,v)EE

(4.37) follows by (4.2)), (4.38)) is due to Lemma [31] (since the model is ferromagnetic), (4.39))
is because tanh™*(z) < 2z for x < 0.95, and (4.40) is since after Step , we know that

E[X,X,] < \/g/n. This implies that E[Z] > \/en/4.

At this point, we have that E[Z] = 0 when p is uniform, and E[Z] > /en/4 when
dskr,(p,Uy,) > €. Since the standard deviation of Z is O (n / \/E), by Chebyshev’s inequality,
choosing k = Q(n/¢) suffices to distinguish the two cases with probability > 9/10. O

4.8 Variance Bounds in High-Temperature

In this section, we describe a technique for bounding the variance of our statistics on the
Ising model in high temperature. As the structure of Ising models can be quite complex,
it can be challenging to obtain non-trivial bounds on the variance of even relatively simple
statistics. In particular, to apply our learn-then-test framework of Section [4.5] we must
bound the variance of statistics of the form 2’ = > 2o CunXuXy (under no external field,

see (4.33)) and 7/, = Zu;év Cuv (Xl(tl) — Xf)) <X,£1) . X52)) (under an external field, see

cen
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(4.36])). While the variance for both the statistics is easily seen to be O(n?) if the graph has
no edges, to prove variance bounds better than the trivial O(n?) for general graphs requires
some work. We show the following two theorems in this section.

The first result, Theorem , bounds the variance of functions of the form ) 4o Coun XuXyp
under no external field which captures the statistic used for testing independence and identity

by the learn-then-test framework of Section [4.5]in the absence of an external field.

Theorem 37 (High Temperature Variance Bound, No External Field). Let ¢ € [—1, 1](‘2/)
and define f. : {£1}V — R as follows: f.(x) = >izj Cliyrixy. Let also X be distributed
according to an Ising model, without node potentials (i.e. 0, = 0, for all v), in the high

temperature regime of Definition[13. Then
Var (£.(X)) = O(n)

The second result of this section, Theorem 38, bounds the variance of functions of the form
D ke cuU(Xz(Ll) - XLQ))(XZEI) — X?) which captures the statistic of interest for independence
testing using the learn-then-test framework of Section under an external field. Intuitively,
this modification is required to “recenter” the random variables. Here, we view the two
samples from Ising model p over graph G = (V, E) as coming from a single Ising model p®?

over a graph G U G® where GV and G are identical copies of G.

Theorem 38 (High Temperature Variance Bound, Arbitrary External Field). Let ¢ €
[—1, 1](‘2/) and let X be distributed according to Ising model p®* over graph G U G® in
the high temperature regime of Definition and define g. : {il}vuvl — R as follows:

9e(7) = D uwev Cun(T,0) — 2,)(T,0) — Ty2). Then

s.t. u#v

4.8.1 Overview

We will use tools from Chapter 13 of [LPW09| to obtain the variance bounds of this section.

At a high level the technique to bound the variance of a function f on a distribution pu
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involves first defining a reversible Markov chain with p as its stationary distribution. By
studying the mixing time properties (via the spectral gap) of this Markov chain along with
the second moment of the variation of f when a single step is taken under this Markov chain
we obtain bounds on the second moment of f which consequently yield the desired variance
bounds.

The Markov chain in consideration here will be the Glauber dynamics chain on the Ising
model p. As stated in Section [£.2] the Glauber dynamics are reversible and ergodic for Ising
models. Let M be the reversible transition matrix for the Glauber dynamics on some Ising
model p. Let v, be the absolute spectral gap for this Markov chain. The first step is to

obtain a lower bound on ~,.

nlogn

Claim 5. In the high-temperature regime/under Dobrushin conditions, v, > €2 (#> under

an arbitrary external field.

Proof. From Theorem 15.1 of [LPW09|, we have that the mixing time of the Glauber dynam-
ics is O(nlogn). Since the Glauber dynamics on an Ising model is ergodic and reversible,

using the relation between mixing and relaxation times (Theorem 12.4 of [LPW09]) we get

that
trie > (7% - 1) log(2) (4.41)
— - <PEl (4.42)
= 7% >0 (mign) : (4.43)
O

For a function f, define

EN =5 D @)= fPr)M(z,y).

zye{x1}m
This can be interpreted as the expected square of the difference in the function, when a step
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is taken at stationarity. That is,

E(f) = sE[(f(=) = fW)] (4.44)

where z is drawn from the Ising distribution and y is obtained by taking a step in the Glauber
dynamics starting from . We now state a slight variant of Remark 13.13 which we will use

as Lemma [33]

Lemma 35. For a reversible transition matriz P on state space Q) with stationary distribu-

tion 7, let

E(f) =75 D (f2) = f(y))*n(z)P(,y),

z,yeQ
where f is a function on  such that Var,(f) > 0. Also let 7, be the absolute spectral gap
of P. Then .
Note: Remark 13.13 in [LPWQ9] states a bound on the spectral gap as opposed to the
absolute spectral gap bound which we use here. However, the proof of Remark 13.13

also works for obtaining a bound on the absolute spectral gap ..

4.8.2 No External Field

We prove Theorem |37|now. Consider the function f.(z) = Zw CupTyy Where ¢ € [—1, 1] (5.
Claim 6. For an Ising model under no external field, £(f.) = O(n).

Proof. Since y is obtained by taking a single step on the Glauber dynamics from z, f.(x) —
fe(y) is a function of the form ) c,x, where ¢, € [—1,1] for all v € V. The coefficients
{¢,}» depend on which node vy € V' was updated by the Glauber dynamics. Since there
are n choices for nodes to update, and since the update might also leave x unchanged, i.e.
y =z, fo(x) — f.(y) is one of at most n + 1 linear functions of the form ) ¢,z,. Denote,
by E(z,y), the event that |f.(z) — f.(y)| > cy/nlogn. We have, from the concentration of

linear functions on the Ising model around their expected value (Lemma and a union
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bound over the n+1 possible linear functions, that for a sufficiently large ¢, under no external

field, Pr[E(x,y)] < Now,

_1
10n2*

E [(fC(x) - fc(y))Q] =E [(fc(x) - fc(y))Q‘E@j?y)] PI"[E(.CE, y)]
+E [(fc(x) - fc(y))Zl_'E(xv y)] Pl"[_\E(ZL‘, y)]

<n?x +02n10g2n(1— 1)

10n2 10n2

= O(n)

where we used the fact that the absolute maximum value of (f.(z) — f.(y))? is n®. O

Claim [p] together with Claim [6] are sufficient to conclude an upper bound on the variance

of f., by using Lemma [35] thus giving us Theorem

4.8.3 Arbitrary External Field

Under the presence of an external field, we saw that we need to appropriately center our
statistics to achieve low variance. The function g.(z) of interest now is defined over the

2-sample Ising model p®? and is of the form
ge(w) = Z Cuv(xq(}) - 1"512))('1’"5)1) - %()2))

where now z,y € {£1}2VI. First, note that the absolute spectral gap for p®? is also at least

Q(1/n). Now we bound &(g.).
Claim 7. For an Ising model under an arbitrary external field, £(g.) = 6(71)

Proof. Since y is obtained by taking a single step on the Glauber dynamics from z, it can
be seen that g.(z) — g.(y) is a function of the form ) ¢, (:1:'1(}1) - x1(,2)> where ¢, € [—1, 1] for
all v € V. The coefficients {c,}, depend on which node vy € V' was updated by the Glauber
dynamics. Since there are n choices for nodes to update, and since the update might also
leave x unchanged, i.e. y = z, g.(z) — g.(y) is one of at most n + 1 linear functions of the

form )" ¢, <x1(,1) — xf)). Denote, by E(x,y), the event that |g.(x) — g.(y)| > cy/nlogn. We
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have, from Lemma 22/ and a union bound, that for a sufficiently large ¢, Pr [E(z,y)] < -

Now,
E [(g:(x) = 9:))’] = E(ge(w) = 9c(v))*|E(w, y)] Pr[E(z, y)] (4.45)
+ E[(ge(2) = 9:())?|E(2, )] Pr[E(z, y)°] (4.46)
<4n? x 5 + *nlog?n (1 — 15) (4.47)
— O(n) (4.48)
where we used the fact that the absolute maximum value of (g.(z) — g.(y))? is 4n?. O

Similar to before, Claim [f] together with Claim [7] are sufficient to conclude an upper

bound on the variance of f., by using Lemma [35] thus giving us Theorem

4.9 Lower Bounds for Testing Ising Models

In this section we describe our lower bound constructions and state the main results.

4.9.1 Dependences on n

Our first lower bounds show dependences on n, the number of nodes, in the complexity of
testing Ising models.

To start, we prove that uniformity testing on product measures over a binary alphabet
requires Q(y/n/e) samples. Note that a binary product measure corresponds to the case of
an Ising model with no edges. This implies the same lower bound for identity testing, but
(not) independence testing, as a product measure always has independent marginals, so the

answer is trivial.

Theorem 39. There exists a constant ¢ > 0 such that any algorithm, given sample access
to an Ising model p with no edges (i.e., a product measure over a binary alphabet), which
distinguishes between the cases p = U,, and dskr,(p,U,) > € with probability at least 99/100
requires k > cy/n/e samples.
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Next, we show that any algorithm which tests uniformity of an Ising model requires
Q(n/e) samples. In this case, it implies the same lower bounds for independence and identity

testing.

Theorem 40. There exists a constant ¢ > 0 such that any algorithm, given sample access
to an Ising model p, which distinguishes between the cases p = U, and dsky(p,U,) > & with
probability at least 99/100 requires k > cn/e samples. This remains the case even if p is

known to have a tree structure and only ferromagnetic edges.

The lower bounds use Le Cam’s two point method which constructs a family of distribu-
tions P such that the distance between any P € P and a particular distribution @ is large (at
least ¢). But given a P € P chosen uniformly at random, it is hard to distinguish between
P and () with at least 2/3 success probability unless we have sufficiently many samples.

Our construction for product measures is inspired by Paninski’s lower bound for uni-
formity testing [Pan08|. We start with the uniform Ising model and perturb each node
positively or negatively by \/»s/_n, resulting in a model which is e-far in dgky, from U,,. The
proof appears in Section [4.9.3.1]

Our construction for the linear lower bound builds upon this style of perturbation. In the
previous construction, instead of perturbing the node potentials, we could have left the node
marginals to be uniform and perturbed the edges of some fixed, known matching to obtain
the same lower bound. To get a linear lower bound, we instead choose a random perfect
matching, which turns out to require quadratically more samples to test. Interestingly,
we only need ferromagnetic edges (i.e., positive perturbations), as the randomness in the
choice of matching is sufficient to make the problem harder. Our proof is significantly more
complicated for this case, and it uses a careful combinatorial analysis involving graphs which

are unions of two perfect matchings. The lower bound is described in detail in Section [4.9.3.2]

Remark 4. Similar lower bound constructions to those of Theorems [39 and [{Q also yield
Q(y/n/e?) and Q(n/e?) for the corresponding testing problems when dskr, is replaced with drv .
In our constructions, we describe families of distributions which are e-far in dsky. This s
done by perturbing certain parameters by a magnitude of @(\/e/_n). We can instead describe
families of distributions which are e-far in drvy by performing perturbations of ©(e/+/n), and
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the rest of the proofs follow similarly.

4.9.2 Dependences on h,

Finally, we show that dependences on the h and [ parameters are, in general, necessary for
independence and identity testing. Recall that h and § are upper bounds on the absolute
values of the node and edge parameters, respectively. Our constructions are fairly simple,

involving just one or two nodes, and the results are stated in Theorem 41}

Theorem 41. There is a linear lower bound on the parameters h and 3 for testing problems

on Ising models. More specifically,

o There exists a constant ¢ > 0 such that, for alle <1 and B > 0, any algorithm, given
sample access to an Ising model p, which distinguishes between the cases p € Z and

dsk1(p,Z) > € with probability at least 99/100 requires k > ¢ /e samples.

e There exists constants c1,co > 0 such that, for all e < 1 and B > cilog(1/e), any
algorithm, given a description of an Ising model q with no external field (i.e., h =0)
and has sample access to an Ising model p, and which distinguishes between the cases

p = q and dski(p, q) > € with probability at least 99/100 requires k > cof3 /e samples.

e There exists constants c1,co > 0 such that, for all e < 1 and h > ci1log(1/e), any
algorithm, given a description of an Ising model q with no edge potentials(i.e., 5 =0)
and has sample access to an Ising model p, and which distinguishes between the cases

p = q and dski(p,q) > € with probability at least 99/100 requires k > coh/e samples.

The construction and analysis appears in Section
This lower bound shows that the dependence on § parameters by our algorithms cannot
be avoided in general, though it may be sidestepped in certain cases. Notably, we show that

testing independence of a forest-structured Ising model under no external field can be done

using O (g) samples (Theorem .
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4.9.3 Proofs
4.9.3.1 Proof of Theorem [39

This proof will follow via an application of Le Cam’s two-point method. More specifically,

we will consider two classes of distributions P and Q such that:

1. P consists of a single distribution p £ U,,;

2. Q consists of a family of distributions such that for all distributions ¢ € Q, dskr.(p, q) >

&

3. There exists some constant ¢ > 0 such that any algorithm which distinguishes p from
a uniformly random distribution ¢ € Q with probability > 2/3 requires > c¢y/n/e

samples.

The third point will be proven by showing that, with k& < c¢y/n/e samples, the following
two processes have miniscule total variation distance, and thus no algorithm can distinguish

them:

e The process p®*, which draws k samples from p;

e The process ¢®*, which selects ¢ from Q uniformly at random, and then draws k

samples from gq.

We will let pl@k be the process p®* restricted to the ith coordinate of the random vectors
sampled, and g°* is defined similarly.

We proceed with a description of our construction. Let § = \/m As mentioned
before, P consists of the single distribution p £ U, the Ising model on n nodes with 0
potentials on every node and edge. Let M be the set of all 2" vectors in the set {+4}". For
each M = (M, ..., M,) € M, we define a corresponding ¢y € Q where the node potential

M; is placed on node 1.
Proposition 11. For each q € Q, dskr(q,U,) > €.

Proof. Recall that
dski(q,Un) = Z d tanh(9).
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Note that tanh(§) > 26/3 for all § < 1, which can be shown using a Taylor expansion.

Therefore

dsxr(q,Uy) >n-6-26/3 =2n6*/3 = €.

The goal is to upper bound dry(p®*, ). Our approach will start with manipulations

similar to the following lemma from [AD15].

Lemma 36. For any two distributions p and q,

2d3 (p, q) < dxr(q,p) < log E, L%} _

The first inequality is Pinsker’s, and the second is Jensen’s.

Similarly:

~®k
q = q
2y (P, 7%) < dir (7%, %) = i (@, pF*) < mlog Byer [H |
1

The first inequality is Pinsker’s, and the last inequality is Jensen’s. The equality in the
middle is the chain rule for KL divergence — this is because p?k and cj?k are independent

over coordinates.

We proceed to bound the right-hand side. To simplify notation, let p, = €°/(e® + e7°)
be the probability that a node with parameter J takes the value 1. Note that a node with
parameter —¢ takes the value 1 with probability 1 — p,. We will perform a sum over all

realizations k; for the number of times that node 1 is observed to be 1.
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(572
Lk

= T2 (1) (0P P 20,19
k k K

= Fr S ()2 T 3 () e pot)

where the second equality uses the fact that cj{‘@k chooses the Ising model with parameter on
node 1 being § and —§ each with probability 1/2. Using the identity 221:0 (,fl)aklbk*kl =
(a + b)* gives that

Gl _ 4
q

2k k
S| = e —p)) + 5 (2 +1-2p)"
Py

Substituting in the value for p, and applying hyperbolic trigenometric identities, the above

expression simplifies to

<(sech2(6))k +(1+ tanh2(6>)k)
1+ (;C) &t
= 1+ (S) %

where the inequality follows by a Taylor expansion.

N | —

IN

This gives us that

2 92 9
2d3+ (p®*, %) < nlog <1 + (k> gi) < Ok’e .

2 ) 4n? 4dn

If k < 0.9-y/n/e, then d (p®*, %) < 49/50 and thus no algorithm can distinguish between
the two with probability > 99/100. This completes the proof of Theorem .
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4.9.3.2 Proof of Theorem

This lower bound similarly applies Le Cam’s two-point method, as described in the previous
section. We proceed with a description of our construction. Assume that n is even. As
before, P consists of the single distribution p £ U, the Ising model on n nodes with 0
potentials on every node and edge. Let M denote the set of all (n — 1)!! perfect matchings
on the clique on n nodes. Each M € M defines a corresponding q,; € O, where the potential
0= \/ﬁ is placed on each edge present in the graph.

The following proposition follows similarly to Proposition [11]
Proposition 12. For each q € Q, dskr.(q,Uy,) > €.

The goal is to upper bound drv(p®*, g®%). We apply Lemma 36| to 2d% (p®*, g®*%) and
focus on the quantity inside the logarithm. Let X® & {£1}" represent the realization of the
ith sample and X,, € {&-1}* represent the realization of the k samples on node u. Let H(.,.)
represent the Hamming distance between two vectors, and for sets S; and Sy, let S = S1W.S,
be the very commonly used multiset addition operation (i.e., combine all the elements from
S1 and Sy, keeping duplicates). Let My be the perfect matching with edges (2 — 1,2i) for
all 7 € [n/2].

. [q] _ oy @y

ok @k
p X=(XM) .. X&) p (X)

=2t Y (@)Y
X=(xM),. X&)
We can expand the inner probability as follows. Given a randomly selected perfect matching,
we can break the probability of a realization X into a product over the edges. By examining
the PMF of the Ising model, if the two endpoints of a given edge agree, the probability is
multiplied by a factor of <2(e%5@—5)) , and if they disagree, a factor of <2(e%2_5)> . Since (given
a matching) the samples are independent, we take the product of this over all k£ samples. We

average this quantity using a uniformly random choice of perfect matching. Writing these
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ideas mathematically, the expression above is equal to

1(x{=x) o0 1(xP#x )
nk
2 S (e S TG (5o )

X=(XD ... X&) " MeM (uw)eM i=1
. 2
— 2nk Z Z H e&(k—H(Xu,Xv))e—&H(Xu,XU)
(n—1N 65 +e79)
X=(XM .., x®) MeM (upw)eM

2

e nk
eé+e—‘5> 2 (n—1” 2 ]I ew-20m(x. X))

X=(XM .. X&) MeM (uw)eM

X&)y \MeM (u,v)eM

-----

e nh 1
o0 + 65) (n— 1) Z Z H exp(—20H (X,, X))

X=(XW) ... X*K)) M1, M2€M (u,v)€ M1 &Mo

(
:<€5j5€5)nk (n—ll)!!2 3 S I exp(-20H(X,, X))
(

At this point, we note that if we fix the matching M;, summing over all perfect matchings
M, gives the same value irrespective of the value of M;. Therefore, we multiply by a factor

of (n — 1)!! and fix the choice of M; to be M,.

el nk
(€5+65> 0 > [T exp(-26H(X,, X))

MeM x=(xM) . X®) (u,v)e MowM

-----

- (e‘sfe‘;)nk n— 1) SAD. I e (—26H (X, X))

MeM \ x() (u,v)eMowWM

We observe that multiset union of two perfect matchings will form a collection of even
length cycles (if they contain the same edge, this forms a 2-cycle), and this can be rewritten

as follows.
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<e5fe—5>nk n— 1 Z Z H H exp (—20H (XM, XV))

MeM \ x() cyclesC (u,v)eC
eMowM

ed nk
B (e5+e5) )M Z H Z H exp (—26H (XM, XV)) (4.49)

MeM \ cycles C X(l) u,v)eC
eMowM

We now simplify this using a counting argument over the possible realizations of X 1)

when restricted to edges in cycle C'. Start by noting that

n/2

IS (60 ()

(1) (u,w)eC =0

This follows by counting the number of possible ways to achieve a particular Hamming
distance over the cycle. The |C| — 1 (rather than |C|) and the grouping of consecutive
binomial coefficients arises as we lose one “degree of freedom” due to examining a cycle,

which fixes the Hamming distance to be even. Now, we apply Pascal’s rule and can see
n/2 n/2
-1 ¢ -1 \C |
2 =2
2 () + (% > (;
This is twice the sum over the even terms in the binomial expansion of (1+¢e729)I¢l. The odd

terms may be eliminated by adding (1 — e=2°)/¢!, and thus {} is equal to the following.
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k

66 nk
() ot [ T e

" MeM \ cycles C

eMowM
k
0 nk 1 e 4t IC] e _ =9 IC]
:(6 6) HZ H( 5 ) 1+(5 5)
e +e (n—1)!! ricu \ eveles © e e +e
eMow M
k
|| I <1+tanh|c|(5)) (4.50)
cycles C'
eMowM

where the expectation is from choosing a uniformly random perfect matching M € M. At

this point, it remains only to bound Equation (4.50]). Noting that for all x > 0 and t > 1,
1+ tanh'(d) < 1+ 6" <exp (&'),

we can bound (4.50) as

k k
E H <1 + tanh|C|(5)> <E H exp (5‘C|)
cycles C cycles C
eMowM eMowM

For our purposes, it turns out that the 2-cycles will be the dominating factor, and we use
the following crude upper bound. Let ( be a random variable representing the number of

2-cycles in My W M, i.e., the number of edges shared by both perfect matchings.

k
k
E H exp (5|C|) =E H exp (5‘C|) exp (52Ck) < exp (54 -n/4- k:) E [exp (52Ck)] ,
s s

IC|=4

where in the last inequality, we used the facts that §!°! is maximized for |C| > 4 when

|C| = 4, and that there are at most n/4 cycles of length at least 4.
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We examine the distribution of (. Note that

n 1 n
E[dzi'n—IZQ(n—l)'

More generally, for any positive integer z < n/2,

n—2z+42 1 n—2z+2
E(-(z-1[¢=2z-1]= : = :
2 n—2z+1 2(n—2z+1)
By Markov’s inequality,
n—2z42
Pr|C > >z—1|=Pri[(—(z2—1)>1|(>z—1| < ——.
Therefore,
=242
> P > > — 1 <
Pri¢ > 2] H rl¢ =g > _1212(71—22—1—1
In particular, note that for all z < n/2,
Pr(¢ > 2] < (2/3)".
We return to considering the expectation above:
n/2
[exp 52Ck: Z Pr[¢ = z]exp (522kr)
n/2
< Z Pr[¢ > z]exp (6°2k)
z=0
3 n/2
< 5 Z(2/3)Z exp (6°zk)
n/2
== Z exp ((6°k — log(3/2))z)
3 1

< 2.
— 2 1—exp(d%k —log(3/2))’

where the last inequality requires that exp (6°k —log(3/2)) < 1. This is true as long as
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k < log(3/2)/6% = &8/ . n.

Combining Lemma [36] with the above derivation, we have that

o)
2(1 — exp (62k —log(3/2)))
3
31— exp (% 1og<3/2>>>)

2d3y (p™*, ¢*") <log (exp(54nk/4) :

= 0'nk/4 + log (

2

3
- Ek + log (2(1 — exp (3ke/n — log(3/2)))) ‘

If k< -2, then dry(p®*, ¢®%) < 49/50 and thus no algorithm can distinguish between the
two cases with probability > 99/100. This completes the proof of Theorem

4.9.3.3 Proof of Theorem [41]

We provide constructions for our lower bounds of Theorem [41| which show that a dependence

on [ is necessary in certain cases.

Lemma 37. There exists a constant ¢ > 0 such that, for alle <1 and 8 > 0, any algorithm,
giwen sample access to an Ising model p, which distinguishes between the cases p € I and

dskL(p,Z) > € with probability at least 99/100 requires k > c¢f3/e samples.
Proof. Consider the following two models, which share some parameter 7 > 0:
1. An Ising model p on two nodes u and v, where 6 = 6 = 7 and 0,, = 0.

2. An Ising model ¢ on two nodes v and v, where §1 = 01 = 7 and 6,, = .

We note that E[XPX?] = iiggiiggiigg Zig;iﬁig g and E[X9X?] = tanh®(7). By ,
these two models have dski,(p, ¢) = 5 (E[X?XP] — E[X2X4]). For any for any fixed § suffi-
ciently large and ¢ > 0 sufficiently small, 7 can be chosen to make E[XTX}] - E[X{X{] = 3.
This is because at 7 = 0, this is equal to tanh(f) and for 7 — oo, this approaches 0, so by
continuity, there must be a 7 which causes the expression to equal this value. Therefore, the
SKL distance between these two models is €. On the other hand, it is not hard to see that
drv(p,q) = © (E[XPXP] — E[XIX{]) = ©(¢/f), and therefore, to distinguish these models,

we require §2(f/¢) samples. O
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Lemma 38. There exists constants cy,co > 0 such that, for all e < 1 and 8 > c1log(1/e),
any algorithm, given a description of an Ising model q with no external field (i.e., h = 0)
and has sample access to an Ising model p, and which distinguishes between the cases p = q

and dsk1,(p, q) > € with probability at least 99/100 requires k > co3/e samples.

Proof. This construction is very similar to that of Lemma [37, Consider the following two

models, which share some parameter 7 > 0:
1. An Ising model p on two nodes u and v, where 62, = .
2. An Ising model ¢ on two nodes u and v, where 62 = — 7.

We note that E[X?X?] = tanh(8) and E[X!X? = tanh(8 — 7). By (4.2)), these two
models have dgsk(p,q) = 7 (E[XPXP] — E[X9X9]). Observe that at 7 = f, dskr(p,q) =
Btanh(B), and at 7 = 3/2, dski(p,q) = g(tanh(ﬁ) — tanh(5/2)) = g(tanh(ﬁ/Q) sech(B)) <
pexp(—p) < e, where the last inequality is based on our condition that /3 is sufficiently large.
By continuity, there exists some 7 € [3/2, 8] such that dsk(p,q) = €. On the other hand,
it is not hard to see that drv(p,q) = © (E[X?X?] — E[X1X?]) = O(¢/f), and therefore, to
distinguish these models, we require Q(/3/¢) samples. m

The lower bound construction and analysis for the h lower bound follow almost identically,

with the model ¢ consisting of a single node with parameter h.

Lemma 39. There ezists constants cy,co > 0 such that, for alle < 1 and h > ¢;log(1/e),
any algorithm, given a description of an Ising model q with no edge potentials(i.e., 5 = 0)
and has sample access to an Ising model p, and which distinguishes between the cases p = q

and dskr(p, q) > € with probability at least 99/100 requires k > cah/e samples.

Together, Lemmas [37], 38 and [39 imply Theorem

4.10 Weak Learning of Rademachers

In this section, we examine the concept of “weakly learning” Rademacher random variables.

This problem we study is classical, but our regime of study and goals are slightly different.
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Suppose we have k samples from a random variable, promised to either be Rademacher(1/2+
A) or Rademacher(1/2 — \), for some 0 < A < 1/2. How many samples do we need to tell
which case we are in? If we wish to be correct with probability (say) > 2/3, it is folklore that
k = ©(1/A?) samples are both necessary and sufficient. In our weak learning setting, we focus
on the regime where we are sample limited (say, when A is very small), and we are unable
to gain a constant benefit over randomly guessing. More precisely, we have a budget of k
samples from some Rademacher(p) random variable, and we want to guess whether p > 1/2
or p < 1/2. The “margin” A\ = |[p — 1/2| may not be precisely known, but we still wish to
obtain the maximum possible advantage over randomly guessing, which gives us probability
of success equal to 1/2. We show that with any k& < 1/4)\? samples, we can obtain success
probability 1/2 + Q(Av/k). This smoothly interpolates within the “low sample” regime, up
to the point where & = ©(1/)\?) and folklore results also guarantee a constant probability
of success. We note that in this low sample regime, standard concentration bounds like
Chebyshev and Chernoff give trivial guarantees, and our techniques require a more careful
examination of the Binomial PMF.

We go on to examine the same problem under alternate centerings — where we are trying to
determine whether p > p or p < pu, generalizing the previous case where 1 = 1/2. We provide
a simple “recentering” based reduction to the previous case, showing that the same upper
bound holds for all values of u. We note that our reduction holds even when the centering
i is not explicitly known, and we only have limited sample access to Rademacher ().

We start by proving the following lemma, where we wish to determine the direction of

bias with respect to a zero-mean Rademacher random variable.

Lemma 40. Let Xy,..., X} be i.i.d. random variables, distributed as Rademacher(p) for
any p € [0,1]. There exists an algorithm which takes X, ..., Xy as input and outputs a value
b € {£1}, with the following quarantees: there exists constants cy,co > 0 such that for any
p# 3,
Pr (5 = sign () > Lta AWk ifk<
% + ¢ otherwise,

where A =p — % Ifp= %, then b ~ Rademacher (%)
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Proof. The algorithm is as follows: let S = Zle X;. If S # 0, then output b = sign(5),
otherwise output b ~ Rademacher (%)

The p = 1/2 case is trivial, as the sum S is symmetric about 0. We consider the case
where A > 0 (the negative case follows by symmetry) and when k is even (odd k can be
handled similarly). As the case where k& > & is well known (see Lemma , we focus on
the former case, where A < ﬁ By rescaling and shifting the variables, this is equivalent to
lower bounding Pr (Bz’nomial (k, % + )\) > g) By a symmetry argument, this is equal to

1 1 1
3 + drv (Bz'nomz'al (k, 3 )\) , Binomial (k;, 5 + )\)) )

It remains to show this total variation distance is Q(AV/k).

1 1
drv (Binomial (k‘, 3~ A) , Binomial (k, 3 + A))

1 1
> drv <Bin0mml (k, 5) , Binomial (k, 3 + A))
1/24
> min / Pr (Binomial (k — 1,u) =1 —1)du (4.51)
CE{[/2),0Th/2+kNT} 1 o
> Mk - Pr (Binomial (k —1,1/2 4+ \) = k/2)

_ M- (’“k;;) (% + >\> m (% - )\> -
> QAE) - % (1 + %)m (1 — %>k/2 (4.52)

- QAVE) - (1 - %)m

1/2
> QAWVE) - exp (—1/2) (1 - %) (4.53)

= QWE),

as desired.
(4.51)) applies Proposition 2.3 of [AJ06]. (4.52) is by an application of Stirling’s approxi-
. . . . . c\k c\¢

mation and since \ < ﬁ 4.53)) is by the inequality (1 — E) > (1 — E) exp(—c). O

We now develop a corollary allowing us to instead consider comparisons with respect to
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different centerings.

