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Abstract

We give the first polynomial-time algorithm to estimate the mean of a d-variate probability
distribution with bounded covariance from Õ(d) independent samples subject to pure differential
privacy. Prior algorithms for this problem either incur exponential running time, require Ω(d1.5)
samples, or satisfy only the weaker concentrated or approximate differential privacy conditions.
In particular, all prior polynomial-time algorithms require d1+Ω(1) samples to guarantee small

privacy loss with “cryptographically” high probability, 1− 2−dΩ(1)

, while our algorithm retains
Õ(d) sample complexity even in this stringent setting.

Our main technique is a new approach to use the powerful Sum of Squares method (SoS) to
design differentially private algorithms. SoS proofs to algorithms is a key theme in numerous
recent works in high-dimensional algorithmic statistics – estimators which apparently require
exponential running time but whose analysis can be captured by low-degree Sum of Squares
proofs can be automatically turned into polynomial-time algorithms with the same provable
guarantees. We demonstrate a similar proofs to private algorithms phenomenon: instances of
the workhorse exponential mechanism which apparently require exponential time but which
can be analyzed with low-degree SoS proofs can be automatically turned into polynomial-time
differentially private algorithms. We prove a meta-theorem capturing this phenomenon, which
we expect to be of broad use in private algorithm design.

Our techniques also draw new connections between differentially private and robust statistics
in high dimensions. In particular, viewed through our proofs-to-private-algorithms lens, several
well-studied SoS proofs from recent works in algorithmic robust statistics directly yield key
components of our differentially private mean estimation algorithm.
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1 Introduction

Mean estimation is perhaps the most elementary statistical task: given samples from a probability
distributionD, estimate its expected value. In this paper, we study mean estimation in d dimensions
subject to differential privacy (DP) [DMNS06], a rigorous notion of data privacy. Privacy is of
natural concern in high-dimensional statistics, where data may be sensitive and standard estimators
like the empirical mean may leak information about individuals in a dataset (see, e.g., privacy
attacks in [DN03, HSR+08, BUV14, DSS+15] and the survey [DSSU17]). On the other hand,
privacy and statistical estimation seem largely compatible: in the large-sample limit, good statistical
estimators will have vanishing dependence on each individual sample anyway. Indeed, even though
the empirical mean (the natural benchmark for accuracy in mean estimation) is not differentially
private, estimators are known which match its accuracy guarantees while also providing differential
privacy [BKSW19, KSU20]. Namely, an accurate and private estimate of the mean can be obtained
using n = O(d) samples. However, known estimators achieving this sample complexity require
exponential running time.

If one instead focuses on polynomial-time algorithms, existing estimators all face significant
drawbacks: either they require n ≥ d1+Ω(1) samples, or they may leak private information with
probability 2−d

c
for small c > 0 [HT10, KLSU19, KSU20]. (In privacy language, they satisfy only

concentrated or approximate differential privacy.) Since a major goal of privacy is to make strong
assurances on leakage of sensitive information, best practices disallow private data leakage even
with “cryptographically” small probability 2− poly(d). One way to satisfy this stringent requirement
is to provide pure differential privacy, which disallows substantial leakage of private information
with any nonzero probability. Thus, the main question in our paper is:

Is there a polynomial-time pure DP algorithm for mean estimation using n = O(d) samples?

Our main result answers this question affirmatively, up to logarithmic factors. To state our
main result, we define differential privacy:

Definition 1.1 ((Pure) differential privacy). For ε > 0, a (randomized) algorithm A which takes
n inputs X1, . . . , Xn is ε-differentially private (ε-DP) if for every pair of inputs X1, . . . , Xn and
X ′1, . . . , X

′
n such that Xi = X ′i for all except a single index i ∈ [n] and for all possible events

S ⊆ Range(A),
P(A(X1, . . . , Xn) ∈ S) ≤ eε · P(A(X ′1, . . . , X

′
n) ∈ S) .

Theorem 1.2 (Main Theorem — Combination of Theorem 5.1, Theorem 6.1). For every n, d ∈ N
and R,α, ε, β > 0 there is a polynomial-time ε-DP algorithm such that for every distribution D on
Rd such that ‖EX∼DX‖ ≤ R and CovX∼D(X) � I, given X1, . . . , Xn ∼ D, with probability 1− β
the algorithm outputs µ̂ such that ‖µ̂−EX∼DX‖ ≤ α, so long as

n ≥ Õ
(
d+ log(1/β)

α2ε
+
d logR+ min(d, logR) · log(1/β)

ε

)
.

Furthermore, if an η-fraction of the samples X1, . . . , Xn are adversarially corrupted, the algorithm
maintains the same guarantee, at the cost that now ‖µ̂−EX‖ ≤ α+O(

√
η).

The sample complexity of our algorithm is nearly linear in d, thereby answering our main
question up to logarithmic factors. Beyond this core goal, we highlight that our algorithm is
also robust to adversarial contaminations and enjoys sub-Gaussian confidence intervals when n�
d logR+min(d,logR) log(1/β)

ε , both sought-after features in recent non-private algorithms [DKK+19,
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LRV16, Hop20, CFB19]. The sample complexity of our algorithm is nearly optimal, with the ex-
ception of the term (log(1/β) ·min(d, logR))/ε – see Theorem 7.2 for corresponding lower bounds.
(Put differently, information-theoretically it is possible to achieve sub-Gaussian confidence intervals

under the slightly milder assumption n� d logR+log(1/β)
ε .)

Beyond clip-and-noise Obtaining the guarantees of our algorithm requires going beyond ex-
isting techniques for private mean estimation, which we briefly review. A common technique in
differential privacy is to “just add noise.” More precisely, suppose that f(X1, . . . , Xn) is a bounded
sensitivity function of n inputs, meaning that replacing a single input Xi with an arbitrary X ′i
changes the value of f by at most ∆ (in an appropriate choice of norm). Then, f(X1, . . . , Xn) +Z
will be private, where Z is an appropriate random variable whose magnitude depends on ∆.