Corollary 12. Let Xy,..., Xy be i.i.d. random variables, distributed as Rademacher(p) for
any p € [0,1]. There exists an algorithm which takes X, ..., Xy and q € [0,1] as input and
outputs a value b € {1}, with the following guarantees: there exists constants ¢y, cy > 0

such that for any p # q,

Pr (b = sign () > LtaAWVE ifk<

% + ¢ otherwise,

where A = P4, If p = q, then b ~ Rademacher (%)
This algorithm works even if only given k i.i.d. samples Yi,...,Yy ~ Rademacher(q),

rather than the value of q.

Proof. Let X ~ Rademacher(p) and Y ~ Rademacher(q). Consider the random variable Z
defined as follows. First, sample X and Y. If X # Y, output % (X —Y). Otherwise, output a
random variable sampled as Rademacher (%) One can see that Z ~ Rademacher (% + ’%).

Our algorithm can generate k i.i.d. samples Z; ~ Rademacher (% + 1%) in this method
using X;’s and Y;’s, where Y;’s are either provided as input to the algorithm or generated
according to Rademacher(q). At this point, we provide the Z;’s as input to the algorithm of
Lemma [40] By examining the guarantees of Lemma this implies the desired result. [

4.11 KL Learning of Ising Models: An Attempt

One approach to testing problems is by learning the distribution which we wish to test. If the
distance of interest is the total variation distance, then a common approach to learning is a
cover-based method. One first creates a set of hypothesis distributions H which O(e)-covers
the space. Then by drawing k& = O(log |H|/<?) samples from p, we can output a distribution
from H with the guarantee that it is at most O(e)-far from p. The algorithm works by
computing a score based on the samples for each of the distributions in the hypothesis class

and then choosing the one with the maximum score.
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However, it is not clear if this approach would work for testing in KL-divergence (an
easier problem than testing in SKIL-divergence) because KL-divergence does not satisfy the
triangle inequality. In particular, if p and ¢ are far, and we learn a distribution p which is
close to p, we no longer have the guarantee that p and ¢ are still far. Even if this issue were
somehow resolved, the best known sample complexity for learning follows from the maximum

likelihood algorithm. We state the guarantees provided by Theorem 17 of [FOSO0S|.

Theorem 42 (Theorem 17 from [FOS08|). Let b,a,e > 0 such that a < b. Let Q be a set
of hypothesis distributions for some distribution p over the space X such that at least one
q* € Q is such that dky,(p||q*) < e. Suppose also that a < q(x) < b for all ¢ € Q and for all
x such that p(x) > 0. Then running the mazimum likelihood algorithm on Q using a set S
of i.i.d. samples from p, where |S| = k, outputs a ¢ML € Q such that dky,(p||¢ML) < 4e with
probability 1 — & where

_9ke?
5 < (1O + 1) exp (ﬁ)

To succeed with probability at least 2/3, we need that

< log (3(19] + 1)) log® (2)
= 262

For the Ising model, a KL-cover Q would consist of creating a poly(n/e) mesh for each
parameter. Since there are O(n?®) parameters, the cover will have a size of poly(n/e)" .
Letting 5 and h denote the maximum edge and node parameter (respectively), then the
ratio b/a in the above theorem is such that

g > exp (O(n*f + nh)).

Therefore, the number of samples required by this approach would be

e2

_5 <n652 —I—n4h2>

e2

k=0 <n2 log (g) (n26 + nh)2>
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which is more expensive than our baseline, the localization algorithm of Theorem 22, Addi-
tionally, this algorithm is computationally inefficient, as it involves iterating over all hypothe-
ses in the exponentially large set Q. To summarize, there are a number of issues preventing

a learning-based approach from giving an efficient tester.
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Chapter 5

Private Distribution Testing and

Property Estimation

5.1 Introduction

In several modern fields of research and application, we often wish to perform statistical
inference on data which contains sensitive information about individuals. For example,
in medical studies, where the data may contain individuals’ health records and whether
they carry some disease which bears a social stigma. Alternatively, one can consider a map
application which suggests routes based on aggregate positions of individuals, which contains
delicate information including users’ residence data. It may thus be crucial to guarantee that
operating on the samples needed to test a statistical hypothesis protects sensitive information
about the samples. This does not preclude our overall goals of statistical analysis, as we are
trying to infer properties of the population p, and not the samples which are drawn from
said population.

That said, without careful experimental design, published statistical findings may be
prone to leaking sensitive information about the sample. As a notable example, it was
recently shown that one can determine the identity of some individuals who participated in
genome-wide association studies [HSR08]. This realization has motivated a surge of interest
in developing data sharing techniques with an explicit focus on maintaining privacy of the

data [JS13| [USF13, YESU14| [SSB16].
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Privacy-preserving computation has enjoyed significant study in a number of fields, in-
cluding statistics and almost every branch of computer science, including cryptography;,
machine learning, algorithms, and database theory — see, e.g., [Dal77, [AW89, [AAQ1, [DNO3],
Dwo08|, DR14] and references therein. Perhaps the most celebrated notion of privacy, pro-
posed by theoretical computer scientists, is differential privacy [DMNSO06]. Informally, an
algorithm is differentially private if its outputs on neighboring datasets (differing in a sin-
gle element) are statistically close (for a more precise definition, see Section [5.2)). Dif-
ferential privacy has become the standard for theoretically-sound data privacy, leading to
its adoption by several organizations, including Google, Apple, and the US Census Bu-
reau [EPK14, Dif17, IDLS™17].

In this chapter, our goal is to provide algorithms for various statistical tasks such as
distribution testing and property estimation with the additional constraint of differential

privacy. In particular, we wish for our algorithms to simultaneously provide:

e Correctness: With high probability, the algorithm should should be accurate;

e Privacy: The algorithm should be differentially private, for any dataset which it is
provided.

Notice that the correctness constraint is the standard one which we have considered so far,
but the privacy constraint is considered in addition. We emphasize that the privacy con-
straint is worst-case: no matter how the samples were generated (e.g., if our distributional
assumptions were wrong, if the input is some very unlikely set of samples, or even if the
dataset is entirely adversarially generated), we must guarantee privacy. The pertinent ques-
tion is how much the requirement of privacy increases the number of samples that are needed
to guarantee correctness. We introduce the study of several problems in this setting, includ-
ing identity testing, and estimation of entropy, support coverage, support size, and distance

to uniformity:.

5.1.1 Results, Techniques, and Discussion

In this section, we overview our results and the methods used to obtain them. Since the

techniques are somewhat different, we discuss our results on identity testing in Section|5.1.1.1}
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and on the estimation of other properties in Section [5.1.1.2

5.1.1.1 Identity Testing

As we have already established, in the absence of privacy constraints, the sample complexity
of identity testing is © (g—f) Our main theoretical result is the following upper bound on

the sample complexity of private identity testing:

Theorem 43. There exists an e-differentially private algorithm for the («, b, Bu)-identity

testing problem for q, distinguishing the cases:
® p=4q;
e drv(p,q) > e

The algorithm uses O ((% - —V"log”> . 10g(1/6)> samples, where f = min (B, fi).

albe

Theorem [43]is proved in Section [5.3.3] Algorithm [13] achieves the desired bound. Notice
that privacy comes for free when the privacy requirement ¢ is Q(y/a) — for example when
e = 10% and the required statistical accuracy is 3%.

The precise constants sitting in the O(+) notation of the sample complexity of Theorem
are given in the proof. We experimentally verify the sample efficiency of our tests by compar-
ing them to recently proposed private statistical tests [GLRV16, [KR17|, discussed in more
detail shortly. Fixing a differential privacy and type I, type II error constraints, we compare
how many samples are required by our and their methods to distinguish between hypotheses
that are @ = 0.1 apart in total variation distance. We find that different algorithms are more
efficient depending on the regime and properties desired by the analyst. Our experiments
and further discussion of the tradeoffs are presented in Section [5.5.1]

A standard approach to turn an algorithm differentially private is to use repetition. As
already mentioned above, absent differential privacy constraints, statistical tests have been
provided that use an optimal m = O(\é—? - log %) number of samples. A trivial way to get
(¢, 0)-differential privacy using such a non-private test is to create O(1/e) datasets, each
comprising m samples from p, and run the non-private test on one of these datasets, chosen

randomly. It is clear that changing the value of a single element in the combined dataset
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may only affect the output of the test with probability at most . Thus the output is (¢, 0)-
differentially private; see Section for a proof. The issue with this approach is that the
total number of samples that it draws is m/e = O(Xs - log %), which is higher than our

EQ
target. See Corollary [13]

A different approach towards private hypothesis testing is to look deeper into the non-
private tests and try to “privatize” them. The most sample-efficient tests are variations of
the classical x*-test. They compute the number of times, N;, that element i € [n] appears
in the sample and aggregate those counts using a statistic that equals, or is close to, the
y2-divergence between the empirical distribution defined by these counts and the hypothesis
distribution ¢q. They accept ¢ if the statistic is low and reject q if it is high, using some
threshold.

A reasonable approach to privatize such a test is to add noise, e.g. Laplace(1/¢) noise, to
each count N;, before running the test. It is well known that adding Laplace(1/¢) noise to a
set of counts makes them differentially private, see Theorem [48] However, it also increases
the variance of the statistic. This has been noticed empirically in recent work of [GLRV16]
for the y2-test. We show that the variance of the optimal y2-style test statistic significantly
increases if we add Laplace noise to the counts, in Section [5.3.2.1], thus increasing the sample
complexity from O(y/n) to Q(n3/*). So this route, too, seems problematic.

A last approach towards designing differentially private tests is to exploit the distance
beween the null and the alternative hypotheses. A correct test should accept the null with
probability close to 1, and reject an alternative that is a-far from the null with probability
close to 1, but there are no requirements for correctness when the alternative is very close
to the null. We could thus try to interpolate smoothly between datasets that we expect to
see when sampling the null and datasets that we expect to see when sampling an alternative
that is far from the null. Rather than outputting “accept” or “reject” by merely thresholding
our statistic, we would like to tune the probability that we output “reject” based on the value
of our statistic, and make it so that the ‘“reject” probability is e-Lipschitz as a function of
the dataset. Moreover, the probability should be close to 0 on datasets that we expect to
see under the null and close to 1 on datasets that we expect to see under an alternative that

is a-far. As we show in Section [5.3.2.2) x2-style statistics have high sensitivity, requiring
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w(y/n) samples to be made appropriately Lipschitz.
While both the approach of adding noise to the counts, and that of turning the output
of the test Lipschitz fail in isolation, our test actually goes through by intricately combining

these two approaches. It has two steps:

1. A filtering step, whose goal is to “reject” when p is blatantly far from ¢. This step is
performed by comparing the counts N; with their expectations under ¢, after having
added Laplace(1/¢) noise to these counts. If the noisy counts deviate from their ex-
pectation, taking into account the extra variance introduced by the noise, then we can

safely “reject.” Moreover, because noise was added, this step is differentially private.

2. If the filtering step fails to reject, we perform a statistical step. This step just computes
the x%style statistic from [ADKI5|, without adding noise to the counts. The crucial
observation is that if the filtering step does not reject, then the statistic is actually
e-Lipschitz with respect to the counts, and thus the value of the statistic is still differ-
entially private. We use the value of the statistic to determine the bias of a coin that

outputs “reject.”

Details of our test are given in Section [5.3.3]

5.1.1.2 Property Estimation

Results. Our main results show that we can privately estimate many properties of interest
at a very low cost. In particular, we focus on estimation of entropy, support size, support
coverage, and distance to uniformity. For example, if one wishes to privately estimate en-
tropy, this incurs an additional additive cost in the sample complexity which is very close to
linear in 1/ae. We draw attention to two features of this bound. First, this is independent
of n. All the problems we consider have complexity ©(n/logn), so in the primary regime
of study where n > 1/ag, this small additive cost is dwarfed by the inherent sample com-
plexity of the non-private problem. Second, the bound is almost linear in 1/ae. We note
that performing even the most basic statistical task privately, estimating the bias of a coin,
incurs this linear dependence. Surprisingly, we show that much more sophisticated inference

tasks can be privatized at almost no cost. In particular, these properties imply that the
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additive cost of privacy is o(1) in the most studied regime where the support size is large.
In general, this is not true — for many other problems, including distribution estimation and
hypothesis testing, the additional cost of privacy depends significantly on the support size or
dimension [DHST5] [CDK17, [ASZ17, [ADR18]. We also provide lower bounds, showing that
our upper bounds are almost tight.

More formally, our results are as follows:

Theorem 44. The sample complexity of support coverage estimation is

(

19, (klog(l/a) + klog(l/a)) , when k > ocie

log k log(2+-<k)
C(Sk,a,€) = O(ﬁ—l—é), whenégkgé
O(/{;Q—l—f). whenkgé
\
Furthermore,

log(1 1
C(Sp, a,e) = Q M+_ _
log k ac

Theorem 45. The sample complexity of support size estimation is

(

O <nlog2(1/a) n nlog2(1/a)) . whenn > é

logn log(2+-en)
C(S,a,e) = O (nlog(1/a) + L), when =+ <n < —
\O(nlogn—i—%). when n < X
Furthermore,
Q<M+A> when n > 1
C(S,a,e) = o h .
Q(nlogn—l-g)- whennéi

Theorem 46. Let A > 0 be any small fived constant. For instance, A can be chosen to be any
constant between 0.01 and 1. We have the following upper bounds on the sample complexity

of estimating distance to uniformity:

1
Cllp = Un|ly,,2) = O (ﬁ N )

a?  ae
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and L
n 1\'"
Cllp —Up|1,,6) =0 | —— — .
(Ip = a1, o €) ()\2042 logn * (ae) >
Furthermore,

n n1/2

nt/3 1
a?logn ez T asan 04_8) '

Ol = Unllss ) —ﬂ(

Theorem 47. Let A > 0 be any small fixed constant. For instance, A can be chosen to be any
constant between 0.01 and 1. We have the following upper bounds on the sample complexity

of entropy estimation:

C(H a,e) = 0O <ﬁ + log”(min{n, m}) + Llog (i))

«Q o? Qe Qe

and

C(H,a,e) =0 ( K log” (min{n, m}) + (i)m> :

Aalogn a? ae

Furthermore,

2 .
C(H,a,e) =Q ( n I log®(min{n, m}) N 10gn> |

alogn a? Qe
Discussion. At a high level, we wish to emphasize the following two points:

1. Our upper bounds show that the cost of privacy in these settings is often negligible
compared to the sample complexity of the non-private statistical task, especially when
we are dealing with distributions over a large support. Furthermore, our upper bounds

are almost tight in all parameters.

2. The algorithmic complexity introduced by the requirement of privacy is minimal, con-
sisting only of a single step which noises the output of an estimator. In other words,
our methods are realizable in practice, and we demonstrate the effectiveness on several

synthetic and real-data examples.

Before we continue, we emphasize that, in Theorems [44] and [45] we consider the “sublin-

ear” regime to be of primary interest (when &k > é orn > é, respectively), both technically,
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and in terms of parameter regimes which may be of greatest interest in practice. We include
results for other regimes mostly for completeness.

First, we examine our results on support coverage and support size estimation in the
sublinear regime, when k > é (focusing on support coverage for simplicity, but support
size is similar). In this regime, if ¢ = Q(k7/k) for any constant v > 0, then up to constant
factors, our upper bound is within a constant factor of the optimal sample complexity without
privacy constratints. In other words, for most meaningful values of ¢, privacy comes for free.
In the non-sublinear regime for these problems, we provide upper and lower bounds which
match in a number of cases. We note that in this regime, the cost of privacy may not be a
lower order term — however, this regime only occurs when one requires very high accuracy,
or unreasonably large privacy, which we consider to be of somewhat lesser interest.

Next, we turn our attention to estimating distance to uniformity and entropy. We note
that the second upper bound in Theorems and has a parameter A\ that indicates a
tradeoff between the sample complexity incurred in the first and third term. This parameter
determines the degree of a polynomial to be used. As the degree becomes smaller (corre-
sponding to a large \), accuracy of the polynomial estimator decreases, however, at the same
time, low-degree polynomials have a small sensitivity, allowing us to privatize the outcome.

In terms of our theoretical results, one can think of A = 0.01. With this parameter
setting, it can be observed that our upper bounds are almost tight. For example, one can
see that the upper and lower bounds match to either logarithmic factors (when looking at
the first upper bound), or a very small polynomial factor in 1/ae (when looking at the
second upper bound). For our experimental results on entropy estimation, we empirically
determined an effective value for the parameter A on a single synthetic instance. We then

show that this choice of parameter generalizes, giving highly-accurate private estimation in

other instances, on both synthetic and real-world data.

Approach. Our approach works by choosing statistics for these tasks which possess bounded

sensitivity, which is well-known to imply privacy under the Laplace or GuassianE] mechanism.

! This intentional misspelling is dedicated to the memory of Michael B. Cohen. While we weren’t close
friends, he invariably left a strong impression on everyone whose life he touched, and I was no exception. He
is sorely missed.
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We note that bounded sensitivity of statistics is not always something that can be taken for
granted. Indeed, for many fundamental tasks, optimal algorithms for the non-private set-
ting may be highly sensitive, thus necessitating crucial modifications to obtain differential
privacy, as evidenced by our results on identity testing. Thus, careful choice and design of

statistics must be a priority when performing inference with privacy considerations.

To this end, we leverage recent results of [ADOSI17|, which studies estimators for non-
private versions of the problems we consider. The main technical work in their paper exploits
bounded sensitivity to show sharp cutoff-style concentration bounds for certain estimators,
which operate using the principle of best-polynomial approximation. They use these results
to show that a single algorithm, the Profile Maximum Likelihood (PML), can estimate all
these properties simultaneously. On the other hand, we consider the sensitivity of these
estimators for purposes of privacy — the same property is utilized by both works for very
different purposes, a connection which may be of independent interest.

We note that bounded sensitivity of a statistic may be exploited for purposes other than
privacy. For instance, by McDiarmid’s inequality, any such statistic also enjoys very sharp
concentration of measure, implying that one can boost the success probability of the test
at an additive cost which is logarithmic in the inverse of the failure probability. One may
naturally conjecture that, if a statistical task is based on a primitive which concentrates in
this sense, then it may also be privatized at a low cost. However, this is not true — estimating
a discrete distribution in ¢; distance is such a task, but the cost of privatization depends
significantly on the support size [DHST5].

One can observe that, algorithmically, our method is quite simple: compute the non-
private statistic, and add a relatively small amount of Laplace noise. The non-private statis-
tics have recently been demonstrated to be practical [OSW16, WY18]|, and the additional
cost of the Laplace mechanism is minimal. This is in contrast to several differentially private
algorithms which invoke significant overhead in the quest for privacy. Our algorithms attain
almost-optimal rates (which are optimal up to constant factors for most parameter regimes
of interest), while simultaneously operating effectively in practice, as demonstrated in our

experimental results.

Experimental Results. We demonstrate the efficacy of our method with experimen-
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tal evaluations. As a baseline, we compare with the non-private algorithms of [OSW16]|
and [WYT18|. Overall, we find that our algorithms’ performance is nearly identical, showing
that, in many cases, privacy comes (essentially) for free. We begin with an evaluation on
synthetic data. Then, inspired by [VV13, (OSWI6|, we analyze text corpus consisting of
words from Hamlet, in order to estimate the number of unique words which occur. Finally,
we investigate name frequencies in the US census data. This setting has been previously
considered by [OSW16|, but we emphasize that this is an application where private statis-
tical analysis is critical. This is proven by efforts of the US Census Bureau to incorporate

differential privacy into the 2020 US census [DLS™17].

5.1.2 Related Work

Recently, there has been significant interest in performing statistical tasks under differen-
tial privacy constraints. Several papers have addressed our original motivation of privately
performing GWASs [JS13| [USF13|, YFSUI4, [SSB16|. A number of recent works [WZ10),
Smilll WLKI15, [GLRV16, [KR17, [Rogl7] (and a work simultaneous with ours on identity
testing, focused on independence testing [KSF17]) investigate differentially private hypoth-
esis testing in the asymptotic regime. In particular, they fix a desired significance (type I
error) and privacy requirement, and study the asymptotic distribution of the test statistics.
[VS09] give some finite sample corrections required to compute valid p-values after nois-
ing. Our work on identity testing (published as [CDKI17]|) was the first to focus on private
hypothesis testing in the minimax setting. Following the publication of [CDKI7|, further
works have established tight bounds on identity and equivalence testing [ASZ17, [ADRIS].
Some have recently studied testing in the stricter local privacy model, in both the asymp-
totic setting [GR18| and the minimax setting [Shel8| [ACEFT18]. There has also been study
on private distribution learning, in both the local and the global privacy model [Smilll,
BNSV15, [DHSTS, KS16, WHWT 16, KBR16, DJW17, [KV18, [ASZ18, [KL.SU18, [YB18|. Here,
we wish to estimate parameters of the distribution, rather than just a particular prop-
erty of interest. Private supervised learning has also been a lively field of study [KLN™11)
CHI11, BBKN14, [FXT15, BNS15, BNS16a, BNS16b|. [RRSTI16| studies differential privacy

for the purpose of generating valid p-values for adaptive hypothesis testing (the general di-
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rection of privacy for adaptive data analysis has recently enjoyed a great deal of study, see,
e.g., [IDFHT15]). A number of other statistical problems have been studied with privacy
requirements, including clustering [WWS15|, IBDL*17, INS1§|, principal component analy-
sis [CSS13, [KT13|, [HP14, DTTZ14, (GGB18|, ordinary least squares [Shel7], and much more.
An interesting work which is unrelated to our goal is [GM18|, which investigates the com-
plexity of property testing whether an algorithm is differentially private. See [DR14) [Vad17]

for more general coverage about the theory of differential privacy.

5.1.3 Organization

In Section [5.2] we go over some additional preliminaries. In Sections [5.3 and [5.4] we present
our results on private identity testing and property estimation, respectively. We conclude

with experimental results in Section

5.2 Preliminaries

In this chapter, we diverge slightly from our standard notation. In particular, we use € and o
for parameters of differential privacy. We use « for the distance/accuracy parameter (rather

than the usual €), and  for the probability of failure (rather than the usual §).

Privacy Preliminaries. We have the following basic definition of differential privacy.

Definition 13. A randomized algorithm M with domain N™ is (e, 0)-differentially private if
for all S C Range(M) and for all pairs of inputs D, D" such that ||D — D'[|; < 1:

Pr[M(D) € S] < e Pr[M(D') € S] + .

If 6 = 0, the guarantee is called pure differential privacy, and we refer to it as e-differential

privacy.

We also recall the definition of zero-concentrated differential privacy from [BS16] and its

relationship to differential privacy.
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Definition 14. A randomized algorithm M with domain N" is p-zero-concentrated differ-
entially private (p-zCDP) if for all pairs of inputs D, D’ such that |D — D'||; < 1 and all
a€ (1,00):

Do (M (D)|[M(D")) < pa,

where D, is the a-Rényi divergence between the distribution of M (D) and M(D").

Proposition 13 (Propositions 1.3 and 1.4 of [BS16|). If a mechanism M satisfies (€,0)-
differential privacy, then My satisfies %-zCDP. If a mechanism My satisfies p-zCDP, then

M, satisfies (p + 2+/plog(1/9),0)-differential privacy for any 6 > 0.

Property Testing and Estimation Definitions Preliminaries.

Definition 15. An algorithm for the («, S, fu)-identity testing problem with respect to
a (known) distribution q takes m samples from an (unknown) distribution p and has the

following guarantees:
e [f p = q, then with probability at least 1 — By it outputs “p = q;”
o [fdry(p,q) > a, then with probability at least 1 — Py it outputs “p # q.”

In particular, Py and B are the type I and type II errors of the test. Parameter « is the
radius of distinguishing accuracy. Notice that, when p satisfies neither of cases above, the

algorithm’s output may be arbitrary.

Let A £ {(p(1),...,p(n)) : p(i) > 0,37 p(i) = 1,1 < n < oo} be the set of discrete
distributions over a countable support. Let A, be the set of distributions in A with at most
n non-zero probability values. A property f(p) is a mapping from A — R. We now describe
the classical distribution property estimation problem, and then state the problem under

differential privacy.

Definition 16. Given «, 3, f, and independent samples X{" from an unknown distribution p,

A~

Fxm) = )| <
f(x) —f(p)‘ > oz] < B} is

the smallest number of samples to estimate f to accuracy o, and error 3. We study the

design an estimator f : X" = R such that with probability at least 1 — j3,

. The sample complexity of f, Cf(f,a,ﬁ) 2 min{n : Pr[
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problem for B = 1/3, and by the median trick, we can boost the success probability to 1 —
with an additional multiplicative log(1/5) more samples. Therefore, focusing on 5 = 1/3,
we define Cf(f, a) = Cf(f,a, 1/3). The sample complexity of estimating a property f(p) is
the minimum sample complezity over all estimators: C(f,a) = min; C(f, @).

Given a,e,3, [, and independent samples X{* from an unknown distribution p, de-
sign an e-differentially private estimator f : X7 — R such that with probability at least
1— 8, |f(X™) = f(p)| < «. Similar to the non-private setting, the sample complexity
of e-differentially private estimation problem is C(f, o, ¢) = Min i . pp C'f(f, a,1/3), the
smallest number of samples m for which there exists such an e-DP +a estimator with error

probability at most 1/3.

We note that if an algorithm is to satisfy both the privacy and correctness conditions, the
latter condition need only be satisfied stochastically: the algorithm only needs to be accurate
with probability 1 — 3, where the probability is over the randomness of the algorithm and
the sampling process, and may only need to be accurate when the underlying distribution p
satisfies some assumptions (e.g., in the identity testing case, when either p = q or drv(p, q) >
a). On the other hand, the former privacy property must be satisfied for all realizations of
the samples from p (and in particular, for identity testing, when p does not fall into the two

cases of interest).

Tools for Private Statistical Estimation. In their original paper [DMNSQ6] provides a
scheme for differential privacy, known as the Laplace mechanism. This method adds Laplace
noise to a non-private scheme in order to make it private. We first define the sensitivity of

an estimator, and then state their result in our setting.

Definition 17. The sensitivity of an estimator f : [n]™ — R is

A A

f(xm) — f(Ylm)’ . Let Dj(a,e) = min{m : A ; < ae}.

A & max
m7f dhamming (X{nvyim)gl

Lemma 41.
: a
C(f,a,e) =0 <m;n {Cf(f, a/2) + D; (Z,€> }) :
Proof. [DMNS06] showed that for a function with sensitivity A, 7, adding Laplace noise

X ~ Lap(A,, ;/¢) makes the output e-differentially private. By the definition of D($,¢),
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the Laplace noise we add has parameter at most §. Recall that the probability density

1

function of Lap(b) is Q—be’%, hence we have Pr[|X| > a/2] < %. By the union bound, we

get an additive error larger than oo = § + § with probability at most 1/3 + e% < 0.5. Hence,

with the median trick, we can boost the error probability to 1/3, at the cost of a constant

factor in the number of samples. O
This can be specialized to the specific case where we have a set of counts of n items.

Theorem 48 (Theorem 3.6 of [DR14]). Given a set of counts Ny, ..., N,, the noised counts
(N1+Y1, ..., No+Y,) are (g,0)-differentially private when the Y;’s are i.i.d. random variables

drawn from Laplace(1/¢).

To prove sample complexity lower bounds for differentially private estimators, we observe
that the estimator can be used to test between two distributions with distinct property values,
hence is a harder problem. For lower bounds on differentially private testing, [ASZ17] gives

the following argument based on coupling;:

Lemma 42. Suppose there is a coupling between distributions p and q over X™, such that
E [dhamming (X7, Y{™)] < D. Then, any e-differentially private algorithm that distinguishes

between p and q with error probability at most 1/3 must satisfy D = ) (%)

5.3 Priv’IT: Private Identity Testing

In this section, we describe our results on private identity testing. We start in Section [5.3.1]
by describing baseline approach, based on the paradigm of subsample and aggregate. This
method is applicable to any decision problem. In Section [5.3.2] we describe roadblocks for
some natural approaches to performing private identity testing. In Section [5.3.3] we explain

how we bypass these roadblocks, and give a more efficient algorithm.

5.3.1 A Simple Upper Bound

In this section, we provide an O <ﬁ> upper bound for the differentially private identity

aze

testing problem, based on the subsample and aggregate paradigm. More generally, we show
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that if an algorithm requires a dataset of size m for a decision problem, then it can be made
(¢, 0)-differentially private at a multiplicative cost of 1/¢ in the sample size. This is a folklore

result, but we include and prove it here for completeness.

Theorem 49. Suppose there exists an algorithm for a decision problem P which succeeds
with probability at least 1 — 5 and requires a dataset of size m. Then there exists an (g,0)-
differentially private algorithm for P which succeeds with probability at least %(1 —B)+1/10

and requires a dataset of size O(m/e).

Proof. First, with probability 1/5, we flip a coin and output yes or no with equal probability.
This guarantees that we have probability at least 1/10 of either outcome, which will allow
us to satisfy the multiplicative guarantee of differential privacy.

We then draw 10/¢ datasets of size m, and solve the decision problem (non-privately) for
each of them. Finally, we select a random one of these computations and output its outcome.

The correctness follows, since we randomly choose the right answer with probability 1/10,
or with probability 4/5, we solve the problem correctly with probability 1— 3. As for privacy,
we note that, if we remove a single element of the dataset, we may only change the outcome
of one of these computations. Since we pick a random computation, this is selected with
probability £/10, and thus the probability of any outcome is additively shifted by at most
£/10. Since we know the minimum probability of any output is 1/10, this gives the desired

multiplicative guarantee required for (e, 0)-differential privacy. O

We obtain the following corollary by noting that the tester of [ADKI15| (among others)
requires O(y/n/a?) samples for identity testing.

Corollary 13. There exists an (g,0)-differentially private testing algorithm for the (o, B, Prr)-

identity testing problem for any distribution q which requires

=0 (25 10901/9))

EQ

samples, where = min (B, O).

207



5.3.2 Roadblocks to Differentially Private Identity Testing

In this section, we describe roadblocks which prevent two natural approaches to differentially

private testing from working.

In Section [5.3.2.1] we show that if one simply adds Laplace noise to the empirical counts
of a dataset (i.e., runs the Laplace mechanism of Theorem and then attempts to run an
optimal identity tester, the variance of the statistic increases dramatically, and thus results
in a much larger sample complexity, even for the case of uniformity testing. The intuition
behind this phenomenon is as follows. When performing uniformity testing in the small
sample regime (when the number of samples m is the square root of the domain size n),
we will see a (1 — o(1))n elements 0 times, O(y/n) elements 1 time, and O(1) elements 2
times. If we add Laplace(10) noise to guarantee (0.1, 0)-differential privacy, this obliterates
the signal provided by these collision statistics, and thus many more samples are required
before the signal prevails.

In Section we demonstrate that x? statistics have high sensitivity, and thus are
not naturally differentially private. In other words, if we consider a x? statistic Z on two
datasets D and D’ which differ in one record, |Z(D) — Z(D')| may be quite large. This
implies that methods such as rescaling this statistic and interpreting it as a probability, or
applying noise to the statistic, will not be differentially private until we have taken a large

number of samples.

5.3.2.1 A Laplaced y?-statistic has large variance

Proposition 14. Applying the Laplace mechanism to a dataset before applying the identity
tester of [ADKI15] results in a significant increase in the variance, even when considering the

case of uniformity. More precisely, if we consider the statistic

Z'(D) =

N; +Yi—m/n)* — (N; +V;
Z( /n)” = ( )

where N; is the number of occurrences of symbol i in the dataset D (which is of size

Poisson(m)) and Y; ~ Laplace(1/e), then
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o [f p is uniform, then E[Z'] = 522% and Var[Z'] > 20n2

R veew

e [fpis a particular distribution which is a-far in total variation distance from uniform,
then E[Z'] = 4ma? + %

The variance of the statistic can be compared to that of the unnoised statistic, which is upper

bounded by m*a*. We can see that the noised statistic has larger variance until m = Q(n%/).

Proof. First, we compute the mean of Z’. Note that since |D| ~ Poisson(m), the N;’s will

be independently distributed as Poisson(mp;) (see, i.e., [ADK15] for additional discussion).

E(Z =E[Z (N ¥i —m/n)” <Nz-+Yz->]

:E{Z (N; —m/n)* — N;

Y2+ 2Y,(N;, —m/n) =Y,
3 2 =

i€[n]

2
€

=m-X’(0,Q) + )
i€[n]

2n?

=m-x2(p,q)+%

2
m/n

In other words, the mean is a rescaling of the y? distance between p and ¢, shifted by some
constant amount. When p = ¢, the y2-distance between p and ¢ is 0, and the expectation
is just the second term. Focus on the case where n is even, and consider p such that
pi = (1 + 2a)/n if i is even, and (1 — 2a))/n otherwise. This is a-far from uniform in
total variation distance. Furthermore, by direct calculation, x?(p,q) = 4a?, and thus the
expectation of Z’ in this case is 4ma? + %

Next, we examine the variance of Z’. Let \; = mp; and X, = mq; = m/n. By a similar

computation as before, we have that

1
i€n] *
20

1
+ g(m + 2020 = 2), — 1)) + |
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Since all four summands of this expression are non-negative, we have that

20 1 20n3
! —
Var[Z] Z QZF = 54m2.
i€n] *
If we wish to use Chebyshev’s inequality to separate these two cases, we require that

Var([Z'] is at most the square of the mean separation. In other words, we require that

20n3
< m2a4,

etm? —

or that

5.3.2.2 A y’-statistic has high sensitivity

Consider the primary statistic which we use in Algorithm [I3}

1

1 (Ni —mg;)*> = N;
Z(D) = .
(D) mao? ; mg;

As shown in Section[5.3.3) E[Z] = 0 if p = ¢ and E[Z] > 1 if drv(p, ¢) > «, and the variance
of Z is such that these two cases can be separated with constant probability. A natural
approach is to truncate this statistic to the range [0, 1], interpret it as a probability and
output the result of Bernoulli(Z) —if p = ¢, the result is likely to be 0, and if drv(p, ¢) > «,
the result is likely to be 1. One might hope that this statistic is naturally private. More
specifically, we would like that the statistic Z has low sensitivity, and does not change much
if we remove a single individual. Unfortunately, this is not the case. We consider datasets
D, D', where D' is identical to D, but with one fewer occurrence of symbol 7. It can be

shown that the difference in 7 is

_ 2|N; —mg; — 1
- mla¥y

12(D) = Z(D")]
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Letting ¢ be the uniform distribution and requiring that this is at most ¢ (for the sake of

privacy), we have a constraint which is roughly of the form

m2a? —

€,

or that
m—a (Y5,

2050,

In particular, if N; = n® for any ¢ > 0, this does not achieve the desired O(y/n) sample
complexity. One may observe that, if N; is this large, looking at symbol ¢ alone is sufficient
to conclude p is not uniform, even if the count N; had Laplace noise added. Indeed, our
main algorithm of Section works in part due to our formalization and quantification of

this intuition.

5.3.3 Priv’IT: An Algorithm for Private Identity Testing
In this section, we prove our main testing upper bound:

Theorem 43. There exists an e-differentially private algorithm for the («, B, fu)-identity

testing problem for q, distinguishing the cases:
®pP=q;
o drv(p,q) = €.

al5e

The algorithm uses O ((%22 + —anogn) . log(l/ﬂ)) samples, where = min (B, Bry).

The pseudocode for this algorithm is provided in Algorithm [I3] We fix the constants
¢; = 1/4 and ¢y = 3/40. For a high-level overview of our algorithm’s approach, we refer the
reader to Section B.I.T.1l
Proof of Theorem .' We will prove the theorem for the case where § = 1/3, the general case
follows at the cost of a multiplicative log(1//3) in the sample complexity from a standard
amplification argument. To be more precise, we can consider splitting our dataset into
O(log(1/B)) sub-datasets and run the S = 1/3 test on each one independently. We return

the majority result — since each test is correct with probability > 2/3, correctness of the
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Algorithm 13 Priv’IT: A differentially private identity tester

10:

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:

1
2
3
4
5:
6
7
8
9

: Input: e; an explicit distribution ¢; sample access to a distribution p
. Define A « {i: ¢; > cia/n}, A+ [n]\ A
: Sample Y; ~ Laplace(2/coe) for all i € A
. if there exists ¢ € A such that |Y;| > 02% log (m) then
return either “p #£ ¢” or “p = ¢” with equal probability
. end if
: Draw a multiset S of Poisson(m) samples from p
: Let N; be the number of occurrences of the 7th domain element in S
: for i € A do
if |[N;+Y; —mq;| > 02% log (W) + max {4\/qu- logn, log n} then
return “p # ¢’
end if
end for N -~
7 i i Tquq) :

Let T be the closest value to Z which is contained in the interval [0, 1]
Sample b ~ Bernoulli(T)
if b =1 then
return “p # ¢”
else
return “p = ¢’
end if

overall test follows by Chernoff bound. It remains to argue privacy — note that a neighboring

dataset will only result in a single sub-dataset being changed. Since we take the majority

result, conditioning on the result of the other sub-tests, the result on this sub-dataset will

either be irrelvant to or equal to the overall output. In the former case, any test is private,

and in the latter case, we know that the individual test is e-differentially private. Overall

privacy follows by applying the law of total probability.

Y;

We require the following two claims, which give bounds on the random variables N; and

. Note that, due to the fact that we draw Poisson(m) samples, each N; ~ Poisson(mp;)

independently.

Claim 8. |Y;| < c2lelog (W) simultaneously for all i € A with probability exactly

1—C2.

Proof. The survival function of the folded Laplace distribution with parameter 2/cqe is

exp (—coex/2), and the probability that a sample from it exceeding the value 02% log (W)
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is equal to 1 — (1 — ¢)"/MI. The probability that probability that it does not exceed this
value is (1 — ¢2)"/I  and since the Y;’s are independent, the probability that none exceeds
this value is 1 — ¢y, as desired. O

Claim 9. |N;—mp;| < max {4\/mpi log n, log n} simultaneously for alli € A with probability

11

atleastl—ﬁ— =

Proof. We consider this in two cases. Let X be a Poisson(\) random variable. First, assume

that A\ > e 3log n. By Bennett’s inequality, we have the following tail bound [Pol15, [Can17]:

HWX—MzﬂszmpC§§%§D,

where

blt) = (1+t)10t§;;+t) —t'

Consider x = 4y/\logn. At this point, we have
U(a/A) = P(4y/logn/A) > ¢(4e”?) > 0.23.
Thus,

Pr [\X — Al > 4\/)\logn] < 2exp(—0.23 - 8logn)

S 27L_1'84.

Now, we focus on the other case, where A < e 3logn. Here, we appeal to Proposition 1

of [KIa00], which implies the following via Stirling’s approximation:

PrilX — Al > k) < ? ﬁ . exp(—A + kXA — kX logk).

We set kA = logn, giving the upper bound

k
- 1n1—1°gk <11-n2

We conclude by taking a union bound over [n], with the argument for each i € [n]
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depending on whether A = mp; is large or small. O]

We proceed with proving the two desiderata of this algorithm, correctness and privacy.

Correctness. We use the following two properties of the statistic Z (D), which rely on the
condition that m = Q(y/n/a?). The proofs of these properties are identical to the proofs of
Lemma 2 and 3 in [ADK15], and are omitted.

Claim 10. Ifp = q, then E[Z] = 0. If drv(p,q) > «, then E[Z] > 1.
Claim 11. Ifp = q, then Var[Z] < 1/1000. If drv(p,q) > «, then Var[Z] < 1/1000-E[Z]?.

First, we note that, by Claim [§] the probability that we return in line 5 is exactly cs.
We now consider the case where p = q. We note that by Claim [9 the probability that we
output “p # ¢” in line 10 is o(1), and thus negligible. By Chebyshev’s inequality, we get
that Z < 1/10 with probability at least 9/10, and we output “p = ¢’ with probability at
least ¢p/2 + (1 — ¢3) - (9/10 — ¢2)? > 2/3 (note that we subtract ¢y from 9/10 since we are
conditioning on an event with probability 1 — ¢y, and by union bound). Similarly, when
drv(p,q) > «, Chebyshev’s inequality gives that Z > 9/10 with probability at least 9/10,

and therefore we output “p # ¢ with probability at least 2/3.

Privacy. We will prove (0, coe/2)-differential privacy. By Claim , the probability that we
return in line 5 is exactly ¢y. Thus the minimum probability of any output of the algorithm
is at least ¢y /2, and therefore (0, coe/2)-differential privacy implies (g, 0)-differential privacy.

We first consider the possibility of rejecting in line 11. Consider two neighboring datasets
D and D', which differ by 1 in the frequency of symbol i. Coupling the randomness of the
Y;’s on these two datasets, the only case in which the output differs is when Y; is such that
the value of | N; +Y; — mg;| lies on opposite sides of the threshold for the two datasets. Since
N; differs by 1 in the two datasets, and the probability mass assigned by the PDF of Y; to
any interval of length 1 is at most cpe/4, the probability that the outputs differ is at most
c2e/4. Therefore, this step is (0, coe/4)-differentially private.

We next consider the value of Z for two neighboring datasets D and D’, where D’ has

one fewer occurrence of symbol :. We only consider the case where we have not already
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returned in line 11, as otherwise the value of Z is irrelevant for determining the output of

the algorithm.

Z(D) - Z(D'")

1 [(N;=mg)*—N;  (N;—1—mg)*>—(N; —1)

- ma? [ mg; B mg; }

1 (N — maq)* — N;  (N; —mq;)? —2(N; —mq;)) +1— N; + 1

- ma? [ mg; B mg; }
~ 2(N; —mg; — 1)

N m2ag;

Since we did not return in line 11,

4 1
|IN; — mg;| < —log (1 e )l/n) +max{4\/mqilogn,logn}

CoE
4log(n/cz)
< ——————= 4+ max {4\/mql logn, logn}
CoE
This implies that
Z(D)— Z(D")| =
2(D) = 2(0)] = ST
2 6log(n/cs)
44/ mq; 1 .
= 2l ( o + mg; logn

We will enforce that each of these terms are at most coe/8.

12log(n/cq) < e > 96 /nlog(n/cs)
m2aq;coc 8 ciey alde
2/3 1/3
8v/logn <2 s ( 64 > (nlogn)

m1.5a2\/a - C2\/0—1 ab/3¢2/3

Since both terms are at most cee/8, this step is (0, coe/4)-differentially private. Com-
bining with the previous step gives the desired (0, coe/2)-differential privacy, and thus (as

argued at the beginning of the privacy section of this proof) e-pure differential privacy. [
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5.4 INSPECTRE: Private Property Estimation

In this section, we prove our results for support coverage in Section [5.4.1 support size in
Section [5.4.2] distance to uniformity in Section [5.4.3] and entropy in Section [5.4.4] In each
section, we first describe and analyze our algorithms for the relevant problem. We then go
on to describe and analyze a lower bound construction, showing that our upper bounds are
almost tight.

All our algorithms fall into the following simple framework:
1. Compute a non-private estimate of the property;

2. Privatize this estimate by adding Laplace noise, where the parameter is determined
through analysis of the estimator and potentially computation of the estimator’s sen-
sitivity.

5.4.1 Support Coverage Estimation

In this section, we prove Theorem [44] about support coverage estimation:

Theorem 44. The sample complezity of support coverage estimation is

(

19, (klog(l/a) + klog(l/a)) ,  when k > é

log k log(2+¢k)
C(Skae) =10 (L +21), when 2 <k < L
\O(kz—l—f). whenkgi
Furthermore,
(5= (H8Ue) 1y

Our upper bound is analyzed in Section [5.4.1.1] while our lower bound is proved in
Section [£.4.1.2
5.4.1.1 Upper Bound for Support Coverage Estimation

We split the analysis into two regimes. First, we focus on the case where £ < ais, and we

prove the upper bound O (é + é) Note that the problem is identical for any o < %, since
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this corresponds to estimating the support coverage exactly, and the above bound simplifies
to O (k2 - f) The algorithm in this case is simple: since m = Q(k), we group the dataset
into m/k batches of size k. Let Y; be the number of unique symbols observed in batch j.

Our estimator is
m/k

o Lk
Sk(X{") = EZYJ
j=1

Observe that E [Y;] = Sk(p), and that Var[Y;] < k. The latter can be seen by observing
that Y is the sum of k£ negatively correlated indicator random variables, each one being
the indicator of whether that sample in the batch is the first time the symbol is observed.
This gives that Si(X!™) is an unbiased estimator of Si(p), with variance O(k?/m). By
Chebyshev’s inequality, since we want an estimate which is accurate up to +ak, this gives
us that Cg, (Sk(p),/2) = O (). Furthermore, we can see that the sensitivity of Sp(Xm) is

at most 2k/m. By Lemma there is a private algorithm for support coverage estimation

A (%) < ae.

as long as

With the above bound on sensitivity, this is true with m = O(1/ag), giving the desired
upper bound.

Now, we turn our attention to the case where k > é, and we prove the upper bound

klog(1l/a) klog(1l/c)
0 ( ligk + log(gQJrsk)

). Let ¢; be the number of symbols that appear ¢ times in X{". We

will use the following non-private support coverage estimator from [OSW16]:

m

~

SHXT) =Y @i (1= (—t)" - Pr[Z > i]),
i=1
where Z is a Poisson random variable with mean r (which is a parameter to be instantiated

later), and t = (k — m)/m.

Our private estimator of support coverage is derived by adding Laplace noise to this non-
private estimator with the appropriate noise parameter, and thus the performance of our
private estimator, is analyzed by bounding the sensitivity and the bias of this non-private

estimator according to Lemma [41]
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The sensitivity and bias of this estimator is bounded in the following lemmas.

Lemma 43. Suppose k > 2m, then the maximum coefficient of ¢; in S’k(p) 15 at most
1+ er(tfl)'

Proof. By the definition of Z, we know Pr[Z >i] =3 """, e*’"g—]!, hence we have:

. = rd
1+ (=) -Pr[Z>i]| <1+t e T —
Zzillstd S
o (rt)
<l+e™" —
o (rt)
<l+4+e™" .
=140

The bias of the estimator is bounded in Lemma 4 of [ADOS17]:

Lemma 44. Suppose k > 2m, then
]E [Sk(xm] - Sk(p)‘ <24 2¢") ¢ min(k, S(p)) - e

Using these results, letting r = log(1/«), [OSW16] showed that there is a constant C,

such that with m = C @ log(1/a)) samples, with probability at least 0.9,

~

Se(XT") _ Sk(p)

< (.
i k @

Our upper bound in Theorem [44] is derived by the following analysis of the sensitivity of

Sep(XT)
=

If we change one sample in X{", at most two of the ¢,’s change. Hence by Lemma ,
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the sensitivity of the estimator satisfies

A (@) g% (14 ety (5.1)

By Lemma [4T], there is a private algorithm for support coverage estimation as long as

A (%) < ae,

which by (5.1]) holds if
2(1 +exp(r(t —1))) < ack.

Let r = log(3/a), note that t — 1 = % — 2. Suppose ack > 2, then, the condition above
k 1
log (§> . (— — 2) < log (—aak — 1) .
o m 2

s klog(3/a)
~ log(3aek — 1) + 2log(3/a)

_ klog(3/c)
log(3ek — 3/) + log(3/a)

reduces to

This is equivalent to

Suppose ack > 2, then the condition above reduces to the requirement that

on()

5.4.1.2 Lower Bound for Support Coverage Estimation

We now prove the lower bound described in Theorem [44] Note that the first term in the
lower bound is the sample complexity of non-private support coverage estimation, shown
in [OSW16|. Therefore, we turn our attention to prove the last term in the sample complexity.

Consider the following two distributions. u; is uniform over [k(1 + «)]. ug is distributed
over k + 1 elements [k] U {A} where uy[i] = mw € [k] and us[A] = 75, Moreover,
A ¢ [k(1+ «)]. Then,
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and

hence,

= Q(ak)

Hence we know there support coverage differs by Q(ak). Moreover, their total variation

distance is $£-. The following lemma is folklore, based on the coupling interpretation of
total variation distance, and the fact that total variation distance is subadditive for product

measures.

Lemma 45. For any two distributions p, and q, there is a coupling between m i.i.d. samples

from the two distributions with an expected Hamming distance of drv(p,q) - m.

we have

Using Lemma {45 and dpy (ug, ug) =

Tra’
Lemma 46. Suppose uy and uy are as defined before, there is a coupling between ui* and

uy" with expected Hamming distance equal to 135 m.

Moreover, given m samples, we must be able to privately distinguish between u; and
ug given an « accurate estimator of support coverage with privacy considerations. Thus,

according to Lemma [42) and [46, we have:

a 1 ( 1 )
m>-=m=Q(—|.
14+« € EQ
5.4.2 Support Size Estimation

In this section, we prove our main theorem about support size estimation, Theorem
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Theorem 45. The sample complexity of support size estimation is

<nlog2(1/a) I nlog2(1/a)> . whenn > é

logn log(2+4-en)
C(S,a,e) = O (nlog(1/a) + L), when =+ <n < =
1
\O(nlogn—i—g). when n < =
Furthermore,

Q(M+L> when n > 1
C(S, ) = o .
Q(nlogn—l-?)- whennéi

Our upper bound is described and analyzed in Section [5.4.2.1] while our lower bound appears

in Section £.4.2.9]

5.4.2.1 Upper Bound for Support Size Estimation

We split the analysis into two regimes. First we consider the “sparse” case, where the
nlogg
2

3
of O ("bizg(i/ @) 4 T{;g%;gg/g)). This upper bound is less than nlozg = only when n = Q (%),

amount of data is relatively small. In particular, m < . In this case we show a bound

which is the condition for the sparse case.

Sparse case In [OSW16], it is shown that the support coverage estimator can be used to
obtain optimal results for estimating the support size of a distribution. In this fashion, taking
k = nlog(3/a), we may use an estimator of the support coverage Sk(p) as an estimator of

S(p). In particular, their result is based on the following observation.

Lemma 47. Suppose k > nlog(3/a), then for anyp € A5,

[Sk(p) — S(p)| <

an
3.
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Proof. From the definition of Si(p), we have Sx(p) < S(p). For the other side,

S(p) = Sep) =Y (1 —pa)F <Y e @

T

< n e losB/a) - %‘ 0

Therefore, estimating Si(p) for k = nlog(3/a), up to £an/3. Therefore, the goal is to

determine the smallest value of m to solve the support coverage problem for k = nlog(3/a).

Suppose r = log(3/a), and k = nlog(3/a) = n-r in the support coverage problem. Then,

we have

k nlog(3/a)

t=——1= — 1. 5.2
- (52)

m

Then, by Lemma [44]in the previous section, we have

E [S(x1)] - S@)]

< [B[Sux)] = Su(w)| + ISk(p) — S0

<2+42¢"Y L min{k,n} e + ?
< 94 96"t 4y L g los(3/e) na
= 3

<2427 4 2%.

We will find conditions on m such that the middle term above is at most na. Toward
this end, note that 2¢"*~Y < an holds if and only if 7(t — 1) < log (%) Plugging in (5.2,
this holds when

log(3/a) - (W - 2) <log ().

which is equivalent to
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nlog®(3/a) _0 nlog®(1/a)
_log%—i—Qlog%_ logn

where we have assumed without loss of generality that a > %
The computations for sensitivity are very similar. From Lemma [T}, we need to find the
value of m such that

2+ 2¢71 < aen,

where we assume that m < %n log(3/a), else we just add noise to the true number of observed
distinct elements. By computations similar to the previous case, this reduces to

nlog?(3/a)

aen

~ log %" +log 2"

Therefore, this gives us a sample complexity of

1 2
o mlog/a)

log (2 + en)
for the sensitivity result to hold.

Dense case Then let us consider the dense case when n < i The algorithm under this
case will be the following. Let W (X7") denote the set of symbols which appear in X{* and

let N, denote the number of times x appears, then our non-private estimator is

SXM =Y min{1,%}.

T€EW (XT) 3n

To analyze the performance of the algorithm, we consider two cases, the case when n <

Q=

and the case when + <n < L.
(6 ag
When n < é, we have na < 1, which means we need to know the exact support size. Our

algorithm gives correct answer when all the symbols appearing at least I+ times. For any
2

2m?2
symbol z with p(z) > 1, according to the Chernoff bound, Pr[N, < 2] < exp(—227) =

2m

exp(—5~). Let m > 18nlogn, we have Pr[NJC < %] < % Then according to the union
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bound, the probability of all the symbols appearing at least 3 is greater than 1 — %

When n > 2, this is larger than 2/3, which means our algorithm gives correct answer with

probability more than 2.

Furthermore, we can see that the sensitivity of S(X7") is at most 3n/m. By Lemma [41]

there is a private algorithm for support size estimation as long as
A (S(X;ﬂ)) <.

With the above bound on sensitivity, this is true with m = O(n/¢), giving the desired upper
bound.

Next we consider the case when é <n< é For any symbol z with p(x) > %, according
2

to the same argument, Pr[ N, < 2] < exp(—fi%) = exp(—22). When m > 9nlog(1/a), we
have Pr[ N, < 2] < o? < 0.5a if we suppose o < 0.5. Let Y (X]") £ > vesmp Uz > 301,
which is the number of symbols appearing more than £* times. We know that E[Y (XT")] >
S(p)(1 — 0.5) by linearity of expectations. Moreover, Var [Y (X]")] < 0.5a - S(p) since it

is the sum of S(p) negatively related Bernoulli random variables with bias less than 0.5a.

According to Chebyshev’s inequality,

1 1
N
4.5a8(p) — 4.5na

Pr[(1—0.50)S(p) < Y(X7") < S(p) +aS(p)] > 1

where the last inequality comes from the fact na > 1. Therefore,

Pr[(S(p) —an < Y(X]") < S(p) +an] > Pr[(1 — 0.5a)S(p) < Y(X]") < S(p) + aS(p)] >

GV )

Furthermore, we can see that the sensitivity of S (X7") is the same, which is at most
3n/m. By Lemma there is a private algorithm for support coverage estimation as long
as

A (S(X{”)) < nae.

With the above bound on sensitivity, this is true with m = O(
bound.

), giving the desired upper

L
ae
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5.4.2.2 Lower Bound for Support Size Estimation

In this section, we prove a lower bound for support size estimation, as described in Theo-
rem [45] The techniques are similar to those for support coverage in Section

First let us focus on the case when n > é, The first term of the complexity is the lower
bounds for the non-private setting, which follows by combining the lower bound of [OSW16]
for support coverage, with the equivalence between estimation of support size and coverage
as implied by Lemma [A7] We focus on the final term in the sequel.

Consider the following two distributions: w; is a uniform distribution over [n] and us is a
uniform distribution over [(1 — a)n|. Then the support size of these two distribution differs
by an, and dyy(u1,us) = a.

Hence by Lemma [45] we know the following:

Lemma 48. Suppose u; ~ U, and uy ~ U_ayn, there is a coupling between ut* and uy' with

expected Hamming distance equal to am.

Moreover, given m samples, we must be able to privately distinguish between u; and us
given an « accurate estimator of entropy with privacy considerations. Thus, according to
Lemma [42] and Lemma (48| we have:

1 1
amZ—ém:Q(—).
€ e}

Then we move to the second case when n < é Because na < 1, we need to recover the
support size exactly. The first term of the complexity is the lower bound for the non-private
setting which can be proved using a coupon collector style argument, so here we focus on
the second term.

We consider the following two distributions: u; is a uniform distribution over [n] and uy

is a uniform distribution over [n — 1]. We must distinguish between these two distributions,

for which dpv(u1,us) = % Hence, by Lemma , we have

S|3

>

m | =
\
3
I
o)

/~
|3

N—



5.4.3 Distance to Uniformity Estimation

In this section, we prove our main theorem about estimating distance to uniformity, Theo-

rem (46l

Theorem 46. Let A > 0 be any small fived constant. For instance, A can be chosen to be any
constant between 0.01 and 1. We have the following upper bounds on the sample complexity

of estimating distance to uniformity:

n 1
C(”p _Z/{nHl,Oé,E) =0 (? + a_€>

n 1 1+A
Cllp— Ul c) = O (W (1) ) |

and

Furthermore,

n n1/2 n1/3 1
Cllp =l a2y = (a2 logn Yo T oasan T E) '

We describe and analyze two upper bounds. The first is based on the empirical estimator,
and is described and analyzed in Section [5.4.3.1] The second is based on the method of
best-polynomial approximation, and appears in Section Finally, our lower bound is
in Section [5.4.3.3

5.4.3.1 Upper Bound for Estimating Distance to Uniformity: The Empirical

Estimator

Our first private distance to uniformity estimator is based on adding Laplace noise into the
empirical estimator. The parameter of the Laplace noise is dependent on the sensitivity of
the empirical estimator. By analyzing its sensitivity and bias, we prove the first upper bound

in Theorem [46]

Let p,, be the empirical distribution, and let ||p,, —U,||; be the distance to uniformity
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of the empirical distribution. The theorem is based on the following three facts:

Al =) = 0 (min{ 3. 1), (53)

n -m

Bl ~thlh] -~ Ip~ il =0 (/2. (5.4)

Var [l - 41,1 =0 ). (5.5)

With these three facts in hand, the sample complexity of the empirical estimator can be
bounded as follows. By Lemma , we need A([|pm — Un|l,) < ae, which gives m = O (%).
We also need E[||pm — Unll,] — llp — Unlli = O (a) and Var [||p,, — Uy,|l,] = O (a?), which
gives m = O (%)

Proof of (5.3). The largest change in any IV, when we change one symbol is one. Moreover,
at most two N, change. Clearly we have A(||pm — Ul|,) < 2.

Then suppose n > m, we use ¢; to denote the number of symbols which appear ¢ times.

; _ Ny (P
S
m i‘- m ; 1
:Zgbml_zg bo - —
=1 =1
=24,
n

The last equality comes from > " ¢; =n— ¢ and Y .-, ¢; - i = m.

The largest change in ¢y when we change one symbol is one. Therefore when n > m,

A(Hﬁm _unHl) S %
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Proof of (5.4).

n

2

i=1
n n

E [|pm — Un|,] = E

1
Di — —
n

< STE (5 —pill + lp — Unlh

i=1

< V- E[[i—pilla) + llp — Unlls (5.6)
1=1

n
</ = Ualls (5.7)

Equation (5.6)) comes from Cauchy-Schwarz inequality.

Proof of (5.5). We apply the bounded differences inequality in the form stated in Corollary
3.2 of [BLM13].

Lemma 49. Let f : Q™ — R be a function. Suppose further that

’

max | f(z1,...,2m) —f(zl,...,zi_l,zi,...,zm)‘ < ¢;.

Then for independent variables Z, ..., Zy,,

m

E 2
C,i-

=1

Var (f(Z1,...,Zn)) <

A~ =

By Lemma |49 and Equation ([5.3), we have

1

R 1
Var [Hpm _unHl] <m:- m2 < E
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5.4.3.2 Upper Bound for Estimating Distance to Uniformity: Best-Polynomial

Approximation

We prove an upper bound on the sample complexity if one adds Laplace noise to the best-
polynomial estimator. This will give us the second upper bound in Theorem 46 We use
the algorithm of [ADOSI7|. This estimator has the order-optimal sample complexity, but

smaller sensitivity in comparison to previous estimators.

Lemma 50 (Lemma 7 of [ADOSI7|). Let A > 0 be a fized small constant, which may be

taken to be any value between 0.01 and 1. Then there is an estimator with sample complezity

1 n
© (E . aQIOgn) ’

and has sensitivity m*/m.