Existing polynomial-time algorithms for private mean estimation all take this approach. First,
to limit the sensitivity of the empirical mean, the algorithms clip the samples X1, . . . , Xn ∈ Rd to
lie in an `2 ball. Considering the case Cov(X) ≈ I, we will have ‖X − EX‖ ≈

√
d, so using a

ball of radius at least
√
d is unavoidable without introducing too much error in the clipping phase.

Then, the algorithms output µ+ Z, where µ is the empirical mean of the clipped samples.
If one takes the coordinates of Z to be draws from a Laplace distribution, the resulting algorithm

will satisfy ε-DP, but the relatively heavy tails of the Laplace distribution impose a cost that n
must be at least d1.5/ε to obtain nontrivial guarantees. On the other hand, if Z is Gaussian, the
resulting algorithm appears to tolerate n ≈ d/ε samples, but it no longer satisfies pure DP. Instead,
to guarantee privacy loss at most ε with probability at least δ over the internal randomness in the
algorithm, n ≥ d

√
log(1/δ)/ε is required (i.e. the algorithm satisfies concentrated DP), meaning

that for “cryptographically small” δ, this algorithm, too, has super-linear sample complexity.
One might naturally suspect, therefore, that strong privacy guarantees like this simply require

Ω(d1.5) samples. Indeed, if nastier distributions than we consider here (violating bounded co-
variance) are allowed, these two bounds of Ω(d1.5) and Ω(d) are known to be tight for pure and
concentrated DP, respectively [HT10, BUV14, KLSU19], and similar separations were previously
conjectured even for bounded-covariance distributions [BKSW19].

However, [KSU20] (building on related techniques of [BKSW19]) show that in exponential time
one can go beyond the clip-and-noise approach to mean estimation. In particular, a tournament-
based approach gives a pure-DP algorithm using O(d/ε) samples. We obtain nearly-matching
guarantees in polynomial time – ours is the first polynomial-time private algorithm to go beyond
the clip-and-noise approach.

Sum-of-Squares Proofs to Private Algorithms Proofs to Algorithms has become a powerful
algorithm-design technique in computational high-dimensional statistics. Roughly speaking, the
proofs to algorithms technique shows that statistical estimation problems which can be solved to
a given accuracy by some (not necessarily polynomial-time) estimator can actually be solved in
polynomial time with the same accuracy if the analysis of that estimator can be captured by a
certain restricted but powerful formal proof system, known as the SoS proof system. This insight
has had major consequences in robust and heavy-tailed statistics, clustering, learning latent variable
models, and beyond. (For instance, [HL18, KS17b, KS17a, PS17], and the survey [RSS18].)

We show that this approach also applies to private algorithm design. Our techniques give
a generic method to turn (potentially) exponential-time instances of the workhorse exponential
mechanism, whose breadth of applicability it is hard to overstate [MT07], into polynomial time
algorithms, when their analyses are captured by the same SoS proof system. This gives us the
following proofs-to-algorithms principle for private algorithm design, which we anticipate will be
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widely applicable:

Proofs to Private Algorithms (see Theorem 4.5): Instances of the exponential mech-
anism with low-degree SoS proofs of bounded sensitivity and utility automatically yield
computationally-efficient private algorithms.

(See Section 2 for a description of the exponential mechanism and more on SoS proofs.) We are
able to capture this principle as a formal meta-theorem, Theorem 4.5 – since its statement requires
a few more technical definitions than we are ready to state, we defer it for now.

Convex Programming and Private Algorithms Like nearly all applications of the Sum of
Squares method, algorithms which result from our proofs-to-private-algorithms approach ultimately
use convex programs – semidefinite programs, in our case. Our techniques give a substantially novel
approach to convex programming in private algorithms. Prior works largely do this in one of two
ways. Some privatize the input before applying a convex program to it (e.g., privatizing a graph
and then post-processing with convex programming [BBDS12, EKKL20]). This can be limiting,
as the convex program cannot itself be helpful in achieving privacy, only in some post-processing.
Other algorithms use a private solver for the convex program itself [HRRU14, LKKO21]. This can
be quite technically challenging: few DP solvers for convex programs are known, and in particular,
we are not aware of any generic DP algorithm for solving semidefinite programs.

Instead, our algorithms hide convex programs behind the exponential mechanism. Namely, we
use convex programs as score functions. (Again, see Section 2 for an explanation of this termi-
nology.) Our key insight is: when convex programs are married to the exponential mechanism in
the correct way, the resulting exponential mechanisms can be implemented in polynomial time using
private log-concave sampling algorithms. This builds directly on [BST14], who use a similar ap-
proach but for much simpler un-constrained convex optimization problems resulting from empirical
risk minimization problems. The analysis of this interplay of exponential mechanism and convex
programming is completely generic – meaning it has nothing to do with the particular setting of
mean estimation – and is captured in the proof of our (meta)-Theorem 4.5.

Robust Statistics and Privacy Robust statistics, the study of statistics in the presence of
corrupted samples, has enjoyed a recent renaissance [DK19]. Robustness and privacy are at least
spiritual cousins – both demand that a statistical estimator not change its behavior “too much”
when one or several samples are replaced arbitrarily. However, the formal requirements for robust-
ness and privacy are rather different. The output of a good robust mean estimator should not move
far in Euclidean distance when 1% of the samples it is given are corrupted by a malicious adversary.
Privacy, by contrast, demands that the distribution of outputs of an algorithm not shift too much
when any single sample is replaced by another.