We can now invoke Lemma [41] on the estimator in this lemma to obtain the second upper

bound on private entropy estimation.

5.4.3.3 Lower Bound for Estimating Distance to Uniformity

We now prove a lower bound for estimating distance to uniformity. The first term in the lower
bound of Theorem [46]comes from lower bounds for non-private estimation (see, i.e, [JTHWI0]).

Note that estimating distance to uniformity is a harder problem than uniformity testing,
which tests whether p is either uniform distribution or a-far away from it. According to the

private uniformity testing lower bound given by Theorem 13 in [ASZ17],

o n D2 3
a?logn +max a2 a3e2/3 qe

We get the lower bound part on the sample complexity in Theorem [46]

5.4.4 Entropy Estimation

In this section, we prove our main theorem about entropy estimation, Theorem [47}
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Theorem 47. Let A > 0 be any small fived constant. For instance, A can be chosen to be any
constant between 0.01 and 1. We have the following upper bounds on the sample complexity
of entropy estimation:

C(H,a,e) = O <E | log(mingn,mb) 1 (i))

o o? Qe Qe

and

B n log?(min{n, m}) 1\
C(H,Oé,€)—0(/\2alogn+ o2 + 04_5 .

Furthermore,

C(H,a,e) =Q n + logz(min{n,m}) . logn
Y alogn a2 e )

We describe and analyze two upper bounds. The first is based on the empirical entropy
estimator, and is described and analyzed in Section [5.4.4.1] The second is based on the

method of best-polynomial approximation, and appears in Section [5.4.4.2| Finally, our lower

bound is in Section [5.4.4.3]

5.4.4.1 Upper Bound for Entropy Estimation: The Empirical Estimator

Our first private entropy estimator is derived by adding Laplace noise into the empirical
estimator. The parameter of the Laplace distribution is w, where A(H (p,,)) denotes
the sensitivity of the empirical estimator. By analyzing its sensitivity and bias, we prove
an upper bound on the sample complexity for private entropy estimation and get the first
upper bound in Theorem [47]

Let p,, be the empirical distribution, and let H(p,,) be the entropy of the empirical

distribution. The theorem is based on the following three facts:

At () = 0 (). 58)

[H (p) = E[H(pn)]| = O (=), (5.9)
Var [H (py,)] = O (k)g (mi;{"’m})) . (5.10)

With these three facts in hand, the sample complexity of the empirical estimator can be
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bounded as follows. By Lemma, we need A(H (pr,)) < ae, which givesm = O (L log(L)).

We also need |H (p) — E[H(pn)]| = O (a) and Var [H(p,,)] = O (a?), which gives m =
O (g n M)

«

Proof of (5.8). The largest change in any N, when we change one symbol is one. Moreover,

at most two NV, change. Therefore,

. Jj+1 m g m
A(H(py)) <2 — = log —
() <2+ e [ o - o™
Ji 1 m
=2 =1 — log —— 5.11
e | T T m 8 (5.11)
] 1
< 2. max max< |—1lo ,J ,—logl (5.12)
j=l..m—1 m Jj+1 m Jj+1
11
<2 max{—, ogm}j
m’ m
1
—o. 8 (5.13)
m

Proof of (5.9). By the concavity of entropy function, we know that

E[H (pm)] < H (p) -
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Therefore,

_E an log )) +E > (balx) — p(z)) log p( )]
=E [dKL (Brms D) (5.14)
< E[dy (s p)] (5.15)
i (ﬁn(x) — p(CL’))2
-F Zx: p(z) ]

(p(x)/m)
< ; o) (5.16)
— % (5.17)

Proof of (5.10). The variance bound of % is given precisely in Lemma 15 of [JVHW1T].
To obtain the other half of the bound, we use Lemma [49| and Equation ({5.8])

4log® 4log?
Var [H(p,,)] Sm'( 0g m) _ 4dlog'm

m2 m

5.4.4.2 Upper Bound for Entropy Estimation: Best-Polynomial Approximation

We prove an upper bound on the sample complexity for private entropy estimation if one
adds Laplace noise into best-polynomial estimator.This will give us the second upper bound
in Theorem [47]

In the non-private setting the optimal sample complexity of estimating H (p) over A, is

given by Theorem 1 of [WY16]

@< n +10g2(min{n,m})>‘

alogn a?

However, this estimator can have a large sensitivity. [ADOS17| designed an estimator that

has the same sample complexity but a smaller sensitivity. We restate Lemma 6 of [ADOS17]
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here:

Lemma 51. Let A > 0 be a fized small constant, which may be taken to be any value between

0.01 and 1. Then there is an entropy estimator with sample complexity

o ( Lo 10g2(min{n’m})> 7

ﬁ'alogn a?

and has sensitivity m> /m.

We can now invoke Lemma |41 on the estimator in this lemma to obtain the upper bound

on private entropy estimation.

5.4.4.3 Lower Bound for Entropy Estimation

We now prove the lower bound for entropy estimation. Note that any lower bound on
privately testing two distributions p, and ¢ such that H(p) — H(q) = ©(«) is a lower bound
on estimating entropy.

We analyze the following construction for Proposition 2 of [WY16]. The two distributions

p, and g over [n] are defined as:

2 1—p(1) .

p() =200 = 2D i =2, (518)
2—1 1—gq() . .

(1) =—— )= —— " fori=2...,n (5.19)

Then, by the grouping property of entropy,
1 1+n
H(p) = h(2/3) + 5 -log(n — 1), and H(g) = h((2 = 1)/3) + — -log(n — 1),

which gives

H(p) — H(q) = Q(nlogn).

For n = a/logn, the entropy difference becomes ©(«).
The total variation distance between p and ¢ is /3. By Lemma , there is a coupling over
X7, and Y]™ generated from p and g with expected Hamming distance at most dry(p, ) - m.

This along with Lemma 42| gives a lower bound of € (logn/ae) on the sample complexity.
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5.5 Experiments

In this section, we experimentally evaluate our methods for identity testing, entropy estima-
tion, and support coverage on synthetic and real data. For identity testing, privacy seems
to be a non-negligible cost, while for the other problems, privacy is very cheap: private
estimators achieve accuracy which is comparable or near-indistinguishable to non-private
estimators in many settings. Our results on identity testing, entropy estimation, and sup-
port coverage appear in Sections [5.5.1] [5.5.2] and [5.5.3] respectively. We present supple-
mentary experimental results without discussion in Section [5.5.4] Code of our implemen-
tations are available at https://github.com/hoonose/privit|/and https://github.com/
HuanyuZhang/INSPECTRE.

5.5.1 Identity Testing

We performed an empirical evaluation of our algorithm, Priv’IT, on synthetic datasets. All
experiments were performed on a laptop computer with a 2.6 GHz Intel Core i7-6700HQ
CPU and 8 GB of RAM. Significant discussion is required to provide a full comparison with
prior work in this area, since performance of the algorithms varies depending on the regime.

We compared our algorithm with two recent algorithms for differentially private hypoth-

esis testing:
1. The Monte Carlo Goodness of fit test with Laplace noise from |[GLRV16|, MCGOF;
2. The projected Goodness of Fit test from [KR17|, zCDP-GOF.

We note that we implemented a modified version of Priv’IT, which differs from Algo-

rithm (13| in lines 14 to 21. In particular, we instead consider a statistic

(N; —mg;)* = N;
icA !

We add Laplace noise to Z, with scale parameter ©(A/e), where A is the sensitivity of
Z, which guarantees (¢/2,0)-differential privacy. Then, similar to the other algorithms, we

choose a threshold for this noised statistic such that we have the desired type I error. This
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algorithm can be analyzed to provide identical theoretical guarantees as Algorithm [I3] but

with the practical advantage that there are fewer parameters to tune.

To begin our experimental evaluation, we started with uniformity testing. Our experi-
mental setup was as follows. The algorithms were provided ¢ as the uniform distribution
over [n|. The algorithms were also provided with samples from some distribution p. This
(unknown) p was ¢ for the case p = ¢, or a distribution which we call the “Paninski con-
struction” for the case drv(p,q) > «. The Paninski construction is a distribution where half
the elements of the support have mass (1 + a)/n and half have mass (1 — a)/n. We use
this name for the construction as [Pan08| showed that this example is one of the hardest
to distinguish from uniform: one requires Q(y/n/a?) samples to (non-privately) distinguish
a random permutation of this construction from the uniform distribution. We fixed pa-
rameters € = 0.1 and a = 0.1. In addition, recall that Proposition implies that pure
differential privacy (the privacy guaranteed by Priv’IT) is stronger than zCDP (the privacy
guaranteed by zCDP-GOF). In particular, our guarantee of e-pure differential privacy implies
£2/2-zCDP. As a result, we ran zCDP-GOF with a privacy parameter of 0.005-zCDP, which is
equivalent to the amount of zCDP our algorithm provides. Our experiments were conducted
on a number of different support sizes n, ranging from 10 to 10600. For each n, we ran the
testing algorithms with increasing sample sizes m in order to discover the minimum sample
size when the type I and type II errors were both empirically below 1/3. To determine these
empirical error rates, we ran all algorithms 1000 times for each n and m, and recorded the
fraction of the time each algorithm was correct. As the other algorithms take a parameter

br as a target type I error, we input 1/3 as this parameter.

The results of our first test are provided in Figure [5-1] The x-axis indicates the support
size, and the y-axis indicates the minimum number of samples required. We plot three lines,
which demonstrate the empirical number of samples required to obtain 1/3 type I and type
IT error for the different algorithms. We can see that in this case, zCDP-GOF is the most

statistically efficient, followed by MCGOF and Priv’IT.

To explain this difference in statistical efficiency, we note that the theoretical guarantees
of Priv’IT imply that it performs well even when data is sparsely sampled. More precisely,

one of the benefits of our tester is that it can reduce the variance induced by elements whose
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Figure 5-1: The sample complexities of Priv’IT, MCGOF, and zCDP-GOF for uniformity testing

expected number of occurrences is less than 1. Since none of these testers reach this regime
(i.e., even zCDP-GOF at n = 10000 expects to see each element 10 times), we do not reap
the benefits of Priv’IT. Ideally, we would run these algorithms on the uniform distribution
at sufficiently large support sizes. However, since this is prohibitively expensive to do with
thousands of repetitions (for any of these methods), we instead demonstrate the advantages
of our tester on a different distribution.

Our second test is conducted with ¢ being a 2—histogramE|, where all but a vanishing
fraction of the probability mass is concentrated on a small, constant fraction of the Supportﬂ.
This serves as our proxy for a very large support, since now we will have elements which have
a sub-constant expected number of occurrences. The algorithms are provided with samples
from a distribution p, which is either ¢ or a similar Paninski construction as before, where the
total variation distance from ¢ is placed on the support elements containing non-negligible
mass. We ran the test on support sizes n ranging from 10 to 6800. All other parameters are
the same as in the previous test.

The results of our second test are provided in Figure [5-2] In this case, we compare
Priv’IT and zCDP-GOF, and note that our test is slightly better for all support sizes n,
though the difference can be pronounced or diminished depending on the construction of the

distribution q. We found that MCGOF was incredibly inefficient on this construction — even

2A k-histogram is a distribution where the domain can be partitioned into k intervals such that the
distribution is uniform over each interval.

3In particular, in Figure n/200 support elements contained 1 — 10/n probability mass, but similar
trends hold with modifications of these parameters.
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Figure 5-2: The sample complexities of Priv’IT and zCDP-GOF for identity testing on a
2-histogram

for n = 400 it required 130000 samples, which is a factor of 10 worse than zCDP-GOF on a
support of size n = 6800. To explain this phenomenon, we can inspect the contribution of a
single domain element ¢ to their statistic:

(N; +Y, — qu')Q
mg; '

2
In the case where mq; < 1 and p = ¢, this is approximately equal to :;q The standard
deviation of this term will be of the order ﬁ, which can be made arbitrarily large as
mq; — 0. While zCDP-GOF may naively seem susceptible to this same pitfall, their projection

method appears to elegantly avoid it.

As a final test, we note that zCDP-GOF guarantees zCDP, while Priv’IT guarantees
(vanilla) differential privacy. In our previous tests, our guarantee was e-differential privacy,
while theirs was %—ZCDP: by Proposition , our guarantees imply theirs. In the third
test, we revisit uniformity testing, but when their guarantees imply ours. More specifically,
again with € = 0.1, we ran zCDP-GOF with the guarantee of %—ZCDP and Priv’IT with the
guarantee of (% + &\/W ,0) for various § > 0. We note that J is often thought in
theory to be “cryptographically small” (such as 2719), but we compare with a wide range of

4, both large and small: § = 1/e! for t € {1,2,4,8,16}. This test was conducted on support

sizes n ranging from 10 to 6000.

The results of our third test are provided in Figure [5-3] We found that, for all ¢ tested,
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Figure 5-3: The sample complexities of Priv’IT and zCDP-GOF for uniformity testing, with
approximate differential privacy

Priv’IT required fewer samples than zCDP-GOF. This is unsurprising for ¢ very large and
small, since the differential privacy guarantees become very easy to satisfy, but we found
it to be true for even “moderate” values of 6. This implies that if an analyst is satisfied
with approximate differential privacy, she might be better off using Priv’IT, rather than an
algorithm which guarantees zCDP.

While the main focus of our evaluation was statistical in nature, we will note that Priv’IT
was more efficient in runtime than our implementation of MCGOF, and more efficient in mem-
ory usage than our implementation of zCDP-GOF. The former point was observed by noting
that, in the same amount of time, Priv’IT was able to reach a trial corresponding to a sup-
port size of 20000, while MCGOF was only able to reach 10000. The latter point was observed
by noting that zCDP-GOF ran out of memory at a support size of 11800. This is likely because
zCDP-GOF requires matrix computations on a matrix of size O(n?). It is plausible that all
of these implementations could be made more time and memory efficient, but we found our

implementations to be sufficient for the sake of our comparison.

5.5.2 Entropy

We compare the performance of our entropy estimator with a number of alternatives, both
private and non-private. Non-private algorithms considered include the plug-in estimator
(plug-in), the Miller-Madow Estimator (MM) [Mil55|, the sample optimal polynomial ap-

proximation estimator (poly) of [WY16]. We analyze the privatized versions of plug-in, and
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poly in Sections [5.4.4.1| and [5.4.4.2] respectively. The implementation of the latter is based

on code from the authors of [WYT6[] We compare performance on different distributions
including uniform, a distribution with two steps, Zipf(1/2), a distribution with Dirichlet-1
prior, and a distribution with Dirichlet-1/2 prior, and over varying support sizes.

While plug-in, and MM are parameter free, poly (and its private counterpart) have to
choose the degree L of the polynomial to use, which manifests in the parameter A\ in the
statement of Theorem [47] [WYT6] suggests the value of L = 1.6logn in their experiments.
However, since we add further noise, we choose a single L as follows: (i) Run privatized poly
for different L values and distributions for n = 2000, ¢ = 1, (b) Choose the value of L that
performs well across different distributions (See Figure [5-4)). We choose L = 1.2 -logn from
this, and use it for all other experiments. To evaluate the sensitivity of poly, we computed
the estimator’s value at all possible input values, computed the sensitivity, (namely, A =

MaxXy, (X yem)<t [poly(X{") — poly(Y{™)|), and added noise distributed as Lap (0, 2).

D Zipf 12

RMSE

RMSE
RMSE

o om0 1 H s o e T nw me F T T T TR T TR TR
Number of samples Number of samples Number of samples

RMSE

Figure 5-4: RMSE comparison between private Polynomial Approximation Estimators for
entropy with various values for degree L, n = 2000, ¢ = 1. The degree L represents a bias-
variance tradeoff: a larger degree decreases the bias but increases the sensitivity, necessitating
the addition of Laplace noise with a larger variance.

The RMSE of various estimators for n = 1000, and € = 1 for various distributions are
illustrated in Figure [5-5. The RMSE is averaged over 100 iterations in the plots.

We observe that the performance of our private-poly is near-indistinguishable from the

non-private poly, particularly as the number of samples increases. It also performs signif-

icantly better than all other alternatives, including the non-private Miller-Madow and the

4See https://github.com/Albuso0/entropy for their code for entropy estimation.
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Figure 5-5: Comparison of various estimators for entropy, n = 1000, ¢ = 1.

plug-in estimator. The cost of privacy is minimal for several other settings of n and ¢, for

which results appear in Section [5.5.4]

5.5.3 Support Coverage

We investigate the cost of privacy for the problem of support coverage. We provide a compar-
ison between the Smoothed Good-Toulmin estimator (SGT) of [OSW16| and our algorithm,
which is a privatized version of their statistic (see Section . Our implementation is
based on code provided by the authors of [OSW16]. As shown in our theoretical results, the
sensitivity of SGT is at most 2(1 + €"(t — 1)), necessitating the addition of Laplace noise

with parameter 2(1 + ")) /e. Note that while the theory suggests we select the param-

m(t+1)2
t—1

eter 7 = log(1/c), a is unknown. We instead set r = 5 log, , as previously done

in [OSW16].

5.5.3.1 Evaluation on Synthetic Data

In our synthetic experiments, we consider different distributions over different support sizes
n. We generate m = n/2 samples, and then estimate the support coverage at k = m - t.
For large t, estimation is harder. Some results of our evaluation on synthetic are displayed
in Figure [5-6 We compare the performance of SGT, and privatized versions of SGT with
parameters € = 1,2, and 10. For this instance, we fixed the domain size n = 20000. We ran

the methods described above with m = n/2 samples, and estimated the support coverage at
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k = mt, for t ranging from 1 to 10. The performance of the estimators is measured in terms

of RMSE over 1000 iterations.

Figure 5-6: Comparison between our private support coverage estimator with non-private
SGT when n = 20000

We observe that, in this setting, the cost of privacy is relatively small for reasonable values
of e. This is as predicted by our theoretical results, where unless ¢ is extremely small (less
than 1/n) the non-private sample complexity dominates the privacy requirement. However,
we found that for smaller support sizes (as shown in Section , the cost of privacy can
be significant. We provide an intuitive explanation for why no private estimator can perform
well on such instances. To minimize the number of parameters, we instead argue about the
related problem of support-size estimation. Suppose we are trying to distinguish between
distributions which are uniform over supports of size 100 and 200. We note that, if we draw
m = 50 samples, the “profile” of the samples (i.e., the histogram of the histogram) will be
very similar for the two distributions. In particular, if one modifies only a few samples (say,
five or six), one could convert one profile into the other. In other words, these two profiles are
almost-neighboring datasets, but simultaneously correspond to very different support sizes.
This pits the two goals of privacy and accuracy at odds with each other, thus resulting in a

degradation in accuracy.

5.5.3.2 Evaluation on Census Data and Hamlet

We conclude with experiments for support coverage on two real-world datasets, the 2000 US

Census data and the text of Shakespeare’s play Hamlet, inspired by investigations in [OSW16]
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and [VVI7b]|. Our investigation on US Census data is also inspired by the fact that this is
a setting where privacy is of practical importance, evidenced by the proposed adoption of

differential privacy in the 2020 US Census [DLST17].

The Census dataset contains a list of last names that appear at least 100 times. Since the
dataset is so oversampled, even a small fraction of the data is likely to contain almost all the
names. As such, we make the task non-trivial by subsampling ki = 86080 individuals from
the data, obtaining 20412 distinct last names. We then sample m of the k., individuals
without replacement and attempt to estimate the total number of last names. Figure
[7 displays the RMSE over 100 iterations of this process. We observe that even with an
exceptionally stringent privacy budget of € = 0.5, the performance is almost indistinguishable

from the non-private SGT estimator.

Non-private
Private eps=2
Private eps=1
Private eps=0.5

5000|

4000)

2 3000

H
2000)

1000|

01 02 03 04 05 06 07 08 09 10
rrrrrrrrr f seen names.

Figure 5-7: Comparison between our private support coverage estimator with the SGT on
Census Data.

The Hamlet dataset has ki = 31,999 words, of which 4804 are distinct. Since the
distribution is not as oversampled as the Census data, we do not need to subsample the data.
Besides this difference, the experimental setup is identical to that of the Census dataset. Once
again, as we can see in Figure 5-8 we get near-indistinguishable performance between the
non-private and private estimators, even for very small values of €. Our experimental results
demonstrate that privacy is realizable in practice, with particularly accurate performance on

real-world datasets.
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Figure 5-8: Comparison between our private support coverage estimator with the SGT on
Hamlet.

5.5.4 Additional Experimental Results

This section contains additional plots of our synthetic experimental results. Section [5.5.4.1
contains experiments on entropy estimation, while Section [5.5.4.2] contains experiments on

estimation of support coverage.

5.5.4.1 Entropy Estimation

We present four more plots of our synthetic experimental results for entropy estimation.
Figures [5-9) and [5-10] are on a smaller support of n = 100, with ¢ = 1 and 2, respectively.
Figures [5-11| and are on a support of n = 1000, with € = 0.5 and 2.

5.5.4.2 Support Coverage

We present three additional plots of our synthetic experimental results for support coverage
estimation. In particular, Figures [5-13] [5-14] and [5-15| show support coverage for n = 1000,
5000, 100000.
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Figure 5-9: Comparison of various estimators for the entropy, n = 100, € = 1.
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Figure 5-10: Comparison of various estimators for the entropy, n = 100, ¢ = 2.
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Figure 5-11: Comparison of various estimators for the entropy, n = 1000, € = 0.5.
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Figure 5-12: Comparison of various estimators for the entropy, n = 1000, ¢ = 2.
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Figure 5-13: Comparison between the private estimator with the non-private SGT when
n = 1000.
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Figure 5-14: Comparison between the private estimator with the non-private SGT when
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Figure 5-15: Comparison between the private estimator with the non-private SGT when
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Chapter 6

Testing with Conditional Samples

6.1 Introduction

Up until this point, our objective has been to obtain algorithms which are sublinear in n,
the size of the domain. However, as previously discussed in Chapter {4 in modern data
analysis we may encounter settings in which the domain is exceptionally large, necessitating
a complexity which is logarithmic in (or even independent of) the domain size. This goal
seems at odds with polynomial lower bounds on the sample complexity of most natural
testing questions (cf. Theorems |2l and . Some ways of avoiding these lower bounds involve
instance-by-instance analysis (which is outside the scope of this thesis, see e.g. [ADJT11)
ADJT12, [AJOST3], VV17al, VV15, [OS15, JHW16, BCG17, BW1Ta| for examples of this style
of analysis) or assuming some sort of structure on the underlying density (a la Chapter {)).
In this chapter, we pursue a different direction: we give ourself additional power when
interacting with the distribution.

In recent years, the most popular method of augmenting the power of distribution testers
in the theory community has been contained by the conditional sampling model. This
model was recently introduced concurrently by Chakraborty, Fischer, Goldhirsh, and Mat-
sliah [CFGM13, [CEFGM16| and Canonne, Ron, and Servedio [CRS14,[CRS15]. The algorithm
is able to query a distribution in the following way: it submits a query set S to an oracle,
which returns a sample from the distribution conditioned on being from S. Additionally, we

will distinguish between conditional sampling models where the algorithm’s queries may be
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adaptive (COND) or non-adaptive (NACOND) [[] In comparison, we will use SAMP to refer
to the standard sampling model.

The conditional model was introduced in part to capture the more dynamic nature of
modern data collection. Classically, a statistician might refer to a pre-existing dataset, and
then perform some statistical analysis upon it. Nowadays, the dataset and the analysis
are often gathered and performed at the same time and by the same people, perhaps even
with modifications to the data acquisition procedure based on the results of preliminary
tests. In such an interactive statistical setting, design of efficient algorithms corresponds to
a principled method for non-wasteful data collection in the design of experiments. This is
also explored in the literature on active learning, discussed in Section [6.1.2]

One may wonder in which specific settings one will have access to a conditional sam-
pling oracle. Some motivating examples are provided in [CEGM13]|, including testing lottery
machines and asymmetric communication schemes. We highlight their example of politi-
cal polling: when one attempts to generate poll numbers, this generally does not involve
questioning wholly random individuals from the population. Instead, a pollster will condi-
tion their sample upon various demographics, including age, sex, and education. Another
motivation for studying non-traditional oracles is to demonstrate their advantages to the
database community. Indeed, if one can show that alternative models of data access can
yield significantly faster algorithms, database researchers can work towards optimizing the
cost of these non-traditional queries in their system [KXST16].

Conditional sampling often dramatically reduces the complexity of distribution test-
ing problems. For example, as previously discussed, given SAMP access to a distribu-
tion, the sample complexity of testing uniformity is ©(y/n/e?) [Pan08, VV17a, [ADKIS,
DEKN15b, [DGPP16, DGPP18|. However, given COND access, the query complexity drops
to ©(1/e?) [EJOT15], completely removing the dependence on the support size. Similarly,
significant qualitative savings can be realized for almost all natural distribution properties.
To highlight an even more extreme example, consider the “estimation” version of the above

problem: estimating the distance between a distribution and the uniform distribution. In

SAMP, the complexity of this problem is known to be © < - ) [VV10a, VVIOb, VVIilal

logn

LA formal definition of these concepts is given in Definition
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VV1ib, JHW16, HIW16, JVHWI17|. But once again, given COND access, the complexity
drops significantly, to O (E%) In other words, one of the hardest property estimation tasks
(with complexity which is “barely” sublinear) becomes one of the easiest (as the complexity
is independent of n).

In this chapter, we present a number of results on distributional property testing and
estimation and discuss their interplay with each other and the existing literature. More
precisely, we will describe upper and lower bounds for uniformity, identity, equivalence testing
and support-size estimation, in both the COND and NACOND models. Along the way, we will
point out interesting qualitative relationships between the complexities of various problems,
in an effort to identify precisely from where the power of the conditional sampling model is

derived.

6.1.1 Results, Techniques, and Discussion

Our results are summarized pictorially in Table [6.1]

SAMP NACOND COND
Uniformity o (%) O (1%52) [this work] 6 (%) [CRSIH]
[Pan08| [VV17al Q (1 E1) [this work]
Identity e <\€/—§) O <1 > [this work] O (%) [EJOT15]
[Pan08, VV17a] Q (82) [this work] Q (%) [CRS1H]
Equivalence © (max (%, %f)) @) (1 ") [this work] O (*elen) [EJOF15]
[CDVV14] Q ( ") [this work] Q (v/loglog n) [this work]
Support-Size © <1ogn> O (poly ( ©&1)) [this work] 0, (loglog“) [this work]
Estimation [VV17h, [OSW16]| Q (1 — ) [this work] Q (v1loglogn) [CFGMI3]

Table 6.1: Summary of results, and a comparison of various testing problems in different
sampling oracle models. For the first three rows, problems get harder as one moves down
and to the left in this table. The row on support-size estimation is incomparable with the
other rows.

6.1.1.1 A Lower Bound for Adaptive Equivalence Testing

Our first result considers the sample complexity of testing equivalence with adaptive queries

under the COND model. This resolves (in the negative) the question of whether constant-
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query complexity was achievable, an open problem explicitly posed by Fischer [Fis14].

Theorem 50 (Adaptive Equivalence Testing Lower Bound). Any algorithm which, given
COND access to unknown distributions p,q on [n|, distinguishes between the cases p = q and

drv(p,q) > 1/4 with probability at least 2/3 must make at least € (\/log log n) queries.

Combined with the O (loglogn) upper bound of Falahatgar et al. [FJOT15], this almost
(i.e., up to a quadratic factor) settles the sample complexity of this question. Furthermore,
as the related task of identity testing can be performed with a constant number of queries in
the COND model, this demonstrates an intriguing and intrinsic qualitative difference between
the two problems. Our result can also be interpreted as showing a fundamental distinction
from the usual sampling model, where both identity and equivalence testing have polynomial

sample complexity.

In order to prove Theorem |50, we have to deal with one main conceptual issue: adaptivity.
While the standard sampling model does not, by definition, allow any choice on what the next
query to the oracle should be, this is no longer the case for COND algorithms. Quantifying
the power that this grants an algorithm makes things much more difficult. To handle this
point, we follow the approach of Chakraborty et al. |[CFGMI13| and focus on a restricted
class of algorithms they introduce, called “core adaptive testers” (see Section for a formal
definition). They show that this class of testers is equivalent to general algorithms for
the purpose of testing a broad class of properties, namely those which are invariant to
any permutation of the domain. Using this characterization, it remains for us to show
that none of these structurally much simpler core testers can distinguish whether they are
given conditional access to (a) a pair of random identical distributions (p,p), or (b) two
distributions (p, ¢) drawn according to a similar process, which are far apart.

At a high level, our lower bound works by designing instances where the property can be
tested if and only if the support size is known to the algorithm. Our construction randomizes
the support size by embedding the instance into a polynomially larger domain. Since the
algorithm is only allowed a small number of queries, Yao’s Minimax Principle allows us to
argue that, with high probability, a deterministic algorithm is unable to “guess” the support

size. This separates queries into several cases. First, in a sense we make precise, it is
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somehow “predictable” whether or not a query will return an element previously observed.
If this occurs, it is similarly predictable which element the query will return. On the other
hand, if a fresh element is observed, the query set is either “too small” or “too large.” In the
former case, the query will entirely miss the support, and the sampling process is identical
for both types of instance. In the latter case, the query will hit a large portion of the support,
and the amount of information gleaned from a single sample is minimal.

At a lower level, this process itself is reminiscent of the “hard” instances underlying the
lower bound of Canonne, Ron, and Servedio [CRS14] for testing identity (with a PAIRCOND
oracle, which can only query on sets of size 2), with one pivotal twist. As in their work,
both p and ¢ are uniform within each of w(1) “buckets” whose size grows exponentially and
are grouped into “bucket-pairs.” Then, ¢ is obtained from p by internally redistributing the
probability mass of each pair of buckets, so that the total mass of each pair is preserved but
each particular bucket has mass going up or down by a constant factor (see Section m
for details of the construction). However, we now add a final step, where in both p and ¢
the resulting distribution’s support is scaled by a random factor, effectively reducing it to a
(randomly) negligible fraction of the domain. Intuitively, this last modification has the role
of “blinding” the testing algorithm. We argue that unless its queries are on sets whose size
somehow match (in a sense formalized in Section this random size of the support, the
sequences of samples it will obtain under p and ¢ are almost identically distributed. The
above discussion crucially hides many significant aspects and technical difficulties which we
address in Section [6.3] Moreover, we observe that the lower bound we obtain seems to be
optimal with regard to our proofs techniques (specifically, to the decision tree approach),
and not an artifact of our lower bound instances. Namely, there appear to be conceptual

barriers to strengthening our result, which would require new ideas.

6.1.1.2 An Upper Bound for Adaptive Support-Size Estimation

We provide the following theorem for adaptively estimating the support size of a distribution.

Theorem 51 (Adaptive Support-Size Estimation). Let 7 > 0 be any constant. There exists
an adaptive algorithm which, given COND access to an unknown distribution p on [n| (guar-

anteed to have probability mass at least T/n on every element of its support) and accuracy
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parameter € € (0,1), makes O ((loglogn)/e®) queries to the omcl and outputs a value @
such that the following holds. With probability at least 2/3, & € [1%6 cw, (14 ¢€) - w], where

w = |supp(p) |.

Our algorithm is simple in spirit, and follows a guess-and-check strategy. In more detail,
it first obtains a “reference point” outside the support, to check whether subsequent samples
it may consider belong to the support. Then, it attempts to find a rough upper bound on
the size of the support, of the form 2% (so that only loglogn many options have to be
considered); by using its reference point to check if a uniform random subset of this size
contains, as it should, at least one point from the support. Once such an upper bound has
been obtained using this double-exponential strategy, a refined bound is then obtained via a
binary search on the new range of values for the exponent, {2771 ... 27}. Not surprisingly,
our algorithm draws on similar ideas as in [RT16, [Sto85], with some additional machinery
to supplement the differences in the models. Interestingly, as a side-effect, this upper bound
shows our analysis of Theorem to be tight up to a quadratic improvement. Indeed,
the lower bound construction we consider (see Section can be easily “defeated” if an
estimate of the support size is known, and therefore cannot yield better than a € (loglogn)
lower bound. Similarly, this further shows that the adaptive lower bound for support-size

estimation of Chakraborty et al. [CFGM13] is also tight up to a quadratic improvement.

6.1.1.3 ANACONDA: Non-Adaptive Upper Bounds

At this point, we have a developed understanding of the power of the COND oracle with re-
spect to the aforementioned distribution testing problems. Perhaps surprisingly, the relative
complexities of certain problems have qualitatively different relationships between SAMP
and COND. To be precise, the sample complexities of identity testing and equivalence test-
ing in SAMP are ©(n'/?) ([Pan08, VV1T7a]) and ©(n*?3) (JCDVV14]) respectively: there is
a polynomial relationship between the two. However, their query complexities in COND are
O(1) ([CRS15, [EJOT15]) and log®™® log n ([FIOF15] and Theorem respectively: there is
a “chasm” between the two complexities, as we go from no dependence on the domain size

to a doubly logarithmic one.

2We remark that the constant in the O depends polynomially on 1 /7.
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However, the picture is much less clear when it comes to the non-adaptive NACOND
model. We know that the complexity of identity testing is poly logn (JCEGM13| and The-
orem [56| below), though the upper and lower bounds are quite far from each other. On the
other hand, the complexity of equivalence testing is far less clear: the best lower bound
is Q(logn) (Theorem [56| below), and the best upper bound is O(n?/?) (JCDVV14]). Given
the interesting qualitative behavior observed for the COND model, this begs the following

question:

Question 7. What is the relationship of the query complexities of identity and equivalence

testing in the NACOND model?

In particular, are they polynomially related, as in the SAMP model? Or is there a larger
gap between the two, as in the COND model? Stated another way, do we require both
conditional samples and adaptivity simultaneously in order to reap the benefits for testing
equivalence?

We provide a qualitative resolution to this problem: we give a poly log n-query algorithm

for equivalence testing.

Theorem 52 (Non-Adaptive Equivalence Testing). There ezists an algorithm which, given
NACOND access to unknown distributions p,q on [n|, makes O (%#) queries to the oracle
on each distribution and distinguishes between the cases p = q and dry(p,q) > ¢ with

probability at least 2/3.

For the special case of uniformity testing, we have a sharper analysis, allowing us to obtain

a O(logn) query algorithm, which nearly matches the Q(logn) lower bound of Theorem :

Theorem 53 (Non-Adaptive Uniformity Testing). There ezists an algorithm which, given

logn
=2

NACOND access to an unknown distribution p on [n], makes O( ) queries to the oracle
on p and distinguishes between the cases p = U, and dry(p,U,) > € with probability at least

2/3, where U, is the uniform distribution on [n].

As a corollary of Theorem 53], we can obtain an improved upper bound for identity testing
with an adaptation of the reduction from identity testing to uniformity testing of [CFGM16]
(inspired by the bucketing techniques of [BERT00, BFET01]).
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Theorem 54 (Non-Adaptive Identity Testing). There exists an algorithm which, given NA-

COND access to an unknown distribution p on [n] and a description of a distribution q over

[n], makes O <1°§z"> queries to the oracle on p and distinguishes between the cases p = q

and drv(p,q) > € with probability at least 2/3.

We present a unified algorithm, ANACONDA, for both equivalence and uniformity testing,
the only difference is in the choice of parameters. ANACONDA is quite simple to describe,
requiring only four sentences belowﬂ We consider this algorithmic simplicity to be an ad-
vantage of ANACONDA, though we regret that its analysis is less simple.

Our bound for equivalence testing in the NACOND model is the first tailored to this
setting. Specifically, the best upper bound was O(n??) (for the harder problem of equivalence
testing in the SAMP model [CDVV14]), and the best lower bound was §2(log n) (for the easier
problem of uniformity testing in the NACOND model (Theorem ) These results left open
the question of the true complexity of equivalence testing: is it polynomial in logn, or
polynomial in n? Our algorithm gives an exponential improvement in the query complexity
by showing that the former is true: equivalence testing enjoys significant savings in the query
complexity when we switch from the SAMP to the NACOND oracle model.

More generally, as mentioned before, our results expose a qualitatively interesting rela-
tionship between identity and equivalence testing in the NACOND model. In the standard
sampling model (SAMP), the complexity of these problems is known to be polynomially
related (O(n'/?) versus ©(n??)). However, in the conditional sampling model with adaptiv-
ity (COND), there is a “chasm” between these two complexities: one has a constant query
complexity, while the other has a complexity which is doubly logarithmic in n (©(1) versus
poly loglogn). Our results demonstrate that when we remove adaptivity from the condi-
tional sampling model (NACOND), the relationship is qualitatively quite different. In this
setting, the “chasm” closes, and the complexity of both problems is once again polynomially
related: both are poly logn. Interestingly, this complexity is intermediate to the complexity
of the same problems in the SAMP and COND models, by an exponential factor on either
side. These relationships are all summarized in Table [6.I] We note that our results fur-

ther address the aforementioned open problem of Fischer [Fis14], which inquires about the

3Perhaps if we tried harder, we could describe it in two sentences, plus the word “repeat.”
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complexity of equivalence testing with conditional samples.

In terms of specific sample complexities, we observe that our upper bound for unifor-

logn
=2

lower bound of Theorem It improves upon the algorithm of [CEGM13]|, which has query

mity testing is nearly tight: our O( ) upper bound is complemented by the 2(logn)

2

complexity O <1°g;#> Our algorithm for identity testing, with complexity O (1°g2">, also
significantly improves over theirs, which has a similar complexity as their algorithm for
uniformity testing. We again mention that our bound for equivalence testing is exponen-
tially better than the previous best algorithm for this problem (which is the O(n??)-query
algorithm in the SAMP model of [CDVV14]).

Techniques and Proof Ideas At the core of our approach is reducing the problem from
(1-testing to f..-testing, the latter of which is much cheaper in terms of sample complexity.
In particular, throughout this exposition, keep in mind that one can estimate a distribution
up to € in l-distance at a cost of O(1/£%) samples (cf. Lemmall]). In order to give intuition
on how such an approach could possibly work, we focus on two very simple instances of
uniformity testing. In the first instance, p is a distribution with a single “spike” for some
i* € [n], p(i*) = £ + ¢, and for i # i*, p(i) = £=5. This can be detected by simply choosing
S = [n] and querying it with NACOND O(1/&?) times: the empirical distribution p(i*) will
have a similar spike, betraying that the distribution is non-uniform. In the second instance,
p is the “Paninski construction” (used as the lower bound in [Pan08]): a random half of the
domain elements have probability %, while the other half have probability % This can be
detected by choosing S to be two random symbols, and again querying this subset O(1/&?)
times. With constant probability, the two symbols will be from different sets. While the
{+ distance from uniformity on each symbol is only =, in this conditional distribution, it is
increased to ¢, allowing easy detection.

These two examples illustrate the heart of our approach: our algorithm, ANACONDA,

attempts to find a query set in which the discrepancy of a single item is large in compar-

ison to the total probability mass of the set. One of our key lemmas (Lemma shows

logn

that this is possible with probability > ( L ) The flavor is somewhat reminiscent of

Levin’s Economical Work Investment Strategy [Goll4]. While the two instances above are
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straightforward, a more careful analysis is required to avoid paying excess factors of logn,
particularly for uniformity and identity testing. That said, all the complexity is pushed to

the analysis, and the algorithm itself is very simple to describe:

First, the algorithm chooses a random power of two between 2 and n — roughly,
this serves as a “guess” for (the inverse of) the size of the set which represents
the discrepany between the distributions. Next, the algorithm chooses a random
set S C [n] of this size. Finally, it performs NACOND queries to S (on both
distributions, for equivalence testing), in order to form an empirical distribution
(which is accurate in /. -distance) and check whether there is a discrepant symbol
or not. This process is repeated several times, and if we fail to ever detect a

discrepant symbol, we can conclude that the distributions are equal.

Since uniformity testing is relatively well-behaved, the key lemma mentioned above
(Lemmal61)) does most of the work. This is because in this setting, once we have a handle on
the distribution of the discrepancy, it is easy to reason about how much of the mass from the
uniform distribution is contained in a query set. We require a few additional concentration
arguments on the total discrepancy and probability mass contained in the query set, as well
as a separate analysis for the case where |S| needs to be small and this concentration does
not hold.

We then leverage our algorithm for uniformity testing to provide an algorithm for identity
testing. This uses the reduction of [CFGMlS]E], which partitions the domain so that the
conditional distribution on each part is close to uniform, and tests for identity on each part.
This requires a non-adaptive identity tester for distributions which are close to uniform (in
(-distance) — we show our analysis for uniformity testing can be adapted to handle this
case. Our application crucially modifies their reduction in order to minimize the sample
complexity, as ANACONDA can test against distributions which are further from uniform
than theirs (O(1/n), rather than O(g/n)).

Finally, we turn to the most technically difficult problem of equivalence testing. This case

turns out to be more challenging, as we must simultaneously reason about p(i), p(S\ %), (),

4We note that the reduction of [Goll6], from identity testing to uniformity testing, is not known to apply
in either the NACOND or COND models.
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and ¢(S \ i) — as mentioned prior, it is much easier to control the latter two quantities
for uniformity testing. To establish our result, we must argue that ANACONDA identifies
a set S where both differences p(i) — ¢(i) and p(S \ i) — ¢(S \ i) have opposite signs and
are simultaneously relatively large compared to the magnitudes of p(i),p(S \ 7),¢(i), and
q(S\ %) (Proposition [23). We consider the distribution of the discrepancy p — ¢, with a case
analysis depending on the relationship between the “typical” magnitudes of the positive and
negative discrepancies. If these magnitudes are close, then we can select a “smaller” set S
(where “smaller” is defined based on these magnitudes) which has a reasonable probability of
including a positively and negatively discrepant element of these magnitudes (Lemma .
On the other hand, if these magnitudes are far, then with an appropriate choice of the size of
the set S, there is a significant chance that our set will contain an element ¢ with significant
positive discrepancy p(i) — ¢(i), while the total discrepancy in the set p(S \ i) — ¢(S \ )
is very negative (Case 2 in Lemma . Despite all these technicalities, we emphasize that
the algorithm itself is still quite simple; in particular, it is identical to the algorithm for
uniformity testing (modulo some parameter modifications).

Besides the above testing results, we also sketch how to adapt our algorithm for adap-
tive support-size estimation (Theorem to the non-adaptive setting. This exploits our
O(log n)-query algorithm for non-adaptive uniformity testing (Theorem ) to obtain an
O(log? n)-query algorithm.

6.1.1.4 Non-Adaptive Lower Bounds

We conclude by complementing our NACOND upper bounds with NACOND lower bounds.
Specifically, we establish a logarithmic lower bound on non-adaptive support-size estimation,
for any (large enough) constant factor. This improves on the result of Chakraborty et
al. [CFGM13|, which gave a doubly logarithmic lower bound for constant factor support-size

estimation.

Theorem 55 (Non-Adaptive Support-Size Estimation Lower Bound). Any algorithm which,

given NACOND access to an unknown distribution p on [n], estimates the size of the support

up to a factor of v > V2 must make at least (llg)gg;fy) queries.
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Moreover, the approach used to prove this theorem also implies an analogous lower
bound on non-adaptive uniformity testing in the conditional model, answering a conjecture

of Chakraborty et al. [CEGM13|:

Theorem 56 (Non-Adaptive Uniformity Testing Lower Bound). Any algorithm which, given
NACOND access to an unknown distribution p on [n], distinguishes between the cases p = U,

and drv(p,U,) > € with probability at least 2/3 must make at least Q (logn/e) queries.

These results complement poly log(n)-query upper bounds for uniformity, identity, and
equivalence testing, and support-size estimation, as discussed in Section[6.1.1.3] This shows
that all of these problems have query complexity log@(l) n in the NACOND model.

We proceed to outline our approach for proving Theorem [55] We define two families
of distributions P and Q, where an instance is either a draw (p,q) from P x Q, or simply
(p,p). Any distribution in Q has support size v times that of its corresponding distribution
in P. Yet, we argue that no non-adaptive deterministic tester making too few queries can
distinguish between these two cases, as the tuple of samples it will obtain from p or (the
corresponding) ¢ is almost identically distributed (where the randomness is over the choice of
the instance itself). To show this last point, we analyze separately the case of “small” queries
(conditioning on sets which turn out to be much smaller than the actual support size, and
thus with high probability will not even intersect it) and the “large” ones (where the query
set S is so big compared to the support T that a uniform sample from S N 7T is essentially
indistinguishable from a uniform sample from S). We conclude the proof by invoking Yao’s

Principle, carrying the lower bound back to the setting of non-adaptive randomized testers.

Interestingly, this argument essentially gives us Theorem [56| “for free.” Indeed, the big-
query-set case above is handled by proving that the distribution of samples returned on
those queries is indistinguishable, both for P and Q, from samples obtained from the actual
uniform distribution. Considering again the small-query-set case separately, this allows us

to argue that a random distribution from (say) P is indistinguishable from uniform.
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6.1.1.5 Relation to the Ron-Tsur model

Recent work of Ron and Tsur [RT16] studies a model which is slightly different — and more
favorable to the algorithm — than ours. In their setting, the algorithm still performs queries
consisting of a subset of the domain, as in our case. However, the algorithm is also given the
promise that the distribution is uniform on a subset of the domain, and whenever a query
set contains ( probability mass the oracle explicitly indicates this is the case. Their paper
provides a number of results for support-size estimation in this model.

We point out two connections between our work and theirs. First, our €2 (logn) lower
bound for non-adaptive support-size estimation (Theorem holds in the model of Ron
and Tsur. Although lower bounds in the conditional sampling setting do not apply directly
to their model, our construction and analysis do carry over, and provide a nearly tight
answer to a question left unanswered in their paper. Also, our O (loglog n)-query algorithm
for adaptive support-size estimation (Theorem can be seen as generalizing their result
to the weaker conditional sampling model (most significantly, when we are not given the

promise that the distribution be uniform).

6.1.2 Related Work

As mentioned before, the conditional sampling model was introduced in [CEGM13, [CRS14]
(the journal versions of these papers appear as [CRS15, [CFGM16]). These initial works
studied a number of distribution testing and property estimation problems in adaptive and
non-adaptive settings, as well as under various types of conditional sampling oracles, includ-
ing those which can only perform conditional samples on sets which are simple, for example,
sets of size 2 or intervals. The general picture established by these works demonstrates that
one can enjoy significantly reduced query complexity when one has conditional sampling
access to a distribution.

Since the introduction of conditional sampling, a number of works have refined the com-
plexity landscape of distribution testing problems in this model. [Canl5al provides bounds
for testing monotonicity in the general conditional sampling model and when query sets

must be intervals (as well as a number of other non-conditional distribution sampling mod-
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els). [FJOT15| provides better algorithms for testing identity and equivalence, reducing the
former complexity to 0(1 /€%) (nearly matching the information theoretic limit), and the
latter from polylogn to polyloglogn. This equivalence testing upper bound is comple-
mented by the Q(yv/Toglogn) lower bound of [ACKI5h|, showing that conditional samples
grant a doubly-exponential improvement in the sample complexity for this problem, as well
as demonstrating a “chasm” between the complexity of equivalence and identity testing with
conditional samples. [ACKI5b| also contains upper bounds for support-size estimation, as
well as lower bounds for non-adaptive support-size estimation and uniformity testing. [KT18]|
delves deeper on non-adaptive distribution testing upper bounds, significantly reducing the
complexity of testing uniformity, identity, and equivalence. An alternative method for prov-
ing COND lower bounds is presented in [BCGI17|, which involves reductions from testing
to communication complexity protocols. [FLVI17| studies the testing of composite hypothe-
ses (a la Chapter [3) with adaptive and non-adaptive conditional samples. The quantum
conditional sampling oracle is introduced in [SSJ17|, demonstrating additional power over
classical oracles for testing problems (both distributional and functional). Finally, [BCIS|
studies distribution testing on multivariate domains when query sets must be subcubes of the

domain. The results contained in this thesis are from two of these works [ACKI5b, [K'T18].

The conditional sampling model has also attracted attention outside the field of dis-
tribution testing. For instance, the weighted group testing model in [ACKI5a] is inspired
by the conditional sampling model. [GTZ17| studies the impact of a conditional oracle for
more classical problems, such as k-means clustering and estimating the weight of a minimum
spanning tree. |[RT16] investigates the problem of estimating the size of a hidden set in a
conditional-sampling-esque model. Finally, [GTZIS8| gives verification-based algorithms for
crowdsourcing tasks, in a method that is very reminiscent of conditional sampling.

There have been numerous other proposed oracle models which enable savings for distri-
bution testing problems. Some examples include when the algorithm may query the PDF or
CDF of the distribution [BDKRO5, [GMV06, RS09, [CR14], or is given probability-revealing
sample [OS18].

The conditional sampling model falls into a broader body of work on interactive learning,

in which the algorithm has additional power when eliciting data. Perhaps the best known
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line of work within this field is the active learning model for supervised learning. In this
model, the algorithm is provided with unlabeled examples only (which are somehow “cheap”
to obtain), and it may adaptively request labels for these points (which is considered to be a
much more expensive operation). See [Set12) [Han14] for surveys of this area, and [BBBY12]

for a work on functional property testing in the active model.

6.1.3 Organization

In Section[6.2] we discuss preliminaries and the notation that we use throughout the chapter.
In Section [6.3] we present a lower bound for testing equivalence in the COND model. In
Section we give an upper bound for estimating the support size of a distribution in the
COND model. In Section we describe ANACONDA, which results in a number of upper
bounds in the NACOND model. Finally, in Section [6.6, we prove lower bounds for uniformity

testing and support-size estimation in the NACOND model.

6.2 Preliminaries

For a set S, let p(S) = >,c¢p(¢). Furthermore, let pg be the conditional distribution of p
restricted to S, i.e., ps(i) = p(i)/p(S).

We use the following definition of the conditional sampling model. Note that this uses
the convention of [CEGMI13| of sampling uniformly from query sets with 0 measure, rather
than the convention of [CRS14] which immediately fails if given such a set, as the latter

convention trivializes NACOND, reducing it to SAMP.

Definition 18. A conditional sampling oracle for a distribution p is defined as follows: the
oracle takes as input a query set S C [n], and returns a symbol i € S, where the probability
that i is returned is equal to ps(i) = p(i)/p(S). If p(S) = 0, then a symboli € S is returned
uniformly at random.

Given an adaptive conditional sampling oracle (a COND oracle), the algorithm may query
adaptively: before submitting each query set i, the algorithm is allowed to view the results

of queries 1 through i — 1. In contrast, given a non-adaptive conditional sampling oracle
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(a NACOND oracle), the algorithm must be non-adaptive: it must submit all query sets in

advance of viewing any of their results.

Adaptive Core Testers In order to deal with adaptivity in our lower bounds, we will
use ideas introduced by Chakraborty et al. [CEGMI13|. These ideas, for the case of label-
invariant properties’] allow one to narrow down the range of possible testers and focus on
a restricted class of such algorithms called adaptive core testers. These core testers do not
have access to the full information of the samples they draw, but instead only get to see the
relations (inclusions, equalities) between the queries they make and the samples they get.
Yet, Chakraborty et al. [CEGMI13| show that any tester for a label-invariant property can
be converted into a core tester with same query complexity; thus, it is enough to prove lower
bounds against this — seemingly — weaker class of algorithms.

We here rephrase the definitions of a core tester and the view they have of the interaction

with the oracle (the configuration of the samples), tailored to our setting.

Definition 19 (Atoms and partitions). Given a family A = (Ay,...,A,) C [n]™, the
atoms generated by A are the (at most) 2™ distinct sets of the form (-, C,, where C, €
{A,,[n]\ A.}. The family of all such atoms, denoted At(A), is the partition generated by A.

This definition essentially captures “all sets (besides the A;’s) about which something can
be learnt from querying the oracle on the sets of A.” Now, given such a sequence of queries
A= (Ay,...,A,,) and pairs of samples s = ((351), 852)), R (s%), s,(g,))) € A?x - x A2 we
would like to summarize “all the label-invariant information available to an algorithm that
obtains ((sgl), 552)), ce (3%), sg))) upon querying Ay, ..., A, for p and ¢.” This calls for the

following definition:

Definition 20 (m-configuration). Given A = (Ay,..., A,) and s = ((S§1),5§2)))1§j§m as
above, the m-configuration of s consists of the 6m? bits indicating, for all 1 < i,j < m,

whether

o sz(,a) = 3§.ﬂ), for o, B € {1,2}; and (relations between samples)

Recall that a property is label-invariant (or symmetric) if it is closed under relabeling of the elements of
the support. More precisely, a property of distributions (resp. pairs of distributions) C is label-invariant if for
any distribution p € C (resp. (p,q) € C) and permutation o of [n], one has poo € C (resp. (poo,qooc) € C).
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° sz(»a) € A;, fora € {1,2}. (relations between samples and query sets)

(a)

In other terms, it summarizes which is the unique atom S; € At(A) that contains s;"’, and

what collisions between samples have been observed.

As aforementioned, the key idea is to argue that, without loss of generality, one can
restrict one’s attention to algorithms that only have access to m-configurations, and generate

their queries in a specific (albeit adaptive) fashion:

Definition 21 (Core adaptive tester). A core adaptive distribution tester for pairs of dis-

tributions is an algorithm T that acts as follows.

e [n the i-th phase, based only on its own internal randomness and the configuration

of the previous queries Ay, ..., A;_1 and samples obtained (sgl), 852)), - (sgi)l, sgz)l) —

whose labels it does not actually know, T provides:

— a number (#* for each A € At(Ay, ..., A1), between 0 and |A\{s§-1), s§2)}1§j§i_1|
(How many fresh, not-already-seen elements of each particular atom A should be

included in the next query.)

— sets KV K® C{1,...,i—1} (Which of the samples s\", ..., s\ will be included
in the next query. The labels of these samples are unknown, but are indezed by

the index of the query which returned them.)
e based on these specifications, the next query A; is drawn (but not revealed to T ) by

— drawing uniformly at random a set A; in
{A C I\, 5P hgjein VA€ AL(A,..., Ai), [ANA|= gf} . (6.1)

That is, among all sets, containing only “fresh elements,” whose intersection with

each atom contains as many elements as T requires.

— adding the selected previous samples to this set:

J J

I, £ {s(l) D JE Ki(l)} U {5(2) D JE KZ@)} : A, 2 NUT. (6.2)
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This results in a set A;, not fully known to T besides the samples it already got and
decided to query again; in which the labels of the fresh elements are unknown, but the

proportions of elements belonging to each atom are known.

o samples sgl)

the i-configuration of Ay, ..., A; and (51 , 81 )), ce (s(l) (2 )), which is revealed to T .

(2 ) Z

~ (p)a, and 8(2) ~ (q)a, are drawn (but not disclosed to T ). This defines

Put differently, the algorithm only learns (i) to which of the A;’s the new sample belongs,
and (i) if it is one of the previous samples, in which stage(s) and for which of p,q it

has already seen it.

After m = m(e,n) such stages, T outputs either yes or no, based only on the configuration

of Ay,..., Ay and (sgl), 332)),. (sﬁn), Sm ) (which is all the information it ever had access

to).

Note that in particular, 7 does not know the labels of samples it got, nor the actual
queries it makes: it knows all about their sizes and sizes of their intersections, but not the

actual “identity” of the elements they contain.

On the use of Yao’s Principle in our lower bounds We recall Yao’s Principle (e.g.,
see Chapter 2.2 of [MR95]), a technique which is ubiquitous in the analysis of randomized
algorithms. Consider a set S of instances of some problem: what this principle states is that
the worst-case expected cost of a randomized algorithm on instances in S is lower-bounded
by the expected cost of the best deterministic algorithm on an instance drawn randomly
from S.

As an example, we apply it in a standard way in Section instead of considering
a randomized algorithm working on a fixed instance, we instead analyze a deterministic
algorithm working on a random instance. (We note that, importantly, the randomness in
the samples returned by the COND oracle is “external” to this argument, and these samples
behave identically in an application of Yao’s Principle.)

On the other hand, our application in Section [6.3]is slightly different, due to our use of
adaptive core testers. Once again, we focus on deterministic algorithms working on random

instances, and the randomness in the samples is external and therefore unaffected by Yao’s
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Principle. However, we stress that the randomness in the choice of the set A; is also external
to the argument, and therefore unaffected — similar to the randomness in the samples, the
algorithm has no control here. Another way of thinking about this randomness is via another
step in the distribution over instances: after an instance (which is a pair of distributions)
is randomly chosen, we permute the labels on the elements of the distribution’s domain
uniformly at random. We note that since the property in question is label-invariant, this
does not affect its value. We can then use the adaptive core testing model as stated above
for ease of analysis, observing that this can be considered an application of the principle of

deferred decisions (as in Chapter 3.5 of [MR93]).

6.3 A Lower Bound for Adaptive Equivalence Testing

We prove Theorem [50] a lower bound on the sample complexity of testing equivalence be-

tween unknown distributions:

Theorem 50 (Adaptive Equivalence Testing Lower Bound). Any algorithm which, given
COND access to unknown distributions p,q on [n], distinguishes between the cases p = q and

drv(p,q) > 1/4 with probability at least 2/3 must make at least € (\/log log n) queries.

We construct two priors ) and N over pairs of distributions (p, q) over [n]. Y is a distri-
bution over pairs of distributions of the form (p, p), namely the case when the distributions
are identical. Similarly, A is a distribution over (p,q) with drv(p,q) > %. We then show
that no algorithm making O (yv/loglogn) queries to COND,, COND,, can distinguish between
a draw from ) and N with constant probability (over the choice of (p,q), the randomness
in the samples it obtains, and its internal randomness).

We describe the construction of ) and N in Section [6.3.1] and provide a detailed analysis
in Section [6.3.21

6.3.1 Construction

We now summarize how a pair of distribution is constructed under ) and N. (Each specific

step will be described in more detail in the subsequent paragraphs.)
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1. Effective Support

a) Pick ky from the set {0,1,..., 2logn} at random.
(a) 7 log

(b) Let b =2* and k = b-n'/4.
2. Buckets

(a) Choose p and r such that 3.7 p' = n'/4.
1Vi ) i Ty ooy r il = . ..
(b) Divide {1 k} into intervals B By, with |B;| =b- p’
3. Distributions
(a) For each i € [2r], assign probability mass - uniformly over B; to generate distri-
bution p.
(b) For each ¢ € [r] independently, pick m; to be a Bernoulli with Pr(m; = 0) = 3;

1

1 and % over By;_1 and Bs; respectively,

if m; = 0 then assign probability mass

3 1 . . . . .
else - and - respectively. This generates a distribution g.
4. Support relabeling

(a) Pick a permutation o € S, of the total support n.

(b) Relabel the symbols of D; and Dy according to o.

5. Output: Generate (p,p) for Y, and (p, q) otherwise.

We now describe the various steps of the construction in greater detail.

Effective support. Both p and ¢, albeit distributions on [n], will have (common) sparse

support. The support size is taken to be k = b-n'/4. Note that, from the above definition,

k is chosen uniformly at random from products of n'/* with powers of 2, resulting in values

in [nl/4 n3/4].

In this step b will act as a random scaling factor. The objective of this random scaling is to

induce uncertainty in the algorithm’s knowledge of the true support size of the distributions,

and to prevent it from leveraging this information to test equivalence. In fact one can verify
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BB, By B ) k n

Figure 6-1: A no-instance (p, q) (before permutation).

that the class of distributions induced for a single value of b, namely all distributions have
the same value of k, then one can distinguish the ) and N cases with only O(1) conditional
queries. The test would (roughly) go as follows. Since |B;| is known, one can choose a
random subset S of the domain which (with high probability) has no intersection with B;
for i < 2r — 2, a O(1) size intersection with By, 1, and a O(p) size intersection with Bs,.
Perform O(1) conditional queries over the set S, for both distributions. Given these queries,
we can then identify which elements of S belong to Bs,_1 or Bs,. — namely, those which occur
at most once belong to By,, and those which occur at least twice belong to By,_1. In a Y
instance, then in both distributions, a 1/2 fraction of queries will belong to Bs,_1, whereas
in a A instance, one distribution will have either a 1/4 or 3/4 fraction of queries in By, 1,

allowing us to distinguish the two cases.