In spite of this formal difference, [DL09] was able to use robust estimators in one dimension to
construct private estimators. This suggests that the flurry of recent algorithms for high-dimensional
robust statistics with strong provable guarantees should yield high-dimensional private estimators.

Our work makes good on this promise. In particular, our algorithm for private mean estimation
ultimately employs a well-studied Sum-of-Squares SDP from robust mean estimation, and our
analysis applies several SoS proofs originally formulated to analyze that SDP in robust statistics.
Thus, our proofs-to-private-algorithms approach gives a lens through which algorithms from robust
statistics can yield private algorithms.

Lastly, there is an even more direct connection between our particular result and recent de-
velopments in robust statistics. The robustness renaissance was kicked off by [DKK+16, LRV16],
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Algorithm Sample Complexity Privacy Sub-Gaussian Rates Robust Poly Time

Sample Mean d None No No Yes
[KSU20]-A d Pure - Yes No
[KSU20]-B d Concentrated No No Yes
[KSU20]-C d1.5 Pure No No Yes
[LKKO21]-A d Approximate - Yes No
[LKKO21]-B d1.5 Concentrated No Yes Yes

Theorem 1.2 d Pure n� d logR+min(d,logR) log(1/β)
ε Yes Yes

Table 1: Comparing private mean estimation algorithms for distributions with bounded covariance.
(Some papers contain several algorithms.) Sample complexity column ignores logarithmic factors
in d. “-” indicates that we are not aware of any analysis in the literature.

which gave the first polynomial-time algorithms for robustly learning a Gaussian where corrupted
samples can be tolerated with dimension-independent error. Prior polynomial-time algorithms for
the same problem have guarantees no better than what can be obtained by naive sample-clipping,
and as a result incur error scaling as η · poly(d) when an η-fraction of samples are corrupted. Just
as [DKK+16, LRV16] gave the first algorithms with guarantees going beyond naive sample clipping
in the robust setting, our work is the first to go beyond clip-and-noise in the private setting.

1.1 Related Work

A mature body of work focuses on private mean estimation. The most relevant results restrict
the underlying distribution to satisfy a moment bound (including sub-Gaussianity), examples in-
clude [BD14, KV18, BKSW19, BS19, KLSU19, CWZ19, KSU20, WXDX20, DFM+20, BDKU20,
AAK21, BGS+21, KLZ21, HLY21, KMS+21, AL21]. All prior study of the multivariate case either
focuses on concentrated or approximate DP, or provides computationally-inefficient algorithms for
pure DP. We are the first to give an efficient O(d)-sample algorithm for multivariate mean esti-
mation under pure DP. This matches the sample complexity of the best known algorithms under
concentrated DP, while simultaneously strengthening the privacy guarantee.

Other prior work studies private mean estimation of arbitrary (bounded) distributions [BUV14,
SU15, DSS+15]. Interestingly, in this case, the optimal sample complexity under pure and con-
centrated DP are separated by a factor of

√
d, leading to the naive Laplace mechanism being

effectively optimal. It appears that our bounded moments assumption induces a qualitatively
different structure, which eliminates the benefits of relaxing to concentrated DP. Pinpointing the
precise conditions under which a separation occurs remains an interesting direction for future work.

Other works study private statistical estimation in different and more general settings, in-
cluding mixtures of Gaussians [KSSU19, AAL21], graphical models [ZKKW20], discrete distribu-
tions [DHS15], and median estimation [AMB19, TVGZ20]. Some recent directions involve guaran-
teeing user-level privacy [LSY+20, LSA+21], or a combination of local and central DP for different
users [ADK19b]. See [KU20] for further coverage of DP statistical estimation.

Several other works employ sampling-based methods to efficiently implement the exponential
mechanism [KT13, BST14, ADK+19a, LMV21]. [KT13, ADK+19a, LMV21] construct sophisti-
cated sampling algorithms by hand to sample from a non-log-concave distributions; by contrast, we
use convex programming to construct our score functions, ensuring that we always stay within the
realm of log-concave sampling algorithms. [BST14] constructs the private log-concave sampler we
use in our work, but they employ it only to sample from comparatively simple log-concave distri-
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butions arising from empirical risk minimization of convex loss functions. A recent work of [MV21]
provides a faster algorithm for private log-concave sampling.

Another recent line of work studies sub-Gaussian confidence intervals for mean estimation of
heavy-tailed distributions (i.e., assuming only bounded covariance). Lugosi and Mendelson [LM19b]
proposed an inefficient algorithm, with an SoS-based algorithm coming in [Hop20]; see also the
survey [LM19a]. Some works considered efficient algorithms for simultaneously robust and heavy-
tailed mean estimation [DL19, PBR19, DKP20]. A recent result shows that the core solution
concepts for robust and heavy-tailed mean estimation can be considered equivalent [HLZ20]. Our
work demonstrates that the line of efficient estimators inspired by [Hop20] is simultaneously effective
for robust, heavy-tailed, and private mean estimation.

Relatively limited work simultaneously considers privacy and the other constraints of robust-
ness and heavy-tailed estimation. The main result is [LKKO21] which considers robust and private
mean estimation. Our result can be seen as improving on the running time or sample complexity of
their two algorithms, and the privacy guarantee of both. While other prior works focus on heavy-
tailed distributions [BD14, KSU20, WXDX20, KLZ21], these do not address the primary goal in
the non-private setting, which is to achieve sub-Gaussian rates with respect to the error probabil-
ity. Instead, they generally prove guarantees with constant probability of success, which can be
boosted at the cost of a multiplicative (rather than additive) logarithmic factor which is inverse in
the failure probability. Note that some of the previous (inefficient) cover- and median-based ap-
proaches to private estimation [BKSW19, KSU20, LKKO21, BGS+21, AAK21] have varying levels
of robustness and sub-Gaussian rates for heavy-tailed settings. However, none of their results give
computationally efficient estimators for pure DP. A simultaneous and independent work of [LKO21]
demonstrates an interesting connection between resilience [SCV18] and private estimation. They
exploit this connection to design robust and private algorithms for a variety of settings, including
mean estimation, covariance estimation, PCA, and more. However, their focus is on providing inef-
ficient algorithms under the constraint of approximate DP, while our goal is to give a framework for
efficient algorithms under pure DP. For a summarized comparison of our work with recent private
algorithms, see Table 1.