Buckets. Our construction is inspired by the lower bound of Canonne, Ron, and Serve-
dio |[CRS14, Theorem 8| for the more restrictive PAIRCOND access model. We partition
the support into 2r consecutive intervals (henceforth referred to as buckets) By, ..., Ba,
where the size of the i-th bucket is bp’. We note that r and p will be chosen such that

Zzl bp' = bn'/*, i.e., the buckets fill the effective support.
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Distributions. We output a pair of distributions (p,¢). Each distribution that we con-
struct is uniform within any particular bucket B;. In particular, the first distribution assigns
the same mass 1/2r to each bucket. Therefore, points within B; have the same probability
mass 1/ 2rbp'. For the Y case, the second distribution is identical to the first. For the N
case, we pair buckets in r consecutive bucket-pairs 11, ... II,., with II; = By;_1 U By;. For
the second distribution ¢, we consider the same buckets as p, but repartition the mass 1/r
within each II;. More precisely, in each pair, one of the buckets gets now total probability
mass 1/4r while the other gets 3/4r (so that the probability of every point is either decreased
by a factor 1/2 or increased by 3/2). The choice of which goes up and which goes down is
done uniformly and independently at random for each bucket-pair determined by the random

choices of 7;’s.

Random relabeling. The final step of the construction randomly relabels the symbols,
namely is a random injective map from [k] to [n]. This is done to ensure that no information
about the individual symbol labels can be used by the algorithm for testing. For example,
without this the algorithm can consider a few symbols from the first bucket and distinguish
the ) and NV cases. As mentioned in Section [6.2] for ease of analysis, the randomness in the
choice of the permutation is, in some sense, deferred to the randomness in the choice of A;

during the algorithm’s execution.

Summary. A no-instance (p, q) is thus defined by the following parameters: the support
size k, the vector (my,...,m) € {0,1}" (which only impacts ¢), and the final permutation o
of the domain. A yes-instance (p, p) follows an identical process, however, 7 has no influence
on the final outcome. See Figure for an illustration of such a (p, ¢) when o is the identity

permutation and thus the distribution is supported over the first k£ natural numbers.

Values for p and 7. By setting 7 = logn/(8log p)+O(1), we have as desired >7, |B;| = k
and there is a factor (1 + o(1))n'/* between the height of the first bucket B; and the one
of the last, Bo,. It remains to choose the parameter p itself; we shall take it to be 2vIe"
resulting in 7 = §v/logn+0O(1). (Note that for the sake of the exposition, we ignore technical

details such as the rounding of parameters, e.g. bucket sizes; these can be easily taken care
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of at the price of cumbersome case analyses, and do not bring much to the argument.)

6.3.2 Analysis

We now prove our main lower bound, by analyzing the behavior of core adaptive testers (as
per Definition on the families Y and A from the previous section. In Section ,
we argue that, with high probability, the sizes of the queries performed by the algorithm
satisfy some specific properties. Conditioned upon this event, in Section [6.3.2.2] we show
that the algorithm will get similar information from each query, whether it is running on a
yes-instance or a no-instance.

Before moving to the heart of the argument, we state the following fact, straightforward

from the construction of our no-instances:
Fact 2. For any (p,q) drawn from N, one has drv(p,q) = 1/4.

Moreover, as allowing more queries can only increase the probability of success, we hereafter
focus on a core adaptive tester that performs exactly ¢ = %\/log logn (adaptive) queries;

and will show that it can only distinguish between yes and no-instances with probability

o(1).

6.3.2.1 Banning “bad queries”

As mentioned in Section [6.3.1], the draw of a yes or no-instance involves a random scaling of
the size of the support of the distributions, meant to “blind” the testing algorithm. Recall that
a testing algorithm is specified by a decision tree, which at step i, specifies how many unseen

elements from each atom to include in the query ({¢'}) and which previously seen elements

to include in the query (sets KZ»(l), KZ-(2), as defined in Section , where the algorithm’s
choice depends on the observed configuration at that time. Note that, using Yao’s Principle
(as discussed in Section , these choices are deterministic for a given configuration — in
particular, we can think of all {¢'} and Ki(l), Kz-@) in the decision tree as being fixed. In this
section, we show that all (#* values satisfy with high probability some particular conditions

with respect to the choice of distribution, where the randomness is over the choice of the

support size.
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First, we recall an observation from [CFGM13|, though we modify it slightly to apply
to configurations on pairs of distributions and we apply a slightly tighter analysis. This
essentially limits the number of states an algorithm could be in by a function of how many

queries it makes.

Proposition 15. The number of nodes in a decision tree corresponding to a m-sample

algorithm is at most 26m*+1.

Proof. As mentioned in Definition 20 an i-configuration can be described using 6i? bits,
resulting in at most 26 j-configurations. Since each i-configuration leads us to some node
on the i-th level of the decision tree, the total number of nodes can be upper bounded by

summing over the number of i-configurations for ¢ ranging from 0 to m, giving us the desired

bound. O

For the sake of the argument, we will introduce a few notions applying to the sizes of
query sets: namely, the notions of a number being small, large, or stable, and of a vector
being incomparable. Roughly speaking, a number is small if a uniformly random set of this
size does not, in expectation, hit the largest bucket Bs,. — in other words, the set is likely
to be disjoint from the support. On the other hand, it is large if we expect such a set to
intersect many bucket-pairs (i.e., a significant fraction of the support).

The definition of stable numbers is slightly more quantitative: a number [ is stable if a
random set of size (3, for each bucket B;, is either disjoint from B; or has an intersection with
B; of size close to the expected value. In the latter case, we say the set concentrates over
B,. Finally, a vector of values (;) is incomparable if the union of random sets Sy, ..., Sy,
of sizes [, ..., Bm contains (with high probability) an amount of mass p (U ; Sj) which is
either much smaller or much larger than the probability p(s) of any single element s.

We formalize these concepts in the definitions below. To motivate them, it will be useful to
bear in mind that, from the construction described in Section [6.3.1], the expected intersection
of a uniform random set of size 8 with a bucket B; is of size 8bp'/n; while the expected

probability mass from B; it contains (under either p or q) is 5/2rn.

Definition 22. Let x be an integer, and let ¢ = O(x*/?). A number 3 is said to be small if

B < bp%; it 1s large (with relation to some integer x) if 5 > bp2r+2w'
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Note that the latter condition equivalently means that, in expectation, a set of large
size will intersect at least ¢ + 1 bucket-pairs (as it hits an expected 2¢ + 1 buckets, since
B|Bar—2,|/n > 1). From the above definitions we get that, with high probability, a random

set of any fixed size will in expectation either hit many or no buckets:

Proposition 16. A number is either small or large with probability 1 — O <M>.

logn

_n_

Bp*"”

of the interval is p**. Since b = 2" this implies that at most log p** = 2 log p values of k;

Proof. A number f is neither large nor small if % <b< The ratio of the endpoints

could result in a fixed number falling in this range. As there are O (logn) values for ky, the

proposition follows. []

The next definition characterizes the sizes of query sets for which the expected intersection
with any bucket is either close to 0 (less than 1/a, for some threshold «), or very big (more

than «). (It will be helpful to keep in mind that we will eventually use this definition with

a = poly(m).)

Definition 23. A number [ is said to be a-stable (for a > 1) if, for each j € [2r], B ¢

[ag‘pj, %} . A wvector of numbers is said to be a-stable if all numbers it contains are a-stable.

Proposition 17. A number is a-stable with probability 1 — O (rloga>.

logn

Proof. Fix some j € [2r]. A number 3 does not satisfy the definition of a-stability for this j
if #pj <bh< g—;. Since b = 2%, this implies that at most log 2a values of ky, could result in
a fixed number falling in this range. Noting that there are O(logn) values for k;, and taking

a union bound over all 2r values for j, the proposition follows. O

The following definition characterizes the sizes of query sets which have a probability
mass far from the probability mass of any individual element. (For the sake of building

intuition, the reader may replace v in the following by the parameter b of the distribution.)

Definition 24. A wvector of numbers (Bi,...,[B) is said to be (a,T)-incomparable with

respect to v (for T > 1) if the two following conditions hold.

o (B1,...,0B) is a-stable.
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o Let Aj be the minimum A € {0,...,2r} such that w < L or2r if no such A
exists. For alli € [2r], 5 Z§:1 BiA; & [#I/p“ ﬁ} :

Recall from the definition of a-stability of a number that a random set of this size either has
essentially no intersection with a bucket or “concentrates over it” (i.e., with high probability,
the probability mass contained in the intersection with this bucket is very close to the
expected value). The above definition roughly captures the following. For any j, A; is the
number of buckets that will concentrate over a random set of size 3;. The last condition
asks that the total probability mass from p (or ¢) enclosed in the union of m random sets of
size B1,. .., 3 be a multiplicative factor of 7 from the individual probability weight 1/2rbp*

of a single element from any of the 2r buckets.

Proposition 18. Given that a vector of mnumbers of length { is «-stable, it is (o, m?)-

incomparable with respect to b with probability at least 1 — O (“Oﬂ>

logn

Proof. Fix any vector (fi,...,0;). By the definition above, for each value b such that
(Bi, ..., Be) is a-stable, we have

2r A 2r+1
ap p ap .
x < < , el
5] n — b ﬁ] n J [ ]
or, equivalently,
log 22 log b log 2 log b
8 2r ggAj< S0 4 gpy % +1, jel.
logp log p log p log p
¢ 20

Writing A, + 2r for j € [¢], we obtain that

1gp

Z@A b= bZﬂj (\ +o0( ﬁl(;gpbzm (6.3)

e If it is the case that logp - Z§=1 Bi(A; + O(1)) < logh - Z§:1 B;. Then, for any
fixed i € [2r], to meet the second item of the definition of incomparability we need

Zﬁ:l B;A;b & [n/(200mp"), 200mn/p"]. This is essentially, with the assumption (6.3
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above, requiring that

nlog p 2m?2nlog p

blogh ¢ : ) — :
2m?p’ Z§=1 Bi r 2?:1 B;

Recalling that blogb = k2% this means that O (logm/loglogm) values of k;, are to
be ruled out. (Observe that this is the number of possible “bad values” for b without
the condition from the case distinction above; since we add an extra constraint on b,

there are at most this many values to avoid.)

e Conversely, if log p - Z§=1 Bi(A; +0O(1)) > logb - 25:1 B; the requirement becomes

[ nlogp 2m?2nlog p
2m2pi 30 B\ + O(1) o Y05 Bi(A + O(1))

ruling out this time O (logm) values for ky.

e Finally, the two terms are comparable only if logh = @(10gp . Z§:1 Bi(A; +O(1)) -

-1
<Z§:1 @) ); given that log b = k, this rules out this time O(1) values for k.

A union bound over the 2r possible values of 7, and the fact that k, can take © (logn) values,

complete the proof. O

We put these together to obtain the following lemma.

Lemma 52. With probability at least 1 — O (26 T(rlogatylog p)+2° (rlogm)>, the following

logn

holds for the decision tree corresponding to a m-query algorithm:
e the size of each atom is a-stable and either large or small;

o the size of each atom, after excluding elements we have previously observedﬁ 15 a-stable

and either large or small;

e for each i, the vector ((;*) acas(ay,...a;) 15 (o, m?)-incomparable (with respect to b).

i

6More precisely, we mean to say that for each i < m, for every atom A defined by the partition of
(Ay,...,A;), the values k! and |A \ {sgl), 5(12), R 351)1, 553)1}| — k! are a-stable and either large or small;
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Proof. From Proposition , there are at most 26™*1 tree nodes, each of which contains one
vector ()4, and at most 2™ atom sizes. The first point follows from Propositions |16 and
and applying the union bound over all 26m*+1 . 9 . gm sizes, where we note the additional
factor of 2 comes from either including or excluding the old elements. The latter point follows
from Proposition (18 and applying the union bound over all 26™°+1 nodes in the tree (each

containing a single ¢/ vector). O

6.3.2.2 Key lemma: bounding the variation distance between decision trees

In this section, we prove a key lemma on the variation distance between the distribution on
leaves of any decision tree, when given access to either an instance from ) or N'. This lemma
will in turn directly yield Theorem . Hereafter, we set the parameters a (the threshold for
stability), ¢ (the parameter for smallness and largeness) and « (an accuracy parameter for

how well things concentrate over their expected value) as follows a=2m’, ¢ £ md? and

v £ 1/ =m™ %2 (Recall further that m = &+/loglogn.)

Lemma 53. Conditioned on the events of Lemma consider the distribution over leaves
of any decision tree corresponding to a m-query adaptive algorithm when the algorithm is
gen a yes-instance, and when it is given a no-instance. These two distributions have total

variation distance o(1).

Proof. This proof is by induction on 1 < ¢ < m. We will have three inductive hypotheses,
E;(t), Ex(t), and E5(t). Assuming all three hold for all ¢ < i, we prove F4(i). Additionally
assuming F4 (i), we prove Fa(i) and E3(1).

Roughly, the first inductive hypothesis states that the query sets behave similarly to
as if we had picked a random set of that size. It also implies that whether or not we get
an element we have seen before is “obvious” based on past observances and the size of the
query we perform. The second states that we never observe two distinct elements from the
same bucket-pair. The third states that the next sample is distributed similarly in either

a yes-instance or a no-instance. Note that this distribution includes both features which

"This choice of parameters is not completely arbitrary: combined with the setting of m, r and p, they
ensure a total bound o(1) on variation distance and probability of “bad events” as well as a (relative) simplicity
and symmetry in the relevant quantities.
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our algorithm can observe (i.e., the atom which the sample belongs to and if it collides
with a previously seen sample), as well as those which it can not (i.e., which bucket-pair
the observed sample belongs to). It is necessary to show the latter, since the bucket-pair a
sample belongs to may determine the outcome of future queries.

More precisely, the three inductive hypotheses are as follows:

e E;(i): In either a yes-instance or a no-instance, the following occurs: For an atom S

in the partition generated by Ay,..., A; let " =S \ {sgl), sf), ce 3(1)1, sg)l}. For

every such ', let ¢% be the largest index ¢ € {0,...,2r} such that W < é, or 0 if
no such ¢ exists. We claim that ¢5" € {0,...,2r — ¢ — 2} U{2r}, and say S’ is small if
05" = 2r and large otherwise. Additionally:

— for j <09, |S'N B;| = 0;

— for j > 05,18 N By lies in [1 — iy, 1+ in] 222

Furthermore, let p; and ps be the probability mass contained in A; and I';, respectively.

Then —£2— < O (L) or 22 <O (#) (that is, either almost all the probability mass

p1+p2 — m? p1+p2

comes from elements which we have not yet observed, or almost all of it comes from

previously seen ones).

e F,(i): No two elements from the set {sgl), s?), IO

121 191

} belong to the same bucket-

pair.

e FE3(i): Let T)* be the random variable representing the atoms and bucket—pairﬂ con-

taining (351), 352)), as well as which of the previous samples they intersect with, when

the i-th query is performed on a yes-instance, and define 7° similarly for no-instances.

Then drv(T}®,7;°) < O (1/m? + 1/p+ v+ 1/p) = o(1).

We will show that Ej (i) holds with probability 1—0 (2° exp(—272a/3)) and E2(i) holds with
probability 1 — O (i/¢). Let T be the random variable representing the m-configuration
and the bucket-pairs containing each of the observed samples in a yes-instance, and define

T similarly for a no-instance. We note that this random variable determines which leaf of

8If a sample sgk) does not belong to any bucket (if the corresponding i-th query did not intersect the
support), it is marked in T7*° with a “dummy label” to indicate so.
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the decision tree we reach, which E3(m) bounds. We can then take a union bound over all
i € [m] to upper bound the probability that E;(i) and Es(i) do not hold, and use E3(1)
and the coupling interpretation of total variation distance to upper bound the probability
that 77 and T ever differ. Any of these “failure” events happens with probability at most
o@2m exp(—%) + mTf + 14 = +my+ ) = o(1) (from our choice of a,7,¢). This upper

bounds the total variation distance between T and T"°, giving the desired result.

We proceed with the inductive proofs of F4(i), Ea(i), and E3(i), noting that the base
cases hold trivially for all three of these statements. Throughout this proof, recall that A;
is the set of unseen support elements which we query, and I'; is the set of previously seen

support elements which we query.

Lemma 54. Assume that Eq1(t), Ea(t), Es(t) hold for all 1 <t <i—1. Then E1(i) holds
with probability at least 1 — O (2i exp (—%)) =1 — 20=m*)

Proof. We start with the first part of E;(i) (the statement prior to “Furthermore”). Let S
(and the corresponding ') be any atom as in Ey(i). First, we note that ¢ € {0,...,2r —
@ — 2} U {2r} since we are conditioning on Lemma |S’| is a-stable and either large or

small, which enforces this condition.
Next, suppose S’ is contained in some other atom T generated by A;,...,A; 1, and let
T =T\ {sgl), s ,sgi)l,sg)l}. Since |S’| < |T7|, this implies that /7" < 5. We argue

about |17 N B,| for three regimes of j:

e The first case is j < ¢*". By the inductive hypothesis, |7' N B;| = 0, so |S' N B;| = 0
with probability 1.

e The next case is /7 < j < ¢%. Recall from the definition of a core adaptive tester that
S’ will be chosen uniformly at random from all subsets of 7" of appropriate size. By

the inductive hypothesis,

7" N By _ , by
e —(i—1)7,1+(i—1)1] =
|T/| e [ (Z )77 + (Z )’Y] n Y
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and therefore

B[S0 B[ € [1- (i~ .1+ (- )y 212 :

, implying E[|S" N B,|] < —apéslfj;

where the inequality is by the definition of /% and using the fact that (i — 1)y < 1.
Using a Chernoff bound for hypergeometric random variables (Lemma (3)), and writing

p = E[|S" N B;] for conciseness,

1 —
Pr(|S"N By = 1]:Pr[|S’mBj| > (1+T“) M}

< exp (_ (1 ;MM)Q)

1 e
< exp (—Eapﬁs J) :

where the second inequality holds because p < 2/apgsl_j and (1 — p)? > 1/2 for n

sufficiently large.

The final case is j > ¢5'. As in the previous one,

S'|bp? 08" 1
‘%, implying E [|S" N B;|] > WT;

E[IS'NnBjJe 1 —(i—1)y,1+ (@ —1)]
where the inequality is by the definition of ¢%', a-stability, and using the fact that
(1 — 1)y < 1/2. Using again a Chernoff bound for hypergeometric random variables
(Lemma [3)),

|5 |bp?

n

Pr||S'N By ~E[IS'n Byl] 2 4 } < Pr{|S' N B,| ~ E[IS' N B, = 12B|S' N B[]

(_(27)215 15N le])

where the first inequality comes from 2(1 — (i — 1)) > 1, the second is from Chernoff
bound, and the third follows from E [|S' N B;|] > ozpjffs,fl/Q.
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Since we wish to prove the statement for all buckets B; simultaneously, we take a union bound
over all j. Recall that we want to bound the probability that S’ satisfies two conditions, for
j <05, |S' N B;| = 0; and for j > ¢ SN By lies in [1 — i, 1 + iv] [lbp? ‘bp . Using bounds
from all three of these regimes of j, and a union bound, the probability that S’ does not

satisfy the conditions of Ej (i) is at most

Z 0+ Z exp<—1—12ap _]> Z Zexp(— Yap™ -t _1).

j<er’ (T <j<es’ j>es'

This probability is maximized when 5" = ¢7" = 0, in which case it is
2r 9 00 9 9
9 2.2 —1 < 9 2.2 j—1 <3 2.2 )
JE:I exp( 37 ap’ ) < jEZI exp( 37 ap’ ) < 3exp 37 o

Taking a union bound over at most 2° sets gives us the desired probability bound.

Finally, we prove the remainder of E;(i) (the statement following “Furthermore”); this

will follow from the definition of incomparability (Definition [24).

e First, we focus on I';. Suppose that I'; contains at least one element with positive
probability mass (if not, the statement trivially holds). Let p, be the probability mass
of the heaviest element in I';. Since our inductive hypothesis implies that I'; has no

elements in the same bucket pair, the maximum possible value for py is

3ph | 3ph 3ph o~ 1 ( 3 p’ ) :
pp<pyt—H4—F+-<ph+—> —=[(1+- p
o PP 7 p,;p% pp2—1)72

< (1 +o0(1))ph

Therefore, py € [p, (14 0(1))ph]. Supposing this heaviest element belongs to bucket j,

1
2rbp

we can say that p, € [3, (14 0(1))3]

e Next, we focus on A;. Consider some atom A, from which we selected k4 elements
which have not been previously observed: call the set of these elements A’. In the
first part of this proof, we showed that for each bucket By, either |[A' N Bi| = 0 or

|A"N By| € [1—iy,1+iy]|A'|bp*/n. In the latter case, noting that iy < 1 and that
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1

T the probability mass

the probability of an individual element in By, is within [1, 3]

contained by |A’ N By| belongs to [1, 9]%. Recalling the definition of Ay as stated
in Definition as shown earlier in this proof, this non-empty intersection happens

for exactly A4 buckets. Therefore, the total probability mass in A; is in the interval

1 9 1 A
132 1) 5 oacasiar,. a0 G D

Recall that we are conditioning on Lemma [52[ which states that the vector (CzA) A€At(A1,..., A;) 1S
(a, m?)-incomparable with respect to b. Applying this definition to the bounds just obtained
on the probability masses in A; and I'; gives Lemma [54] m

Lemma 55. Assume that E;(t), Ex(t), Es(t) hold for all 1 <t < i—1, and additionally
E; (i) holds. Then Ea(i) holds with probability at least 1 — O (l>

P

(1

7

)OI 55” € I';, the conclusion is trivial, so suppose 551) € A;. From
1)

i

Proof. We focus on s

E, (i), no small atom intersects any of the buckets, so let us condition on the fact that s
(1)

7

to fall in a distinct bucket-pair from
(1)

i

belongs to some large atom S. Since we want s
2(i—1)+1 other samples, there are at most 2i — 1 bucket-pairs which s; ’ should not land in.
Using FE (i), the maximum probability mass contained in the intersection of these bucket-
pairs and S is (1 + 47y)(2¢ — 1)|S|/rn. Similarly, using the definition of a large atom, the

minimum probability mass contained in S is (1 —iv)p|S|/rn. Taking the ratio of these two

terms gives an upper bound on the probability of breaking this invariant, conditioned on

landing in S, as O(i/¢), where we note that }fg = O(1). Since the choice of which large
(1) (2)

atom was arbitrary, we can remove the conditioning. Taking a union bound for s,”’ and s;

gives the result. O

Lemma 56. Assume that E;(t), Ex(t), Es(t) hold for all 1 <t < i—1, and additionally
E, (i) holds. Then Es5(i) holds.

Proof. We fix some setting of the intersection history, i.e. the configuration and the bucket-
pairs the past elements belong to, and show that the results of the next query will behave
similarly, whether the instance is a yes-instance or a no-instance. We note that, since we are

assuming the inductive hypotheses hold, certain settings which violate these hypotheses are
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not allowed. We also note that sgl) is distributed identically in both instances, so we focus
on s; = 352) for the remainder of this proof.
First, we condition that, based on the setting of the past history, s; will either come from A;

or I'; — this event happens with probability 1 — O(1/m?).

Proposition 19. In either a yes-instance or a no-instance, s; will either come from A; with
probability 1 — O (#), or I'; with probability 1 — O (#), where the choice of which one is
deterministic based on the fixed configuration and choice for the bucket-pairs of previously

seen elements.
Proof. This is simply a rephrasing of the portion of Ej(i) following “Furthermore.” O

We now try to bound the total variation distance between 77 and 7" conditioning on
this event. In the case when it does not hold, we trivially bound the total variation distance
by 1, incurring a cost of O (1/m?) to the total variation distance between the unconditioned
variables. Since our target was for this quantity was O (1/m? +1/p+ v+ 1/¢), it remains
to show, in the conditioned space, that the total variation distance in either case is at most
O (1/p+~+1/p) = O(1/m>/?). We break this into two cases, the first being when s comes

from T;. In this case, we incur a cost in total variation distance which is O (1/p):

Proposition 20. In either a yes-instance or a no-instance, condition that s; comes from I';.

Then one of the following holds:

o [N B;j| =0 for all j € [2r], in which case s; is distributed uniformly at random from

the elements of I';;

e or [I'; N B;| # 0 for some j € [2r], in which case s; will be equal to some s € T
with probability 1 — O (1/p), where the choice of s is deterministic based on the fized

configuration and choice for the bucket-pairs of previously seen elements.

Proof. The former case follows from the definition of the sampling model. For the latter case,
let p be the probability mass of the heaviest element in I';. Since our inductive hypothesis

implies that I'; has no elements in the same bucket-pair, the maximum possible value for the
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rest of the elements is

3p 3 = 0°
S, 3, 3p S?pz_k:_p 1:0(£>,

p P p5 pp p

Since the ratio of this value and p is O (1/p), with probability 1—O (1/p) the sample returned

is the heaviest element in I';. O

Finally, we examine the case when s comes from A;:

Proposition 21. Condition that s; comes from A;. Then either:

e |A;NBj| =0 for all j € [2r], in which case dry (T}, T]°) = 0;

)

e or|\;,NB;| # 0 for some j € [2r], in which case drv (T}, T,°) < O ( ) =0 (=)

mb/2

Proof. The former case follows from the definition of the sampling model — since A; does not
intersect any of the buckets, the sample will be labeled as such. Furthermore, the sample
returned will be drawn uniformly at random from A;, and the probability of each atom
will be proportional to the cardinality of its intersection with A;, in both the yes and the
no-instances.

We next turn to the latter case. Let X be the event that, if the intersection of A; and
some atom A has a non-empty intersection with an odd number of buckets, then s; does
not come from the unpaired bucket. Note that Ej(i) and the definition of a large atom
imply that an unpaired bucket can only occur if the atom intersects at least ¢ bucket-pairs:
conditioned on the sample coming from a particular atom, the probability that it comes
from the unpaired bucket is O (1/¢). Since the choice of A was arbitrary, we may remove

the conditioning, and note that Pr(X) =1— O (1/¢).

Since

doy (TV, T < dopy (TV, TP | X) Pr(X) + doy (TV°, T | X) Pr(X)

< dpy (T35, T7° | X) + O (1/9), (6.4)

it remains to show that drv (77, 7° | X) < O (7).

)
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First, we focus on the distribution over atoms, conditioned on X. Let N* be the number
of bucket-pairs with which A intersects both buckets, i.e., conditioned on X', the sample

could come from 2N4 buckets, and let N = D AeAL(Ar.. A N4, By FE;(i), the maximum

(149)[SINA /rn

A=) SN/ and the minimum

amount of probability mass that can be assigned to atom A is

(1-|SIN*/rn

is TSN SO the total variation distance in the distribution incurred by this atom is at
NISIN/rn

most O(yN4/N). Summing over all atoms, we get the desired result of O(7).

Finally, we bound the distance on the distribution over bucket-pairs, again conditioned
on X. By FE;(i) only large atoms will contain non-zero probability mass, so condition on the
sample coming from some large atom A. Let N4 be the number of bucket-pairs with which A
intersects both buckets, i.e., conditioned on X, the sample could come from 2N4 buckets. Us-
ing F4 (i), the maximum amount of probability mass that can be assigned to any intersecting
bucket-pair is (1 + 7)%((1 — V)%NA)”, and the minimum is (1 — 7)%((1 + 7)%NA)*1,
so the total variation distance in the distribution incurred by this bucket-pair is at most

O(y/N#). Summing this difference over all N4 bucket-pairs, we get 13772 = O(7). Since the

choice of large atom A was arbitrary, we can remove the conditioning on the choice of atom.
The statement follows by applying the union bound on the distribution over bucket-pairs

and the distribution over atoms. This concludes the proof of Proposition [21] O]

We note that in both cases, the cost in total variation distance which is incurred is

O(% +v+ %0), which implies F3(i) — proving Lemma [56| . O
This concludes the proof of Lemma [53] n

With Lemma [53| in hand, the proof of the main theorem is straightforward:

Proof of Theorem [50 Conditioned on Lemma [52] Lemma [53] implies that the distribution
over the leaves in a yes-instance vs. a no-instance is o(1). Since an algorithm’s choice to
accept or reject depends deterministically on which leaf is reached, this bounds the difference
between the conditional probability of reaching a leaf which accepts. Since Lemma[52] occurs
with probability 1 — o(1), the difference between the unconditional probabilities is also o(1).
0
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6.4 An Upper Bound for Adaptive Support-Size Estima-
tion
We prove our upper bound for constant-factor support-size estimation, Theorem [51}

Theorem 51 (Adaptive Support-Size Estimation). Let 7 > 0 be any constant. There exists
an adaptive algorithm which, given COND access to an unknown distribution p on [n] (guar-
anteed to have probability mass at least T/n on every element of its support) and accuracy
parameter € € (0,1), makes O ((loglogn)/e®) queries to the omcleﬂ and outputs a value @

such that the following holds. With probability at least 2/3, @ € [1%5 cw, (14 ¢€) - w], where

w = |supp(p) |.

Before describing and analyzing our algorithm, we shall need the following results, that
we will use as subroutines: the first one will help us detecting when the support is already
dense. The second, assuming the support is sparse enough, will enable us to find an element
with zero probability mass, which can afterwards be used as a ‘“reference” to verify whether
any given element is inside or outside the support. Finally, the last one will use such a
reference point to check whether a candidate support size o is smaller or significantly bigger

than the actual support size.

Lemma 57. Given 7 > 0 and COND access to a distribution p such that each support
element has probability at least T/n, as well as parameters e € (0,1/2),d € (0, 1), there exists
an algorithm TESTSMALLSUPPORT (Algorithm that makes O (1/(€2) + 1/72) -1og(1/9)
queries to the oracle, and satisfies the following. (i) If supp(p) > (1 —€/2)n, then it outputs
yes with probability at least 1—6; (i) if supp(p) < (1—e)n, then it outputs no with probability
at least 1 — 9.

Lemma 58. Given COND access to a distribution p, an upper bound t < n on supp(p), as
well as parameter 6 € (0,1), there exists an algorithm GETNONSUPPORT (Algorithm [16)
that makes O (log2 % log™? %) queries to the oracle, and returns an element r € [n| such that

r & supp(p) with probability at least 1 — 4.

9We remark that the constant in the O depends polynomially on 1 /7.
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Lemma 59. Given COND access to a distribution p, inputs o > 2 and r ¢ supp(p), as well
as parameters € € (0,1/2),0 € (0,1), there exists an algorithm ISATMOSTSUPPORTSIZE
(Algom'thm that makes O (1/£%)log(1/5) queries to the oracle, and satisfies the following.
The algorithm returns either yes or no, and (i) if o < supp(p), then it outputs yes with
probability at least 1 — §; (i) if o > (1 + €)supp(p), then it outputs no with probability at
least 1 — 0.

We defer the proofs of these three lemmata, and for the time being, turn to the proof of

the theorem.

Proof. The algorithm is given in Algorithm [14] and at a high-level works as follows: if first
checks whether the support size is big (an 1 — O (¢) fraction of the domain), in which case
it can already stop and return a good estimate. If this is not the case, however, then the
support is sparse enough to efficiently find an element r outside the support, by taking a few
uniform points, comparing and ordering them by probability mass (and keeping the lightest).
This element r can then be used as a reference point in a (doubly exponential) search for
a good estimate: for each guess @, a random subset S of size roughly @ is taken, a point x
is drawn from pg, and z is compared to r to check if p(z) > 0. If so, then S intersects the
support, meaning that w is an upper bound on w; repeating until this is no longer the case

results in an accurate estimate of w.
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Algorithm 14 ESTIMATESUPPORT,

1: if TESTSMALLSUPPORT,(¢, 55

) returns yes then return @ < (1 —&%)n

2: end if

1

3: Call GETNONSUPPORT,((1 — §)n, 15) to obtain a non-support reference point 7.

4: for j from 0 to log,_ log, . n do

5 Set &+ (1+¢)0+

6: Call ISATMOSTSUPPORTSIZE, (@, 1, €, m) to check if @ is an upper bound on
w.

7: if the call returned no then

8: Perform a binary search on {(1+¢)’™!,... (1+¢)?} to find *, the smallest i > 2
such that ISATMOSTSUPPORTSIZE,((1 + €)*, 1, &, m) returns no.

9: return © + (1+¢)" L.

10: end if

11: end for

In the rest of this section, we formalize and rigorously argue the above. Conditioning
on each of the calls to the subroutines TESTSMALLSUPPORT, GETNONSUPPORT and ISAT-
MOSTSUPPORTSIZE being correct (which overall happens except with probability at most
1/104+1/10+ 3772, 1/(1005%) 4+1/10 < 1/3 by a union bound), we show that the output @

of ESTIMATESUPPORT is indeed within a factor (1 + ¢) of w.

e If the test on Step [1| passes, then by Lemma |57| we must have supp(p) > (1 — e)n.

Thus, the estimate we output is correct, as [(1 —e)n,n] C [@/(1+¢), (1 +&)@].

e Otherwise, if it does not then by Lemma it must be the case that supp(p) <
(1—¢/2)n.

Therefore, if we reach Step[3|then (1—¢/2)n is indeed an upper bound on w, and GETNONSUPPORT
will return a point r ¢ supp(p) as expected. The analysis of the rest of the algorithm is
straightforward: from the guarantee of ISATMOSTSUPPORTSIZE, the binary search will be
performed for the first index j such that w € [(1 4 )+’ ™" (1 4 £)(+<)]; and will be

on a set of (1 + ¢)’~! values. Similarly, for the value i* eventually obtained, it must be
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the case that (1 + &) > w (by contrapositive, as no was returned by the subroutine) but
(1+¢)" ! < (1 + ¢)w (again, as the subroutine returned yes). But then, @ = (1+¢)" ! €
(w/(1+¢), (1 + e)w] as claimed.

Query complexity. The query complexity of our algorithm originates from the following

different steps:
e the call to TESTSMALLSUPPORT, which from Lemma [57] costs O (1/£2) queries;

e the call to GETNONSUPPORT, on Step [3] that from the choice of the upper bound also

costs O (1/£2) queries;

e the (at most) log,, log,,.n = O ((loglogn)/e) calls to ISATMOSTSUPPORTSIZE on
Step [0l Observing that the query complexity of ISATMOSTSUPPORTSIZE is only

O (1/€?) - log(1/6), and from the choice of § = 7imz at the j-th iteration this step

+1)
costs at most

B 1 logy . logi.n B ~ 1
O<—>' Z O (log(5%)) = O( log;, . log, . n ) O( log . logy 4. n )

2
€ =
queries.

e Similarly, Step [§] results in at most j < loglogn calls to ISATMOSTSUPPORTSIZE
with § set to 1/(10(j + 1)), again costing O (%) -logj = 0, (ZFlogy . logy,.n) =
O (a% log log n) queries.

Gathering all terms, the overall query complexity is O (loglﬂ) as claimed. O]

Proof of Lemma Hereafter, we assume without loss of generality that 7 < 2: indeed,
if 7 > 2 then the support is of size at most n/2, and it suffices to output no to meet the
requirements of the lemma. We will rely on the (easy) fact below, which ensures that any
distribution with dense support and minimum non-zero probability 7/n put significant mass

on “light” elements:
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Fact 3. Fiz any ¢ € [0,1). Assume p satisfies both supp(p) > (1 — e)n and p(z) > 7/n for
x € supp(p). Then, setting L. = {x € [n] : p(z) € [t/n,2/n]}, we have |L.| > (1/2 —)n
and p(L.) > (1/2 —¢e)T.

Proof. As the second claim follows directly from the first and the minimum mass of elements
of L., it suffices to prove that |L.| > (1/2 — e)n. This follows from observing that

2| L]

1= p([n]) = p([n] \ Le) = ([ supp(p) | — |La|)% = 2(l-¢)——

and rearranging the terms. O

Description and intuition. The algorithm (as described in Algorithm works as fol-
lows: it first takes enough uniformly distributed samples s, ..., s, to get (with high proba-
bility) an accurate enough fraction of them falling in the support to distinguish between the
two cases. The issue is now to detect those s;’s which indeed are support elements; note that
we do not care about underestimating this fraction in case (b) (when the support is at most
(1 —¢)n, but importantly do not want to underestimate it in case (a) (when the support size
is at least (1—¢/2)n). To perform this detection, we take constantly many samples according
to p (which are therefore ensured to be in the support), and use pairwise conditional queries
to sort them by increasing probability mass (up to approximation imprecision), and keep
only the lightest of them, ¢. In case (a), we now from Fact [3[that with high probability our ¢
has mass in [1/n,2/n], and will therefore be either much lighter than or comparable to any
support element: this will ensure that in case (a) we do detect all of the s;’s that are in the
support.

This also works in case (b), even though Fact [3| does not give us any guarantee on the
mass of t. Indeed, either ¢ turns out to be light (and then the same argument ensures us our
estimate of the number of “support” s;’s is good), or ¢ is too heavy — and then our estimate
will end up being smaller than the true value. But this is fine, as the latter this only means

we will reject the distribution (as we should, since we are in the small-support case).

Correctness. Let 7 be the fraction of the s;’s that are in the support of the distribution.

By a multiplicative Chernoff bound and a suitable constant in our choice of ¢, we get that
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Algorithm 15 TESTSMALLSUPPORT,

Require: COND access to p; accuracy parameter ¢ € (0,1/2), threshold 7 > 0, probability

of failure §

1: Repeat the following O (log(1/§)) times and output the majority vote.

2: loop

3: Draw ( £ © (E%) independent samples s1,..., S, ~ U,.

4: Draw k £ © (%) independent samples ¢y, ..., ~ p.

5: forall 1<i<j<k do > Order the ¢;’s

6: Call COMPARE({t;},{t;},n = 3, K =2, 1z) to get a 2-approx. p of ZEZ;, High or
Low.

7: if COMPARE returned High or a value p then

8: Record t; < t;

9: else

10: Record t; < t;

11: end if

12: end for

13: Set t to be (any of the) smallest ¢,’s, according to <.

14: forall 1<j57</ do > Find the fraction of support elements among the s;’s

15: Call COMPARE({t}, {s;},n =%, K = 2,7;) to get either a value p, High or Low.

16: if COMPARE returned High or a value p > 1/2 then

17: Record s; as “support.”

18: end if

19: end for

20: if the number of s,’s marked “support” is at least (1 — %5)6 then return yes

21: else return no

22: end if

23: end loop

(i) if supp(p) > 1 —¢/2, then Pr[n <1—3¢/4] < 1/12, while (ii) if supp(p) < 1 — /2,

then Pr[n > 1 —3¢/4] < 1/12. We hereafter condition on this (i.e., n being a good enough

estimate). We also condition on all calls to COMPARE yielding results as per specified, which

by a union bound overall happens except with probability 1/12+1/12 = 1/6, and break the

rest of the analysis in two cases.

(a) Since the support size w is in this case at least (1 — ¢/2)n, from Fact |3| we get that

p(Lej2) > %T > 7. Therefore, except with probability at most (1 — T/4)k < 1/12,
at least one of the t;’s will belong to L.,. When this happens, and by the choice of
parameters in the calls to COMPARE, we get that ¢t € L.o; that is p(t) € [7/n,2/n].

But then the calls to the routine on Step (15| will always return either a value (since ¢
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is “comparable” to all x € L./, — i.e., has probability within a factor 2/7 of them) or
High (possible for those s,’s that have weight greater than 2/n), unless s; has mass 0
(that is, is not in the support). Therefore, the fraction of points marked as support is

exactly 1, which by the foregoing discussion is at least 1 — 3¢/4: the algorithm returns

yes at Step

(b) Conversely, if w < (1 — €)n, there will be a fraction 1 — 7 > 3¢/4 of the s;’s having
mass 0. However, no matter what ¢ is it will still be in the support and therefore have
p(t) > 7/n: for these s;’s, the call to COMPARE on Step (15| can thus only return Low.
This means that there can only be less than (1 — %5)6 points marked “support” among

the s;’s, and hence that the algorithm will output no as it should.

Overall, the inner loop of the algorithm thus only fails with probability at most 1/12+1/6+
1/12 = 1/3 (respectively for n failing to be a good estimate, the calls to COMPARE failing
to yield results as guaranteed, or no t; hitting L./, in case (a)). Repeating independently

log(1/9) times and taking the majority vote boosts the probability of success to 1 — .

Query complexity. The sample complexity comes from the k? calls on Step {4| (each
costing O (log k) queries) and the ¢ calls on Step [15] (each costing O (1log¢) queries). By

the setting of ¢ and because of the log(1/0) repetitions, this results in an overall query

1

complexity O ((Z log 2 + -5 log 1) log §). O

Proof of Lemma As described in Algorithm the subroutine is fairly simple: using
its knowledge of an upper bound on the support size, it takes enough uniformly distributed
samples to have (with high probability) at least one falling outside the support. Then, it
uses the conditional oracle to “order” these samples according to their probability mass, and

returns the lightest of them — i.e., one with zero probability mass.

Correctness. It is straightforward to see that provided at least one of the s;’s falls outside
the support and that all calls to COMPARE behave as expected, then the procedure returns
one of the “lightest” s;’s, i.e. a non-support element. By a union bound, the latter holds

with probability at least 1 — §/2; as for the former, since ¢ is by assumption an upper bound
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Algorithm 16 GETNONSUPPORT,(m, ¢)

Require: COND access to p; upper bound ¢ on supp(p), probability of failure §
Ensure: Returns r € [n] such that, with probability at least 1 — ¢, r ¢ supp(p)

1: Set k £ [log 2log™" 2].

2: Draw independently k points s1,..., s, ~ U,

3: forall 1<i<j<k do

4: Call COMPARE({s;}, {s;},n = 1, K = 2,5%;) to get a 2-approx. p of ZEZJ;, High or
Low.

5: if COMPARE returned High or a value p then

6: Record s; < s;

7: else

8: Record s; < s;

9: end if

10: end for

11: return argmin<{sy,..., s;} > Return (any) minimal element for <.

on the support size it holds with probability at least 1 — (t/n)* > 1 — §/2 (from our setting

of k). Overall, the procedure’s output is correct with probability at least 1 — ¢, as claimed.

Query complexity. The query complexity of GETNONSUPPORT is due to the (g) calls
to COMPARE, and is therefore O (k2 log %) because of our setting for 7 and K (which is in
turn O (log® $1log > 2)). (In our case, we shall eventually take t = (1 —/2)n and § = 1/10,
thus getting k = O (1/¢) and a query complexity of O (1/£2).) O

Proof of Lemma [59. Our final subroutine, described in Algorithm [I7] essentially de-
rives from the following observation: a random set S of size (approximately) ¢ obtained
by including independently each element of the domain with probability 1/0 will intersect
the support on w/c points on expectation. What we can test given our reference point
r & supp(p), however, is only whether S N supp(p) = (). But this is enough, as by repeating
sufficiently many times (taking a random S and testing whether it intersects the support
at all) we can distinguish between the two cases we are interested in. Indeed, the expected
fraction of times S includes a support element in either cases is known to the algorithm and

differs by roughly € (¢), so O (1/£?) repetitions are enough to tell the two cases apart.

292



Algorithm 17 ISATMOSTSUPPORTSIZE, (0, 7, €, d)
Require: COND access to p; size 0 > 2, non-support element r, accuracy e, probability of

failure ¢
Ensure: Returns, with probability at least 1 — §, yes if o < |supp(p)| and no if o >
(1+¢)|supp(p) |
LSetas+ (1-H)7elel], 7 alai—1)=0(e).
2: Repeat the following O (log(1/4)) times and output the majority vote.
3: loop

4: for £k =0 (%) times do

5: Draw a subset S C [n] by including independently each x € [n] with probability
1/o.

6: Draw x ~ pg.

7: Call COMPARE({z}, {r},n = %,K =1, ﬁ) > Low if S Nsupp(p) #0; p € [%,2)
0.W.

8: Record yes if COMPARE returned Low, no otherwise.

9: end for

10: return yes if at least k (a + %) “yes”’s were recorded, no otherwise. > Thresholding.

11: end loop

Correctness. We condition on all calls to COMPARE being correct: by a union bound,
this overall happens with probability at least 99/100. We shall consider the two cases 0 < w
and o > (1 + €)w, and focus on the difference of probability p of recording yes on Step

between the two, in any fixed of the k iterations. In both cases, note p is exactly (1 —1/0)“.

° Ifagw,thenwehavepg(1—%)[’:04.

CKI_E/Q.

o/(1+4e) > (1 . l)a(l—s/Q)

g

e Ifo>(1+¢)w, thenp> (1-1)

As a € [} e71], the difference between the two is 7 = a(a™*/? — 1) = © (). Thus, repeating
the atomic test of Step 4| O (1/7?) times before thresholding at Step [10| yields the right
answer with constant probability, then brought to 1 — ¢ by the outer repeating and majority

vote.
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Query complexity. Each call to COMPARE at Step [7| costs O (log k) queries, and is in
total repeated O (klog(1/6)) times. By the setting of k and 7, the overall query complexity
is therefore O (E% log % log %) m

6.5 Non-Adaptive Upper Bounds

In this section, we prove upper bounds for several distribution testing and property estima-
tion problems in the non-adaptive model. At their core, all of our algorithms depend on
our algorithm ANACONDA, which is presented in Section [6.5.2] as Algorithm [I8, We then
describe results for uniformity testing (Section , equivalence testing (Section ,
identity testing (Section , and support-size estimation (Section .

6.5.1 Additional Preliminaries

We will frequently use z = (p — q)/e to denote the “noise vector” between p and ¢, and
p = (p+ ¢)/2. While the two cases in distribution testing that one considers are usually
p = q and drv(p, q) > ¢, for convenience of notation, we will generally assume the latter case
to be drv(p,q) = € — it is not hard to see that our analysis carries through whenever the
algorithm is given a parameter € which is less than the true total variation distance between
p and ¢. With this in mind, when p = ¢, we have that z = 0, and when drv(p,q) = &, we have
that ||z[[; = 2 and >, 2(i) = 0. Let 2" denote the “rectified” version of z, where 2 (i) =
max(0, z(z)) — here, in the latter case, [|z*|1 = >, 27 (7) = 1. 27 (i) = max(0, —z(i)) is

defined similarly.

For our analysis, we will group indices into bins:

Definition 25. The j-th bin for a vector x, denoted by Bin;(x), contains all indices whose

values are in the range 279,279 ie. Binj(z) = {i : & <z(i) < 5}
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6.5.2 ANACONDA: A Non-Adaptive Algorithm for Distribution Test-
ing

Our algorithm, ANACONDA, is presented in Algorithm While it is phrased in terms

of equivalence testing, it still works when a distribution ¢ is explicitly given (i.e., identity

testing), as one can simply simulate NACOND queries to ¢. It takes three parameters, T', T,

and €', which we will instantiate differently (as required by our analysis) for uniformity and

equivalence testing.

The algorithm’s behavior can roughly be summarized as follows. The algorithm first
chooses a random size for a query set. It then chooses a random subset of the domain of this
size. Next, it draws several conditional samples from this set, from both p and ¢. Finally, if
it detects that a single element from the query set has a significantly discrepant probability
mass under p and ¢, it outputs that the two distributions are far. It repeats this process
several times, eventually outputting that the distributions are equal if it never discovers a

discrepant element.

Algorithm 18 ANACONDA: An algorithm for testing equivalence given NACOND oracle
access to p, q
1: function ANACONDA(e, NACOND, oracle, NACOND, oracle, parameters 7', 7, ¢’)
2: fort=1to T do
3: Choose an integer j € {1,...,2logn} uniformly at random, and define r = 27,
4: Choose a random set S C [n], independently selecting each ¢ to be in S with
probability 1/7.

5: Perform 7 queries to NACOND,, and NACOND,, on the set S.
6: Using these queries, form the empirical distribution pg and ¢g.
7 if Ji € S such that [ps(i) — ¢s(i)| > ¢’ then

8: return dry(p,q) > ¢

9: end if

10: end for

11: return p =gq

12: end function

6.5.3 Analysis of ANACONDA for Uniformity Testing

In this section, we will prove Theorem by instantiating ANACONDA with parameters
T = O(logn), 7 = O(loglogn/e?), and £ = O(e).
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Theorem 53 (Non-Adaptive Uniformity Testing). There exists an algorithm which, given

logn
22

NACOND access to an unknown distribution p on [n], makes O( ) queries to the oracle
on p and distinguishes between the cases p = U, and drvy(p,U,) > € with probability at least

2/3, where U, is the uniform distribution on [n].

Our strategy will be as follows. We will argue that, with probability 2(1/logn), ANA-
CONDA will select a set S with a single element that has significantly different mass under the
uniform distribution and the distribution pg. In this way, we will reduce the problem from
(1-testing to lo-testing, the latter of which is solvable with very few samples, by Lemma [I

More precisely, we compare the probability assigned to a particular symbol ¢ when per-

forming a conditional sample on S, in the two cases where p = U,,, and when drv(p,U,) = €.

In the former case, the probability is g:((;)), while in the latter, it is % Therefore,
the difference in probability assigned is
Un (1) +e2(i)  Un(d) (6.5)
U, (S) +¢ez(S) U, (S)] ’

In the following two subsections, we will show that the following lemma:

Lemma 60. If drv(p,U,) = €, then for each t, ANACONDA will select a set S which causes

to be > Q(e) with probability > Q(1/logn).

Assuming this to be true for the moment, we will show how to complete the proof.
Repeating this process T = ©O(logn) times will guarantee that at least one iteration will
choose an S containing a sufficiently discrepant element with probability > 9/10. We focus
on the iteration where such an S is selected.

Now if we draw ©(loglogn/e?) samples from pg, Lemma [1|implies the empirical distribu-
tion pg will approximate pg in Kolmogorov distance up to an additive &', with probability at
least 1—O <$>, and thus Linewill correctly identify that drv(p,U,,) = €. Therefore, with
probability at least 4/5, the algorithm will correctly detect in this case that drv(p,U,) = €.

We now examine what happens when p = U,,. For each iteration ¢, the uniform distri-
bution on S and pg will be equal. We again invoke Lemma [I| with ©(loglogn/e?) samples,

and use a union bound over all 7' = O(logn) iterations. This implies that, with probability
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at least 9/10, Line [7| will never identify an element which has > ¢’ discrepancy, and thus the
algorithm will output that p = U,, in Line |11}

It remains to prove Lemma We break the analysis into two cases, which we address
in the following two subsections. In Section [6.5.3.1] we handle the case where, for all = €
{27,271}, Z;flign /3241 2oieBin () ©(1) = 1/5. This corresponds to the case where there are
many symbols with small discrepancy from the uniform distribution, in both the positive and
negative direction. In Section [6.5.3.2] we handle the complement of this case, where there
exists an x € {z7, z*} for which Z;‘f{b/w > () ©(4) = 3/5. Roughly, this happens when

iEBinj

there are not too many symbols which capture the discrepancy between the distributions.

6.5.3.1 Case I: Many Small Discrepancies

In this section, we prove Lemmain the case where for all z € {z—, z+}, Sl8o" ZieBinj () T (1)

j=logn/32+1

1/5. In short, the analysis can be summarized as follows: if the algorithm chooses a set S
of size 2, it is likely to contain two elements with non-trivial discrepancy, and in both the
positive and negative direction — this will suffice to make be > Q(e).

We have the following proposition relating the size of a bin to the mass it contains, which

is immediate from Definition R5l
Proposition 22. 277137, 5. x(i) < [Bin(z)| < 27 3, p,,, 2(4).

This gives us the following lower bound on the number of symbols which are in bins

logn/32 + 1 through log 5n:

log 5n log 5n n log 5n n
. i1 . .
| E |Bin;(z)| > | E 2/ | E x(i) > 3 E | g x(i) > 160 (6.6)
j=logn/32+1 j=logn/32+1 1€Bin; (x) j=logn/32+1 i€Bin;(x)

In other words, for either z € {27, 27}, there are Q(n) symbols with z(i) > 1/5n.

We complete the proof of Lemma as follows. With probability m, ANACONDA
will select 7 = logn in Line [3] Conditioning on this, with constant probability, the set S
selected in Line {4| will be of size exactly 2. Further conditioning on this, due to (6.6]), with
constant probability S will consist of two symbols i; € Binj(2") and iy € Binj»(27) for

logn/32+1 <75, 7" <logbhn.
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Without loss of generality, suppose that z(i;) > 0 and z(i3) < 0. Then (6.5)) is the

following;:

U, (1) + €z(1) Un(i) | en(z(i;) — z(i2)) en - 52n e
Uy(S) +e2(5) US| 22+ en(z(ir) + 2(i2))) = 22+ en - 2) = 68 (6.7)

This expression is > Q(e), and this event happens with probability > (1/logn), thus

proving Lemma [60] in this case.

6.5.3.2 Case II: Not So Many Small Discrepancies

In this section, we prove Lemma [60|in the case where there exists an « € {z7, 27} for which
Z;‘):gf /32 D ieBiny (@) ©(1) = 3/5. Without loss of generality, assume that this holds for zt.
Furthermore, we focus our analysis on the case where ANACONDA picks an r < logn/32.
For the remainder of this proof, condition on this event, which happens with probability at
least 1/4.

We will need the following key lemma:

Lemma 61. Suppose drv(p,U,) = €. For each iteration t, with probability > the

2010gn/327

algorithm will choose an r and a set S such that there exists i € S with z* (i) > 1/r.

Proof. For some fixed j, the probability of choosing j is m, and, conditioning on this 7,
L_)IBinj(ﬁ)l. By

the probability of picking any element from Bin;(z") to be in Sis 1 — (1 — 3
the law of total probability, we sum this over all bins to get the probability that the event

of interest happens:

Bin; (=71)] . n

1 1 1 |Bin,(z7)]
1 (1-— > - 1 —exp [ — 2= 1) (68
logn/32 2 ( 2J) logn/32 2 eXp( 2 (6.8)

€llogn/32] €llogn/32]

1 1
> 1— = (i
~ logn/32 Z R Z <)

j€llogn/32] 1€Bin;(z1)
(6.9)

m > 1 POREN( (6.10)

€llogn/32] iEBinj (1)

3
> . 6.11
~ 20logn/32 (6.11)
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follows from the inequality 1 — x < exp(—x), is due to Proposition (6.10)
is by the inequality 1 — exp(—xz) > x/2 (which holds for all z € [0,1]), and (6.11) is by

assumption O
We will require the following lemmata to complete the proof:

Lemma 62. For any i and j,

1 3
< ) < ——| > 1 — 2,
Pr{2'2j_un(5\z)_2.2j}_1 2/e

Proof. Observe that the size of S\ 7 is a sum of n — 1 i.i.d. Bernoulli random variables with

parameter 1/27, and thus has expectation pu = ”2;1. Then, by Chernoff bound, we have

9 (n—1) . 23(n—1) 494 5
Pri———=< < —— = >1-2 —— | >1-2 .
r[m - SISV s g 2l 2ew | g J 2 1= 2/e

The last inequality follows since j < logn/32 for n larger than some absolute constant.
Similarly, the lemma follows for n larger than some absolute constant by rescaling the size

of the set by a factor of n. m

Lemma 63. If drv(p,U,) = €, then for any i and j,
, 4
Pr {z(S\z) > 2_3] <1/4.

Proof. Note that z(S\ 7) is a non-negative random variable. Its expectation E[z7(S\7)] <
E[27(S)] < 1/27. The lemma follows by Markov’s inequality, and by observing that the

addition of any negative elements of z will only decrease z(S \ 7). O

Note that, by Lemmas , , , if drv(p,U,) = &, with probability at least }1 . m .
(1—1—2/e*) > Q(1/logn), the following events happen simultaneously:

o r <n/32
o 2(i) >1/r;
o U,(i) = 1/n;
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o 2(S\i) < 4/r
o L <U(S\i)< s

2r

We now show that a set S with all these properties will result in (6.5 being > Q(¢):

The analysis concludes by considering two cases. If ez(i) > % +e- %, then we have the lower

bound ¢ - 2521(1') (# — 2) = Q(1) > Q(e), as desired. Otherwise, we have the lower bound

n

€15 (% — %) >E 15 (i — 2) > £ which completes the proof.

— 4r n 967

6.5.4 Analysis of ANACONDA for Equivalence Testing

In this section, we will prove Theorem by instantiating ANACONDA with parameters

T = 0O(log’n), 7 = O(logb n/c?), and ¢’ = S0

Theorem 52 (Non-Adaptive Equivalence Testing). There exists an algorithm which, given
NACOND access to unknown distributions p,q on [n|, makes O (%#) queries to the oracle
on each distribution and distinguishes between the cases p = q and drv(p,q) > & with

probability at least 2/3.

We will require the following proposition, says if drv(p,q) = € and ANACONDA selects

an appropriate set S, then it will detect the discrepancy.

Proposition 23. Suppose that drv(p,q) = € and that within the first T iterations a set S

is identified such that for some i € S and some ¢ > 0,

p(S) +q(9)

min{z(i),z(i) — z(S)} > Ollogin)
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Then, for & = O(losg and 7 = Q <1°g ”) the algorithm outputs that drv(p,q) > € with

probability at least 1 — —poly Togn

. min{z(3),z(i)—z(S
Proof. We first argue that |pg(i) — qg(i)| > e ES)Jr(q)(S)( 1

We set p = 224 We have that p = p+ 25, ¢ =p — 25 and

As z(i)p(S) — p(i)z(S) > p(S) min{z(i), z(i) — 2(9)}, it follows that

5m1n{z( ), 2(i) — 2(9)}

ps(0) = as(0)| > 5o

To complete the proof, we note that the condition implies that |ps(i) — gs(7)| > m
and thus by Lemma , =0 (log "> suffices to detect (with failure probability 1/ poly log n)
tha‘t ||pS - qSHOO > 5/ = O(loggcn)' D

To complete the proof, we will show that after T' = poly logn iterations, Algorithm
will choose a set S that satisfies the conditions of Proposition

We define Z to be the vector with 2(i) = z(i) if |2(i)] > ﬁ and Z(i) = 0 other-

wise. Roughly, this “zeroes out” the noise for any ¢ where the noise vector z is too large
in comparison to the signal vector p + ¢. Let b be the measure on {1,...,2logn} with
mass 27 (Bin;(z1)) and equivalently define b~. Notice that [bT],|b7] € [1 1]. This

+ p(i)+q(2) 1
is because Zz 21 (4)= 0~ ( ) < Zz 400logn — 20010gn

1
200logn’

The next lemma shows that, if there are two bins (with respect to the positive and
negative z vectors) which are both “heavy” and are close in index, then we will obtain an

appropriate set S (for Proposition .

Lemma 64. If b™(j) > BTloe O‘n and b~ (') > m, for some j and j' with 207"l =

O(log” n), then a single iteration of Algomthmﬁnds set S and i € S with min{z(7), z(i) —

p(S)+q(S) .
z2(9)} > 0(1 )ffil )) with probability W'

Proof. With probability 50 an iteration of Algorithm [18 will choose r = 2~ max{si"}=3

)’
Given this value of r, a unique 7 with 2%(i) € [277,279"!) and a unique ' with 27(i) €
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[279",277+1) are selected with probability W It holds that 2~ (i'), 2+ (i) € [8, O(log” n)]-
r and their corresponding p(i) + ¢(i) < O(logn) - z(i) < O(log"* n)r and p(i’) + q(i') <
O(log"* n)r.

By Markov’s inequality, with probability at least 3/4, z2(S\ {7,7'}) < 2" (S\ {7,7'}) < 4r.
Similarly, with probability at least 3/4, p(S'\ {4,4'}) + ¢(S \ {¢,7'}) < 8r. By a union bound
with probability 1/2 both hold simultaneously.