2 Techniques

2.1 The SoS Exponential Mechanism

Before we turn to our algorithm for mean estimation, we offer a little more detail on the proofs-to-
private-algorithms approach and its core component, which we call the SoS exponential mechanism.
We begin with a review of the exponential mechanism itself.

The Exponential Mechanism Consider the general problem of privately selecting one among
a set of candidates C given a dataset X, where the quality of a candidate x ∈ C depends on the
dataset X. The candidates C could represent many different things depending on the context. In
a statistical setting one may often think of C as a class of probability distributions, X as a list of
samples from one of those distributions, and the goal is to select the distribution from which X
came (up to small error).

To apply the exponential mechanism for this problem, one first finds a score function s(X,x)
which assigns a (real-valued) score to each dataset-candidate pair, ideally such that x’s which are
“good” for a given X receive high scores. Given X and a privacy parameter ε > 0, the exponential
mechanism will sample a random x with probabilities P(x) ∝ exp(ε · s(X,x)). The output is ε-
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differentially private so long as the score function satisfies a bounded sensitivity property: for any
pair of neighboring datasets X,X ′1 and for all x ∈ C, one has |s(X,x)− s(X ′, x)| ≤ 1.

Beyond privacy, one also wants the resulting x to be useful. While this can also mean different
things depending on the context, we will take “utility” to mean that x is close to some good x∗(X).
To prove that this happens for the exponential mechanism defined above, one shows:

1. High-scoring x’s are good: if s(X,x) ≥ 0, then ‖x− x∗‖ ≤ α, for a small α > 0. (The choice
of 0 is without loss of generality; the mechanism is invariant under additive shifts of s.)

2. Not too few high-scoring x’s: |{x∈C : s(X,x)≥t}|
|C| ≥ 1

r . (If C is an infinite set one can replace | · |
with some measure of volume.)

Then a simple argument shows that x such that ‖x− x∗‖ ≤ α is selected with probability at least
1− r exp(−εt). In other words, the mechanism selects a good x so long as t� log r

ε .
The exponential mechanism can lead to computationally inefficient algorithms for two basic

reasons. First, in high-dimensional statistics it is often natural to use score functions which seem
hard to compute – the Tukey depth, for just one example [LKKO21, BGS+21]. Second, as we
will face when we turn to mean estimation, even with score functions that are easy to compute,
sampling x with P(x) ∝ exp(ε · s(X,x)) may not be computationally tractable.

Convex programs as score functions The SoS exponential mechanism can address both
of these sources of intractability for instances of the exponential mechanism where the proofs of
bounded sensitivity are captured in a powerful formal proof system, the Sum of Squares proof
system (SoS). To de-mystify this a little without yet delving into the details of SoS proofs, we can
see a high-level picture of the algorithms which use the SoS exponential mechanism. Ultimately,
these algorithms fit into the exponential mechanism framework, but with special score functions.

To wit, suppose that we can arrange for the score function s(X,x) to take the form of a linear
optimization problem over a convex set K(X) with an additional linear constraint involving x:

s(X,x) = max
y∈K(X)

〈c, y〉 such that Ay = x

for some matrix A and vector c. As long as K(X) admits a computationally efficient separation
oracle, s(X,x) will be polynomial-time computable – this already addresses the first source of
potential intractability in the exponential mechanism. A simple argument shows even more: for
each X, s(X,x) is actually concave in x. Thus, the distribution P(x) ∝ exp(ε · s(X,x)) is log-
concave, so we can (usually) sample from it in polynomial time! This sampling step itself has to
be done privately: luckily for us, log-concave sampling is so well understood that private methods
for polynomial-time log-concave sampling are known [BST14].

The restriction that the score function take the form of an optimization problem is not a
major one: many useful score functions in high-dimensional statistics, such as the Tukey depth,
are naturally expressible in this way. But how to find a score function which is simultaneously a
convex optimization problem and maintains both bounded sensitivity and utility? The SoS method
gives us a way to construct such a score function automatically, starting from any score function
which is expressible as a (potentially non-convex) optimization problem, and for which the proofs
of bounded sensitivity and utility are expressible in the SoS proof system.

1We say X,X ′ are neighboring if they differ on the presence/absence of just one individual.
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2.2 Private Mean Estimation

We proceed with a high-level description of our algorithm for private mean estimation and its
analysis. One could obtain our algorithm as an instance of proofs-to-private-algorithms, by:

• Constructing a certain simple-to-analyze exponential mechanism-based mean estimator.

• Writing the simple analysis as a series of SoS proofs and applying (meta)-Theorem 4.5.

However, so that our algorithm can be understood without tackling the SoS exponential mech-
anism in full generality, we will now give a more concrete description of the algorithm and its
analysis. We give a high level version of this description here, and in the main body of our paper
we actually provide a full analysis of the algorithm without appealing to Theorem 4.5.

Let us recall the setup for our problem. There is a random variable X on Rd with Cov(X) �
I and ‖EX‖ ≤ R. The goal is to estimate EX from i.i.d. copies X1, . . . , Xn, subject to ε-
DP. The promise ‖EX‖ ≤ R is information-theoretically necessary for pure differential privacy
[KV18, BKSW19].

Our algorithm has strong guarantees in the presence of adversarially-corrupted samples, and
obtains sub-Gaussian confidence intervals given heavy-tailed samples. In fact, this is a side-effect of
the fact that our algorithm uses well-studied SDPs from the robust statistics setting, viewing them
through the SoS exponential mechanism lens to obtain privacy. In particular, folklore adaptations of
the analyses in [CFB19, KS17b] directly show that our algorithm is robust, so to avoid a proliferation
of notation we give the proof in the non-robust setting – see Remarks 6.40 and 5.25.

Like prior algorithms for private mean estimation, our algorithm has two phases.

1. Reduce R to poly(d), roughly by finding a large ball containing a large number of samples.

2. Estimate EX under the assumption ‖EX‖ ≤ poly(d).

We start with the second step, which captures much of our conceptual contribution – even
under the assumption R ≤

√
d, prior algorithms could not achieve pure differential privacy. Then

we discuss the first step, where prior algorithms require Ω(d(logR+log(1/β))) samples. We give an
algorithm with sample complexity logR(d + log(1/β)). When logR � d, our algorithm improves
over prior work. (Information-theoretically, d logR+ log(1/β) is possible.)

2.2.1 Private mean estimation when ‖EX‖ ≤ poly(d)

Let us write µ = EX. For simplicity, for now we focus on the case that our goal is to find µ̂ such
that ‖µ̂ − µ‖ ≤ O(1) using O(d) samples. (We can reduce from the α-error case to this one by
placing the samples in buckets containing around 1/α2 samples and taking sample means within
each bucket.) We will also think of ε as a small constant. A merit of our approach is that it allows
powerful techniques from robust statistics to be used for private algorithm design: in this case,
our algorithm draws heavily on a robust mean estimation algorithm due to [CFB19], using SoS
exponential mechanism to privatize its use of convex programming.

Iterative refinement/gradient descent Our algorithm will iteratively refine an initial esti-
mate of the mean (without loss of generality, the origin), producing a series of estimates µ̂0 =
0, µ̂1, . . . , µ̂T . In each step t, we will privately find a unit vector v such that 〈v, µ − µ̂t〉 ≥
Ω(1) · ‖µ − µ̂t‖. Then we can replace µ̂t with µ̂t+1 = µ̂t + r · v for some appropriate step size
r > 0. By standard reasoning this means that O(log d) steps suffice to obtain ‖µ̂T − µ‖ ≤ O(1).

This gradient-descent approach introduces only logarithmic overheads into our sample complex-
ity and running time, so now we turn to the heart of our algorithm: privately finding v.
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Finding private gradients Given samples X1, . . . , Xn ∈ Rd and µ̂t, we would like to privately
select a unit vector v such that 〈v, µ̂t−µ〉 ≥ Ω(1) ·‖µ̂t− µ̂‖. We will use the exponential mechanism,
for which we need to define a score function. For this, we are inspired by recent work in robust and
heavy-tailed statistics, where the following has become a standard fact [LM19b]:

Fact 2.1 (Directions with many outliers are good, informal). Suppose that ‖µ̂t − µ‖ � 1. Then,
with high probability over X1, . . . , Xn, so long as n � d, there are at least 0.9n samples Xi such
that 〈Xi − µ̂t, µ−µ̂t

‖µ−µ̂t‖〉 ≥ Ω(1) · ‖µ̂t − µ‖. Furthermore, for every unit vector v such that

|{i : 〈Xi − µ̂t, v〉 ≥ Ω(1) · ‖µ̂t − µ‖}| ≥ 0.8n ,

we have 〈v, µ− µ̂t〉 ≥ Ω(1) · ‖µ− µ̂t‖.

Fact 2.1 makes a good choice of score function clear: we should use

s(X, v) = |{i : 〈Xi − µ̂t, v〉 ≥ Ω(1) · ‖µ̂t − µ‖}| .

Utility of this score function is captured by Fact 2.1, and bounded sensitivity is clear by construction.
(In fact, it is exactly this bounded sensitivity property which has already made Fact 2.1 so important
in robust and heavy-tailed statistics.) We do not necessarily know the value of ‖µ̂t−µ‖, but getting
a private estimate of this quantity is not too difficult – we privatize a procedure due to [CFB19].

A straightforward analysis shows that, since the volume of the d-dimensional unit ball is roughly
exp(d), exponential mechanism with this score function will ε-privately select a good v so long as
n� d/ε, which is exactly the sample complexity we expect for estimating µ to error O(1).

Finding private gradients in polynomial time Of course, the key problem is that sampling
with P(v) ∝ exp(ε · s(X, v)) may not be possible in polynomial time. Indeed, a seemingly-easier
problem, finding the highest-scoring v, seems closely related to computing Tukey depth, which is
NP-hard.

However, some hope comes again from robust/heavy-tailed statistics, where approximation
algorithms (often based on semidefinite programming) for the problem of finding the highest scoring
v have become an invaluable tool. Our starting point is the by-now standard construction of such
a semidefinite relaxation, which we briefly review. First, we write this optimization problem as a
degree-2 polynomial optimization problem in variables v1, . . . , vd and b1, . . . , bn, where the latter
are constrained so as to be 0/1 indicators of 〈Xi − µ̂t, v〉 ≥ r for some threshold value r:

max
n∑
b=1

bi such that ‖v‖2 ≤ 1, b2i = bi, and bi〈Xi − µ̂t, v〉 ≥ bi · r for all i .