When all of these events occur, which happens with probability at least W we
get that:
min{z(i), 2(i) — 2(S)} > 4r since 2(i) — 2(S) > 27 (V') — 2(S\ {4,7'}) > 4r
The lemma, follows by noting that p(S) + ¢(S) < O(log?™' n)r. O

Finally, we have our main lemma required for the analysis. It leverages Lemma [64] to

show that we can obtain an appropriate set S with reasonable probability.

Lemma 65. If drv(p,q) = €, then a single iteration of Algorithm ﬁnds set S andi € S
. : . . p(S)+q(S) - - 1
with min{z(7), z(1) — z(S)} > Slogi ) with probability Slos™ )"

Proof. Before we begin, we require the following two simple concentration lemmas:

Lemma 66. Let 0 < a < b, X; ~ Bernoulli(2™*) and let 1 > >, _,vx; > c. Then,
D ipaicas XiTi > 27%c — t2=(=a)/2) “ayith probability 1 — e,

Proof. We apply the Chernoff bound on the variables Z; = X,;2%2z;. We get that with

probability 1 — e, 2°37. ., Xz > 2% — t2(0=a)/2  Thys, 2¢ D imcab Xilli > € —
t2—(b—a)/2 N
Lemma 67. Leta > 1, X; ~ Bernoulli(2™*) and let 1 > Y, oo x; Then, Y . o o Xizi =

0, with probability }L.

Proof. There are at most 2% elements z; and every element is selected independently with

probability 27¢. The probability that no element is chosen is (1 —272)%" > }l. O
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We continue with the main proof. Consider two cases:

1. di(b",b7) < o

logn”

In this case, as 3 b%(j) > 2/3, there will be a bin j with bT(j) > 222 As the

2logn
dg(bT,07) < the corresponding b= (j) > =+~ — =2~ > —1— Then, Lemma

— 3logn 8logn — 12logn

_1
8logn’

implies that a good set will be identified with high probability.

2. dic(b+,b7) >

8logn

In this case, there will be a bin j, with |3, b=(j) — >_;5;, 07 ()| > 81 . Without
loss of generality, >, b () < > s b7 0):

< b*(j). Then there must exist a

Let j; be the largest index such that g — gn _jl

J* € [ji, Jr] such that b*(j*) > as |[71, 7-]| < 2logn.

m
If there is a j € [j*, 7* + 2loglogn], with b~ (j) > m, Lemmaimplies that

. . 1 . . (S + (S
with probability 7=, min{z(7), 2(i) — 2(S)} > po(logqn) :

Otherwise, we have that 3.5 . o10a106n 0 (1) > 351057 + 2ojsye 01 (4). We will show
that in this case, when the algorithm selects » = 277", a good set is identified with
non-trivial probability.

. o7 % o 1
With probability Q(b™(j*)) = Ol
It holds that z* (i) € [1,2] - r and the corresponding p(i) + q(i) < O(logn) - z(i) <
O(logn)r.

a unique i with 2+ (i) € [2777,2777 1) is selected.

To complete the proof, we now provide bounds for z(S\ {i}) and p(S\{i})+q(S\{7}).

We decompose z(S'\ {i}) into contributions from different sets of elements:

(a) 25((S\ {i}) N (Ujss- Bing(27)}) < 7305554 07()) + 55555, With probability at

least . This holds by Markov’s inequality.

To0Tog

(b) ZF((S\{7})N(U; ;- Binj(27))}) = 0 with probability 1/4. This holds by Lemma

(c) 27(S\{i}) = 27 (S\{i}) < 3355755, With probability 2/3. This holds by Markov’s
inequality.

(d) 27 (S\{i}) 27 25 12108108n 0 (J) — 20010gm With probability 15/16. This holds

by a concentration bound presented in Lemma [66]
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Applying a union bound on cases (b)-(d), we get that they hold simultaneously with
probability 1/8. Noting that

ThU.S, overall _Z(S\{Z}) > TZ]>] *+2loglogn ( ) TZ]>] ( ) 20051:)gn 2 QOlggn'
In addition, z(7) > r and thus min{z(), z(i) — 2(S)} >
bility, we also have that p(S) + ¢(S) < O(logn) - r

2010gn With constant proba-

Thus, with probability min{z (i), 2(i) — 2(S)} > P(S p(S)+a(9)

1
O(log*n)’
[l

Finally, with Lemma in hand, we combine it with Proposition to complete the
proof of Theorem [52]
Proof of Theorem : Set T = O(log®(n)). Then Lemma [65] implies that, with constant
probability, after T iterations, a set S will be identified such that for some ¢ € S,

min{(i), 2(i) — 2(S)} > w.
(log” n)
Proposition then implies that for & = m and 7 = Q <b§#), the algorithm

correctly outputs that dry(p, q) > € with probability at least 1 — m.
In contrast, when dry(p, ¢) = 0, the algorithm incorrectly correctly outputs that drv(p, q) >
€ with probability at most m. O

6.5.5 Analysis of ANACONDA for Identity Testing

In this section, we discuss how our results for uniformity testing imply Theorem for

identity testing.

Theorem 54 (Non-Adaptive Identity Testing). There exists an algorithm which, given NA-

COND access to an unknown distribution p on [n] and a description of a distribution q over

[n], makes O <1°§;”> queries to the oracle on p and distinguishes between the cases p = q

and drv(p,q) > € with probability at least 2/3.

We adapt the reduction of [CEGMI6], from non-adaptive identity testing to non-adaptive

near-uniform identity testing. In particular, we use their Algorithm 4.2.2, with a few crucial
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differences — to describe these differences, we assume familiarity with the terminology of
their paper.

In Line 1, they partition the domain using Bucket(q, [n], 55). We perform a less fine-

grained partitioning, using Bucket(q, [n] Their bucketing defines M, as all i such that

106071 The first modification will require a

1
7@)

q(i) < £. We define it as all ¢ such that ¢(i) <
stronger near-uniform identity tester than the one in their paper, which can handle identity
testing to any distribution ¢ such that || — Un||s < 1p5-- The second change implies that
we do not have to do a near-uniform identity test on My — either ||z(My)|l; > /50 and
the discrepancy will be discovered in Line 3, or ||z(M)|l1 < /50, and this bucket can be

ignored, as ||z([n]\ Moy)||1 > 49¢/50. As a result of these changes, there are only ©(log(n/¢))

§log(1+1/100)
2log(100n/e) *

With these changes, mimicking the analysis of Theorem 4.2.1 of [CEFGMI16| gives the

buckets in the partition, and we perform the tests in Line 2 with error bound

following theorem:

Theorem 57. Suppose there exists a k(n, e, d)-query algorithm, which, given NACOND ac-
cess to an unknown distribution p over [n] and a description of a distribution q over [n]

such that ||q — Uy ||ee < distinguishes between the cases p = q versus drv(p,q) > € with

100 ’
probability 1 — 6.
Then there exists an algorithm which, given NACOND access to an unknown distribution p

on [n] and a description of a distribution q, makes O (log(n/e) -k (n g /2, ol 1+1/100)> + log(n/€)>

? 61og(100n/¢) e?

queries to the oracle on p and distinguishes between the cases p = q and drv(p,q) > & with

probability at least 2/3.

In the rest of this section, we will sketch how the analysis of Theorem [53| can be extended
to apply to any distribution ¢ such that ||¢ — Uyllsc < 1557, While maintaining the same

sample complexity:

Theorem 58 (Non-Adaptive Near-Uniform Identity Testing). There exists an algorithm
which, given NACOND access to an unknown distribution p over [n] and a description of a

makes O (

distribution q over [n] such that ||q — Uyl < ) queries to the oracle on p

1
100n

and distinguishes between the cases p = q versus drv(p,q) > € with probability at least 2/3.

10We note that the original definition of My used in [CFGM13, [CEFGM16] appears to be an erratum, and
a similar modification is required for the reduction to go through in their setting as well.
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With this in hand, instantiating Theorem [57| with k(n,e,d) = O (1052" : log(l/é)) gives
Theorem [541

Most of the analysis in Section [6.5.3] involves reasoning about the noise vector z, none of
which changes for this setting. The exceptions are at the end of Sections|[6.5.3.1] and [6.5.3.2],
where we argue that is large. We deal with the former case first — here, can be

written as
) . . ) 199
. z(i1)q(i2) — 2(i2)q(i1) 2" 5 Toom > Q(e)

4(S)(g(S) +22(9)) | 7 DL (22 4. 2y =

100 \100n

as desired. In the latter case, the proof follows with two minimal changes in the events that
happen simultaneously (mentioned towards the end of the section). Instead of U, (i) = 1/n,
we have that (i) < 101/100n. Also, instead of 5= < U,(S \ i) < 2, we have that 5= <
q(S\ i) < % This can be proved by essentially the same argument as Lemma |62, but
rescaling at the end by a factor of 100n/99 or 100n/101. With these changes, the argument

is identical, and thus we have Theorem implying Theorem [54]

6.5.6 An Algorithm for Support Size Estimation

In this section, we sketch how similar — yet less involved — ideas as our algorithm for support
size estimation (in Section can be used to derive a non-adaptive upper bound for support-
size estimation. For simplicity, we describe the algorithm for 2-approximation: adapting it
to general (1 + e)-approximation is straightforward.

The high-level idea is to perform a simple binary search (instead of the double exponential
search from the preceding section) to identify the greatest lower bound on the support size
of the form k = 27. For each guess k € {2,4,8 ..., n}, we pick uniformly at random a set
S C [n] of cardinality k, and check whether pg is uniform using the non-adaptive tester of
Theorem . If ps is found to be uniform for all values of k, we return n as our estimate (as
the distribution is close to uniform on [n]); otherwise, we return n/k, for the smallest & on
which pg was found to be far from uniform. Indeed, pg can only be far from uniform if S

contains points from the support of p, which intuitively only happens if n/k = Q (1).

"Note that a standard boosting applied to Theorem gives a 1—4 probability of success at a multiplicative
cost of log(1/4).
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To be more precise, the algorithm proceeds as follows, where 7 > 0 is an absolute constant:
for all k € {2,4,...,n} do
Set a counter ¢ < 0.
for m = O (loglogn) times do
Pick uniformly at random a set S C [n] of k elements.
Test (non-adaptively) uniformity of ps on S, with the tester of Theorem .
if the tester rejects then increment c.
end if
end for
if ¢, > 7-m then return w < 7.
end if
end for

return w < n.

The query complexity is easily seen to be poly logn, from the O (logn) calls to the O(logn)
tester of Theorem [53] As for correctness, it follows from the fact that for any set S with
mass p(S) > 0 which contains at least an n fraction of points outside the support, it holds

that pg is n-far from the uniform distribution on S.

6.6 Non-Adaptive Lower Bounds

In this section, we prove our lower bounds for non-adaptive support-size estimation and

uniformity testing, Theorems [55] and

Theorem 55 (Non-Adaptive Support-Size Estimation Lower Bound). Any algorithm which,
given NACOND access to an unknown distribution p on [n], estimates the size of the support

up to a factor of v > /2 must make at least Q (ﬁg%:) queries.

Theorem 56 (Non-Adaptive Uniformity Testing Lower Bound). Any algorithm which, given
NACOND access to an unknown distribution p on [n|, distinguishes between the cases p = U,

and drv(p,U,) > € with probability at least 2/3 must make at least Q (logn/e) queries.

These two theorems follow from the same argument, which we outline below before
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turning to the proof itself. Note that we will, in this section, establish Theorem for
constant €, i.e. € = 1/4; before explaining how to derive the general statement as a corollary

at the end.

Structure of the proof. By Yao’s Minimax Principle, we consider deterministic tests
and study their performance over random distributions, chosen to be uniform over a random
subset of carefully picked size. The proof of Theorem [55| then proceeds in three steps: in
Lemma , we first argue that all queries made by the deterministic tester will (with high
probability over the choice of the support size s) behave very “nicely” with regard to s, i.e.
not be concentrated around it. Then, we condition on this to bound the total variation

’ a random

distance between the sequence of samples obtained in the two cases we “oppose,’
distribution from a family P and the corresponding one from a family Q. In Lemma
we show that the part of total variation distance due to samples from the small queries is
zero, except with probability o(1) over the choice of s. Similarly, Lemma allows us to say
(comparing both cases to a third “reference” case, a honest-to-goodness uniform distribution
over the whole domain, and applying a triangle inequality) that the remaining part of the
total variation distance due to samples from the big queries is zero as well, except again
with probability o(1). Combining these three lets us conclude by properties of the total
variation distance, as (since the queries are non-adaptive) the distribution over the sequence
of samples is a product distribution. (Moreover, applying Lemma as a stand-alone enables

us, with little additional work, to obtain Theorem as our argument in particular implies

distributions from P are hard to distinguish from uniform.)

The families P and Q. Fix v > /2 as in Theorem ; writing 8 £ 72, we define the set

IN

S £ {BanM 0<k 2l(l)gn/6} = {n'/%, gnl/t g2al4 L 0¥y (6.12)
0og

A no-instance (p, q) € P x Q is then obtained by the following process:
e Draw s uniformly at random from S.

e Pick a uniformly random set S; C [n] of size s, and set p to be uniform on S;.
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e Pick a uniformly random set Sy C [n] of size s, and set ¢ to be uniform on S.

(Similarly, a yes-instance is obtained by first drawing a no-instance (p, q), and discarding ¢
to keep only (p,p) € P x Q.)

We will argue that no algorithm can distinguish with high probability between the cases
(p,q) ~ P x Q and (p,q) ~ P x P, by showing that in both cases p and ¢ generate
transcripts indistinguishable from those the uniform distribution U, would yield. This will
imply Theorem [55] as any algorithm to estimate the support within a multiplicative v would
imply a distinguisher between instances of the form (p,p) and (p,q) (indeed, the support
sizes of p and ¢ differ by a factor 8 = 7?). (As for Theorem , observe that any distribution
p € P has constant distance from the uniform distribution on [n], so that a uniformity tester

must be able to tell p apart from U,,.)

Small and big query sets. Let 7 be any deterministic non-adaptive algorithm making

my < m = WR% queries. Without loss of generality, we can assume 7 makes exactly
m queries, and denote them by A;,..., A, C [n]. Moreover, we let a; = |4;|, and (again

without loss of generality) write a; > -+ > ay,.

As a preliminary observation, note that for any A C [n] and 0 < s < n we have

Bs[lsna)= 2
where the expectation is over a uniform choice of S among all (Z) subsets of size s. This
observation will lead us to divide the query sets A; in two groups, depending on the expected
size of their intersection with the (random) support.
With this in mind, the following definition will be crucial to our proof. Intuitively, it
captures the distribution of sizes of intersection of various query sets with the randomly

chosen set S.

Definition 26. Let s > 1, and A= {a1,...,an} be any set of q integers. For a real number
t >0, define

Ct(s)é’{ie[m] . B8 o (5*2@)}‘ (6.13)

n

to be the number of t-hit points of A (for s).
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The next result will be crucial to prove our lower bounds: it roughly states that if we
consider the set of a;’s and scale them by the random quantity s/n, then the distribution of

the random variable generated has an exponential tail with respect to t.

Lemma 68 (Hitting Lemma). Fiz A as in the previous definition. If s is drawn uniformly

at random from S, then with probability at least 99/100.

2

—. 6.14
>0 © 100 ( )

Proof. Without loss of generality, assume that the a;’s are in decreasing order. We will
work in the logarithmic domain: a number a; contributes to Cy(s) if and only if logs €
log(n/a;) — tlog B,log(n/a;) + tlog B]. Indeed, we can restate the lemma in an additive
form. Let A = {ai,...,a,} be any set of numbers in [0,logn]. These are defined as
transformations of a;’s: a; 2 log(n/a;). In the additive restating, = will play the role of
log s, or equivalently, s = 2%. For a point x € [0,logn], let £ (rf respectively) denote the
distance of x from the jth point to its left (right respectively) from the set A. More precisely,
if ay <o < g, 5 Ly Qy11-j. If we consider only points to the left of z, £5/log 3 is

J

the least value of ¢ such that Cy(27) = j. Therefore, if t? £ == min {{? r?}, then we are

gﬁ
guaranteed that j < C’t;c(Zx) < 2j.

Observe that C}(2%) is a piecewise-constant function which is monotone non-decreasing

in t. Therefore, the supremum of Ct(fz) is attained at one of these discontinuities:
Cy(27) Cy(27)
sup = max :
>0 t {t : ¥6>0,C4_s5(2%)<C(22)} ¢

We can in turn upper bound this by looking at the set of all ¢7. Note that this may ignore
some discontinuous points: for instance, suppose that £ < r7, then ry /log 8 will not be

considered. However, we note that in this case, Cyr/10g5(2") < 2C 105 5(27) = 203 (27):

Cre/10g0(2) _ Creyiogs(2) 20 /105p(2%)  2C1(27)
ri/log = (j/logB T (7/logpB o
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Therefore,

Cy(27) 204 (2:;:) 44 44 log ﬁ
sup < max ——— < max o —- = m‘ —_—
>0t {eg - jelmly 15 {g < gelml} 1 {eg = jelm)y min{{5, ry

We would like to upper bound this term by 2/100. Equivalently, we satisfy the lemma

conditions if

tI‘
mln{ } > 200 log 3.
J

J

For a constant ¢ > 0, let S, be the set of all points = (where recall s = 27 is selected

according to the distribution &) such that violate this inequality for c:

&
min <e
J J

We would like to upper bound the probability that a randomly selected x violates this inequal-
ity for ¢ = 200log 8 by 1/100. Equivalently, since z is selected uniformly at random from

logn
2log B

We do this with the following claim:

different values, we would like to upper bound the size of Saoiogs by logn/200log 3.

Claim 12. |S.| < 2cm.

Substituting in ¢ = 2001log 3 and m = log /80000 log? 8 will give the desired result.

Proof of Claim[19 We consider the set of points in S., C S, that satisfy 5/ < c for some
j, and show that their measure is at most ¢m. An identical bound holds for the set of points
of S, for which r;?/j < c. Let St er C Se be the set of points in S, that satisfy min; { 4 } <c

with respect to the set a4,..., ;. We will show by induction that |S? | < ci.

For the first point a;, the set S}, = [a1, 1 + ¢]. Suppose by induction that |S; | < ci.
Let z; be the right-most point in the set S;Z. Then it is clear that z; > «;, in fact x; >
a; + c. Furthermore, either z; = logn, or ff /j = c for some j. Moreover, we claim that
i, ;] € S!,. Indeed, for the same j that (]/j < ¢, all points in [a;, z;] satisfy the condition.
If x; = logn, then the result holds trivially. We therefore consider the point a;,; and prove

the inductive step for z; < logn. There are two cases:
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If ;1 > ;2 In this case, Sngl = 275 U [aiy1, Tir1]. We have to show that x;11 < ;i1 + ¢
Suppose to the contrary that x;11 > a;.1 + ¢ > z; + ¢. Then there is a point «y, for

h <, such that ===t < ¢, and then % < ¢, so that

Oit1 — Qp

<
i1+1—nh “

however, this implies that a;,1 € Sé’g, contradicting the assumption of this case.

If ajy1 < 2;: In this case, Si}l = Sé’e U [, Zi41]. We have to show that z;,1 < x; + c.
Suppose on the contrary that x;,; > x; + ¢ > a;11 + ¢. Suppose h be the index such

that Z5-% < ¢ and therefore, =% < ¢ implying that

i+2—h i+2—h
Xy — Qp
— T <o
1+1—h

contradicting that z; is the rightmost point of S ,.

This concludes the proof of the hitting lemma. O]

We proceed to show how to use this lemma to bound the contribution of various types
of queries to the distinguishability of p and ¢. In particular, we will apply Lemma [6§| to the
set of query sizes {a1,...,an}.

Recall that the a;’s are non-increasing. If a,,s/n < 1 let m/ £ m + 1, otherwise define m’
as the largest integer such that a,,s/n > 1. We partition the queries made by 7 in two:

Ay, ..., A, are said to be big, while A,,/1,..., A, are small queries.

Lemma 69. With probability at least 1 — 2710, a random distribution from P or from Q

does not intersect with any small query.

Proof. Let s be the random size drawn for the definition of the instances. We first claim
that E[|A,,; N S]] < B87°Y for all j > 1, where the expectation is over the uniform choice

of set Sy for p. Indeed, by contradiction suppose there is a j > 1 such that E[|A,,; N S|| =
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CL,"L/ .S _ 5 oy . .
e > 3 %07 By definition of m/, for 1 < i < j,
Ay 14 S .
1> 2 s 37505,

. . . Cso; ;
Therefore, the queries A/, Ayyi1, ..., Ay, contribute to Csoj, and we obtain 5"(’)(;? > %j =

2

165> contradicting Lemma Thus, the expected intersection can be bounded as follows:

E[|(Aps1 UApyo---UAL)NS|| <E[JAw+1 NS +E[|ApwianN S|+ -+ E[JA, N S]]
S 5—50 ‘I’B_IOO"‘

—12
<277,

since § > 2. From this, we obtain the result holds for P by Markov’s inequality. The same

applies to Q with probability of intersection at most 271°, proving the lemma. O

We now turn our attention to the sets with large intersections. We will show that under P
and Q, the output of querying the sets Ay, ... A, are indistinguishable from simply picking

elements uniformly from the sets Ay, ..., A,,. More precisely, we establish the following.

Lemma 70. Let n* = 27 and n, = 1/100; and fiz £ € {1,2}. At least an 1 —n, fraction of

elements s1,...,Sp € Ay X Ag, ..., Ay satisfy

1

S 6.15
A A (6.15)

PZr[ (S1y---y8m)] €1 = 50", 14 517

for £ € {p,q}.

As this holds for most distributions in both P and Q, this implies the queries are indis-
tinguishable from the product distribution over A; x A, ..., A, (which is the one induced
by the same queries on the uniform distribution over [n]) in either case, with probability at

least 1 —ns — 5n*.

Proof of Lemma[70 From standard Chernoff-like concentration bounds for hypergeometric

random variables (Lemma [3)), we obtain the claim below.
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Claim 13. Suppose A is a set of size a, and S is a uniformly chosen random set of size s.
Then, for alln € (0,1], we have Pr[|AN S| > (14 n)%] < e~ 5 andPr[|[AnS| < (1—-n)%2] <

2. as

e " Bn,

We use this to show that indeed all the |A; N.S| concentrate around their expected values
for 1 < 5 < m'. First note that, as a consequence of Lemma it is the case that these
expected values satisfy a,_js/n > 00+ for every 0 < j < m’ — 1 (with probability at
least 99/100). Conditioning on this, we first invoke Lemma [13[on A; with n = 3 . g200+D)

and then apply a union bound to obtain
Pr|3j € [m] st. |4, 0S| ¢ [1 4. 576D 14y 5—200‘“)] : @} < (6.16)
n

i.e., with high probability all intersections simultaneously concentrate around their expected
values.

Note that since s is at most n**, each A; under consideration has size at least n3°°/n%* >
n'/*. Therefore, the probability that a random selection of elements from A, .. ., A, exhibits

no collision is at least

" |As| —m/ m' \"™ (m/)? log®n
=02 mm) 2=t

i=1

We henceforth condition on this event.

Let N = (") be the number of outcomes for the set S. We write Ny > N(1 — e 5"
for the number of such sets for which holds. Let 371”' denote sy...s,,. For a set of
distinet (s1,...,8m) € Ap X -+ X Apy, let N(s7V) = (me) be the number of sets of size s
that contain s7*, and let No(s7"') of them satisfy (6.16).

By Markov’s inequality, with probability at least 1 — e ?’, for a randomly chosen s7* we
have No(s7")/N(s7) > 1 — €%, For any such 7",

o No(sT) 1 oy S(s=1)...(s—=m'+1) mon
Pr[sl }2 N1 .g]AiﬂS\z(l_GQ )n(n—l)...(n—m’—i—l) —457) g ;S
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for large n and as |S| > n'/4. Since the sum of probabilities of elements is at most 1, the

other side of the inequality in Lemma [70] follows. O

Proof of Theorem and Theorem :  Let Ty (resp. Ty, Ty) be the distribution
over transcripts generated by the queries Ay, ..., A,, when given conditional access to the
distribution p from a no-instance (resp. ¢, resp. uniform U, ); that is, a distribution over m-
tuples in Ay X - -+ x A,,. Since the queries were non-adaptive, we can break 7; (and similarly
for Ty, Ty) in TP x Tsmall according to m’, and use Lemma [70| and Lemma [69] separately
to obtain dry(Ty, Ty) < ns +n* + 2719 < 1/50 and dpvy(T1, Ty) < ns +n* + 2719 < 1/50 (for
the latter, recalling that queries that do not intersect the support receive samples exactly

uniformly distributed in the query set) — thus establishing both theorems. O]

On the dependence on ¢ in Theorem [56 We remark that Theorem [56], by establishing
a lower bound of €2 (logn) queries for non-adaptive testing of uniformity with constant dis-
tance parameter 1/4, immediately implies, by a standard argument, an € ((logn)/e) lower
bound for distance parameter ¢ € (0,1/4). In more detail, this is a consequence of the
following reduction: any m(n,e)-query non-adaptive tester for uniformity 7 can be used,

given conditional access to some distribution p on [n], on the mixture distribution
pe = dep + (1 — de)l,, (6.17)

for which a conditional oracle can be easily simulated given a conditional oracle for p. More-
over, answering m(n,e) to p. can be done with an expected 4em(n,e) conditional queries
to p. As it is immediate to see that drv(p.,U,) = dedry(p,U,), we get that T can be used
to obtain a tester for non-adaptive testing of uniformity with constant distance parameter
1/4, with query complexity O(em(n,¢)) for every e < 1/4 (converting the expected query
complexity to a worst-case one is straightforward via Markov’s inequality followed by success
probability amplification by a constant number of repetitions). Therefore, the lower bound
of Theorem [56| implies that m(n,e) = Q ((logn)/e), as claimed.

It is also worth noting that the above argument does not yield an analogue statement for

support-size estimation via Theorem Indeed, mixing the distribution p with the uniform
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distribution does not preserve the support size in that case (nor the guarantee that every

point of the support has probability mass at least 7/n).
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Chapter 7

Other Directions in Distribution Testing

This thesis focused on several recent directions in distribution testing which the author has
worked on — it does not attempt to be a comprehensive resource for all problems worth
studying. Below, we highlight a few additional directions which may be of interest. We hope

that some of these suggestions inspire additional work in this field.

Communication Constrained Testing. Often, data may be collected on a number of
different devices simultaneously, and we wish to perform some statistical procedure on the
dataset as a whole. Some examples include data collected via a sensor network, or user data
generated on a number of remote devices like cellphones. One approach is to send all the
data to a central authority who then performs the statistical procedure, but this involves
communicating a significant amount of data over the network. The pertinent question is
whether one can reduce the amount of communication required. This appears to be an
emerging area of interest within distribution testing [ACT18 [FMO18]|, and there are likely
to be connections with the field of sketching [SS02].

Memory Constrained Testing. In a similar vein to the previous direction, we may wish
to perform some statistical task on a computing device with restricted memory. For instance,
a cellphone may need to run some background processes with limited memory, in order to
avoid slowing the phone significantly and ruining the user experience. This type of memory-

restricted statistical inference has been studied recently in the learning community [Raz16],
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KRT17al, Raz17, IMMI17, (GRT18, IMMI8]|, but has not yet seen significant study in the
distribution testing and property estimation community. [GMV06] is one classic result which
studies the estimation of entropy and various distribution divergences in this setting. There

are likely to be significant connections with the streaming literature [AMS99, Mut05].

Sampling Correctors. The work of Canonne, Gouleakis, and Rubinfeld [CGRIS] initiates
the study of sampling correctors. A sampling corrector is an algorithm which receives samples
from a distribution which is close to having some property C, and outputs samples from
a nearby distribution which has the property C. Observe that this can be viewed as a
generalization of the agnostic learning problem. The authors investigate various connections
between sampling correctors, agnostic learning, and distribution testing. While this paper
sets the stage for study, there is much room for investigating sampling correctors for a number

of classes of interest.

Quantum Tomography, Certification, and Estimation. As quantum devices become
more prevalent, methods to estimate and test properties of quantum states will become
increasingly important. There has recently been significant interest in studying the copy
complexity required to estimate various properties of mixed quantum states. Quantum to-
mography is the quantum equivalent of distribution learning, and is studied in [FGLEI12)
Wril6, OW16a, (OW17, [OW16b, [HHIJ™17, KRT17b, [Aarl8, [ACHN1S|. There are also quan-
tum equivalents of distribution testing (quantum state certification), support size testing
(rank testing) and entropy estimation (entropy estimation). See [MdW16| for a survey of
this field, and [HM13a, [OW15, HLM17, IGNW17, BOW17, [AISW17, [PLM18] for some recent
works in this area. The above works focus on quantum algorithms for testing of quantum
states. A slightly different direction is to use quantum algorithms for classical distribution

testing problems, as considered in [BHHI11), LW17]

Tolerant Testing. In Chapter 2| we investigated tolerant distribution testing with re-
spect to a number of different distances. While we obtained a tight understanding for all
the problems we considered, there are still a number of fundamental questions which one

can ask when in search of strongly-sublinear tolerant testers. First, we only considered a
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limited number of distribution distances, and additional distance measures might give rise
to testing problems with new sample complexities. For instance, we conjecture that there
exists a hierarchy of distances between y2-distance and KL divergence, and that testing with
tolerance to these intermediate distances might allow one to interpolate between the ©(n'/?)
and ©(n/logn) sample complexities at either end. Second, our focus in Chapter [2| was on
testing problems with a constant factor gap between the soundness and completeness cases.
It is likely that one can reduce the sample complexity of these problems by increasing this

gap, thereby reducing the amount of tolerance provided by the testing algorithm.

High-Dimensional Testing. As covered in Chapter [4] one can efficiently test distribu-
tions over a multivariate domain if the underlying density is from an Ising model. Similar
results exist for testing Bayesian networks [DP17, [CDKS17, [ABDK18|. This is far from a
comprehensive list of all multivariate distributions, and there are many natural structures
which may permit distribution testing with complexity which is polynomial in the dimen-
sion. One clear open problem is to understand the complexity of testing Markov Random
Fields (MRFs), the broad class of distributions for which the Ising model is the prototypical

example.
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