The degree-2 SoS relaxation of this optimization problem optimizes over (degree 2) pseudoex-
pectations, which are linear functionals Ẽ : R[b, v]≤2 → R defined on degree at most 2 polynomials
in b, v which are normalized and positive: Ẽ 1 = 1 and Ẽ p(b, v)2 ≥ 1 for all linear p. Concretely:

max
Ẽ

Ẽ
∑
i≤n

bi s.t. Ẽ ‖v‖2 ≤ 1, Ẽ b2i = Ẽ bi, and Ẽ bi〈Xi − µ̂t, v〉 ≥ r · Ẽ bi for all i. (1)

This optimization problem can be solved via semidefinite programming – the resulting (equivalent)
SDP optimizes over (1 + n+ d)× (1 + n+ d) block matrices

max TrB such that

1 b̃> ṽ>

b̃ B W>

ṽ W V

 � 0,TrV ≤ 1, Bii = b̃i, and 〈Xi − µ̂t,Wi〉 ≥ r ·Bii
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Here, V is a proxy for the rank-one matrix vv> and similarly for B and bb>. This SDP is known
to be a good approximation to the problem of finding the maximum-score v.

We prove the following fact. (As an aside, this is where SoS proofs enter the picture: establishing
facts such as the below for SoS SDP relaxations in general requires constructing SoS proofs.)

Fact 2.2 (Bounded Sensitivity and Utility for (1), informal). Bounded Sensitivity: Changing
a single sample in optimization problem (1) can change the objective value by at most 1. Utility:
With high probability over X1, . . . , Xn, if ‖µ̂t − µ‖ � 1, then any feasible Ẽ in (1) with objective
value at least 0.8n satisfies 〈Ẽ v, µ− µ̂t〉 ≥ Ω(1) · ‖µ− µ̂t‖.

While this proof largely adapts similar arguments in the robust statistics literature, there is
a key technical innovation. Prior algorithms employing the SDP described above use a nontrivial
rounding step to extract a good vector v from the d × d PSD matrix V . However, for reasons we
discuss below, to use the SoS exponential mechanism, it is important that v can be read directly
off of the SDP (more precisely, that the rounding algorithm used is linear). This means we need a
stronger rounding procedure than that used in prior works – we are able to show that ṽ = Ẽ v, a
simple linear function of Ẽ, is a good choice.

Sampling with convex programs The “utility” part Fact 2.2 solves the problem of finding
a high-scoring v in polynomial time, via semidefinite programming. But we want to find such a
high-scoring v privately.

The key idea is to use the SDP to construct a score function: convexity of the set of feasible
solutions and linearity of the objective function now imply log-concavity of the resulting sampling
problem! This observation, while simple, is remarkably powerful: it allows us to employ a well-
studied SDP from robust statistics nearly out-of-the-box to obtain strong privacy guarantees.

Ultimately, we employ the score function:

s(X, v0) = max
Ẽ

Ẽ
∑
i≤n

bi s.t. Ẽ ‖v‖2 ≤ 1, Ẽ b2i = Ẽ bi, and Ẽ bi〈Xi−µ̂t, v〉 ≥ r·Ẽ bi for all i and Ẽ v = v0 ,

together with the private sampling algorithm of [BST14], to sample from P(v0) ∝ exp(ε · s(X, v0)).
We make a few remarks on the precise way that s(X, v0) depends on v0; that is, via the constraint

Ẽ v = v0, since this choice is not accidental. First of all, it is important that the constraints of the
optimization problem defining s(X, v0) depend linearly on v0; otherwise we might not retain log-
concavity of the resulting sampling problem. We can do this only because the rounding algorithm
described in Fact 2.2, which proves that Ẽ v itself is useful, is a simple linear function of Ẽ.

We also note an important interplay between the “lifted” nature of the SDP and the utility
analysis of the exponential mechanism. On the one hand, the power of the SDP comes from lifting
from the d + n variables v, b to (d + n + 1)2 variables, and solving a convex problem in the lifted
space. On the other hand, for the exponential mechanism to satisfy utility with just O(d) samples,
it is important that we use it to sample in d dimensions (where, in particular, there is a 2O(d)-sized
cover) rather than, say, d2 dimensions. This tension is resolved by hiding the additional variables
inside the optimization problem which defines s, so that exponential mechanism still samples from
a d-dimensional distribution, but we can still use the power of SoS and semidefinite programming.

Lipschitzness The sampling algorithm of [BST14] (like other algorithms for sampling from
log-concave probability distributions) runs in polynomial time in the ambient dimension, so long
as the distribution has Lipschitz log-probabilities. Natural approaches to force s(X, v0) to be Lip-
schitz, which generally take the form of randomized smoothing, risk violating pure DP, because
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an algorithm computing a randomized smoothing of s will have some small probability of quietly
failing, at which point privacy is at risk.

To ensure that the resulting algorithm runs in polynomial time, therefore, we have to show that
s(X, v0) is Lipschitz with respect to v0. To establish Lipschitzness, we make a two-step argument:

1. We show that dual solutions to the SDP defining s(X, v0) have optimal dual certificates which
are not too large in norm. (At most, say, poly(d, n).)

2. We show that any such dual solution to the SDP for s(X, v0) which certifies an upper bound
of c can be adapted to a dual solution for s(X, v0 + ∆) which certifies an upper bound of
c+ ‖∆‖ poly(d, n), for any small perturbation vector ∆.

Together, these imply that s(X, v0) is poly(d, n)-Lipschitz with respect to v0. Since the Lipschitz
constant only arises in our algorithm’s running time, this suffices for our purposes. This concludes
our overview of the second phase of our private mean estimation algorithm.

2.2.2 Coarse estimation: from R to poly(d)

We now describe our algorithm to privately localize µ = EX to a ball of radius poly(d), beginning
only with the promise that ‖EX‖ ≤ R for some large number R. The goal is to do so using as few
samples as possible. Existing efficient algorithms [KLSU19] can perform this task with probability
1 − β using O(d(logR + log(1/β))/ε) samples (we present this analysis in our paper to capture
the dependence on log(1/β)). If we used this algorithm, we would obtain sub-Gaussian confidence

intervals only when n� d logR+d log(1/β)
ε . However, if we do not worry about running time, the same

task can be accomplished using the exponential mechanism using only O(d logR/ε + log(1/β)/ε)
samples – much fewer for β � 1, which is important for constructing confidence intervals.

While we do not quite obtain optimal complexity, we are able to improve on existing algorithms
in the regime logR� d; our algorithm requires Õ(d logR/ε+ logR log(1/β)/ε) samples.

Our algorithm again follows the proofs-to-private-algorithms approach. We start with the fol-
lowing basic instantiation of the exponential mechanism. We are given samples X1, . . . , Xn. With
probability at least 1−β over the choice of X1, . . . , Xn, as n� log(1/β), any ball of radius poly(d)
containing 0.9n of the samples will have center which has distance at most poly(d) to µ. So, we
would like to use the exponential mechanism with score function s(X,x) = |{i : ‖Xi − x‖ ≤
poly(d)}| to select a point from the ball of radius R centered at the origin.

As before, it is not clear how to perform the sampling task that this would require in polynomial
time. So, we replace the score function with a convex relaxation, in this case built from the “degree-
4” SoS relaxation of of the following polynomial optimization problem:

max
b,x

n∑
i=1

bi s.t. ‖x‖2 ≤ R2, b2i = bi, and bi‖Xi − x‖2 ≤ poly(d) · bi for all i .

(The degree-4 SoS relaxation shows up here because the optimization problem involves polynomials
of degree 3, and SoS relaxations are defined only for even degrees.) That is, we use the score function

s(X,x0) = max
Ẽ

Ẽ

n∑
i=1

bi s.t. Ẽ satisfies ‖x‖2 ≤ R2, b2i = bi, bi‖Xi−x‖2 ≤ bi(R/10)2, and Ẽx = x0

(for the definition of “satisfies”, see Section 3).
Once we have decided to use this particular SoS relaxation, the outlines of the algorithm and

its analysis are largely similar to the second phase of the algorithm, but with different SoS proofs
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plugged in. In particular, we prove an analogue of Fact 2.2 for this setting, and establish Lipschitz-
ness of the SDP, so that we can use the same strategy as in second phase.

The key step is to show that a high-scoring x0 is has distance at most R/2 to any x′ which has
distance poly(d) to 0.8n samples. This statement turns out to have a relatively simple SoS proof.
This shows that SoS exponential mechanism manages to reduce R to R/2. Iterating this logR
times completes the algorithm.

3 Preliminaries

3.1 SoS Proofs and Pseudoexpectations

We give a brief overview of SoS; for details see [BS16].

SoS Proofs We first informally review the SoS proof system. Let p(x), p1(x), . . . , pm(x) be
multivariate polynomials in indeterminates x1, . . . , xn. The SoS proof system can prove statements
of the form:

For all x ∈ Rn, if p1(x) ≥ 0, . . . , pm(x) ≥ 0, then p(x) ≥ 0.

Polynomials are highly expressive, so a wide range mathematical statements can be encoded in the
above form. An SoS proof of such a statement is a family of polynomials {qS(x) : S ⊆ [m]} such

that each qS(x) =
∑r

i=1(q
(i)
S (x))2 is a sum of squares, and p(x) =

∑
S⊆[m] qS(x) ·

∏
i∈S pi(x). The

proof has degree D ∈ N if each term in this sum is a polynomial of degree at most D. We write:

p1 ≥ 0, . . . , pm ≥ 0 `D p ≥ 0 .

Additionally, we will need one non-standard definition: for any given j ∈ [m], we say that an SoS
proof is degree Dj with respect to pj if every term qS(x) ·

∏
i∈S pi(x) in the proof such that j ∈ S

has degree at most D′. We will sometimes write p1 ≥ 0, . . . pm ≥0`D,degpj
=Dj

p ≥ 0.

SoS proofs are dual solutions to semidefinite programs arising from the Sum of Squares method,
where pseudoexpectations are primal solutions. As in many applications of convex programming, to
prove facts about primal solutions, the main technique is to construct duals. In particular, to show
that the SoS SDPs we use for exponential mechanism score functions satisfy bounded sensitivity
and privacy, it suffices to construct SoS proofs witnessing these facts.

Pseudoexpectations For even d ∈ N, a degree-d pseudoexpectation in indeterminates x =
x1, . . . , xn is a linear operator Ẽ : R[x1, . . . , xn]≤d → R which satisfies Ẽ 1 = 1 an Ẽ p2 ≥ 0 for
every degree-d/2 polynomial p. We say that Ẽ satisfies an inequality p(x) ≥ 0 if for every q such
that deg(p · q2) ≤ d we have Ẽ pq2 ≥ 0.

Archimedean systems and duality We say that a system of polynomial inequalities p1(x) ≥
0, . . . , pm ≥ 0 is Archimedean if for some real M > 0 it contains the inequality ‖x‖2 ≤ M . SoS
proofs and pseudoexpectations satisfy a natural duality for Archimedean systems, which we use
often. Namely: for every Archimedian system p1, . . . , pm and every polynomial f and every degree
d, exactly one of the following holds.

1. For every ε > 0 there is an SoS proof p1 ≥ 0, . . . , pm ≥ 0 `d f ≥ −ε

2. There is a degree-d pseudoexpectation satisfying p1 ≥ 0, . . . , pm ≥ 0 but Ẽ f < 0.
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3.2 Privacy

We have already seen the definition of (pure) differential privacy. Our approach relies heavily upon
the exponential mechanism of [MT07], we employ a volume-based version which appears in [KT13].
The proof is standard but we include it for completeness.

Theorem 3.1 (volume-based exponential mechanism [MT07, KT13]). The exponential mechanism
ME on inputs X,H ⊂ Rd, s, selects and outputs some object h ∈ H, where the probability a
particular h is selected is proportional to exp( εs(X,h)

2∆ ). Let H∗ ⊆ H be a set such that, OPT(X) ≤
infh∈H∗ s(X,h) be a lower bound for the score attained by the objects in H∗ with respect to the
dataset X. Moreover, let vol(S) denote the Lebesgue measure of S in Rd. Then

P
[
s(ME(X)) ≤ OPT(X)− 2∆

ε

(
ln

(
vol(H)

vol(H∗)
+ t

))]
≤ exp(−t).

Proof. We follow the same argument as the standard exponential mechanism analysis.

P[s(ME(X)) ≤ c] =

∫
h:s(X,h)≤c,h∈H exp

(
εs(X,h)

2∆

)
dh∫

h′:h′∈H exp
(
εs(X,h′)

2∆

)
dh′

≤
vol(H) exp

(
εc
2∆

)
vol(H∗) exp

(
εOPT(X)

2∆

)
=

vol(H)

vol(H∗)
exp

(
ε(c−OPT(X))

2∆

)
.

From this inequality, the theorem statement can be obtained by substituting in the prescribed
value for c. It remains to explain the first inequality. The numerator can be upper bounded since
we are taking the integral at most over H, and the value of the integral at each point is less than
exp(εc/2∆). Similarly, the denominator can be lower bounded by considering only the points in
H∗, all of which have a lower bound of exp(εOPT(X)/2∆).

We will also extensively use the following result of [BST14].

Theorem 3.2 (Lemma 6.5 of [BST14]). For every ε and d ∈ N, there is an ε-DP algorithm A with
the following guarantees. Given access to an evaluation oracle for a concave, L-Lipschitz function
f : Rd → R and to membership and projection oracles for a convex set C ⊆ Rd, the algorithm
produces a sample from a distribution D such that for every (measurable) S ⊆ C,

e−ε P(A ∈ S) ≤
∫
S exp(f)∫
C exp(f)

≤ eε P(A ∈ S) .

The algorithm runs in time poly(d, Ldiam(C), 1/ε, log diam(C)), making at most that many queries
to the oracles.

[BST14] actually provides the running time bound poly(d, L,diam(C), 1/ε), but we can deduce
the more precise bound in the theorem statement by a simple scaling argument. We note that
recent work of [MV21] provides an algorithm which improves the running time’s dependence on
1/ε from polynomial to polylogarithmic, as well as reducing the polynomial dependence on d for
convex sets C that contain a ball of radius r, at an additional cost of poly log(1/r) (Remark 2.5 of
[MV21]). As our main focus is on providing polynomial time algorithms and not on designing the
fastest algorithms, we do not further employ their improved methods.
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4 Meta-Theorem on SoS Exponential Mechanism

To describe the SoS exponential mechanism more completely, we prove a meta-theorem on its
performance. This meta-theorem could be extended in various ways, but the version we give here
captures the mechanism as it is used in our paper. The reader interested solely in our result on
mean estimation may comfortably skip this section as we do not rely on it elsewhere, but the
exposition and abstraction here may make it easier to follow.

Meta-theorem Setup Consider the following template to capture the exponential mechanism
in the language of polynomials. Let X be a universe of possible datasets and C ⊆ Rn be a set of
candidates. Consider a score function of the following form. For each dataset X, suppose there is
a family of polynomials pX , pX1 , . . . , p

X
m in variables x1, . . . , xn, y1, . . . , yN , and the score function

s(X,x) is given by

s(X,x) = max
y
pX(x, y) such that pX1 (x, y) ≥ 0, . . . , pXm(x, y) ≥ 0 .

Example 4.1 (Tukey depth with margin). To make things a bit less abstract, let us see that a score
function closely related to the Tukey depth is expressible in this form. Suppose X = X1, . . . , XN ∈
Rn is a dataset. Recall that the Tukey depth of a point z ∈ Rn is given by the maximum number of
Xi’s which lie on one side of a hyperplane through z.

Later on, for a fixed z ∈ Rn with ‖z‖ = 1, we will want to run the exponential mechanism to
select a direction v such that many Xi’s lie above a hyperplane through z in direction v, at distance
at least distance r > 0 from that hyperplane, so our score function for v is the number of such Xi’s.
We can express this as follows:

s(X, v) = max
b1,...,bN

N∑
i=1

bi s.t. for all i, b2i = bi and bi〈Xi − z, v〉 ≥ bi · r . (2)

Note that for fixed z and v it is easy to compute the number of Xi’s lying above the resulting
hyperplane, but finding the maximizing v already appears to be a hard problem. (Of course, we
want to accomplish only a related task: sampling from a distribution on high-scoring v’s.) Indeed,
approximation algorithms for finding such v play a key role in recent algorithmic advances in robust
and heavy-tailed statistics statistics.

Utility and Bounded Sensitivity in the Language of Polynomials Utility in this frame-
work takes exactly the same form as in the usual exponential mechanism – to demonstrate utility,
one would show that high-scoring x’s are good, and there are not too many low-scoring x’s. The
first of these statements is naturally expressible in the SoS proof system, and it turns out that
the latter will not need to be expressed as an SoS proof. There is just one technical subtlety: the
requirement that x ∈ C, if it is used in the proof of utility, must be captured by the polynomials
p1(x, y) ≥ 0, . . . , pm(x, y) ≥ 0, as the SoS proof system has no other way of natively using the
hypothesis that x ∈ C. (We illustrate this in the example below.)

To formulate bounded sensitivity within SoS will take a little additional work – SoS will require
for there to be a certain kind of witness to bounded sensitivity. This is not a major restriction,
as natural proofs of bounded sensitivity for optimization-based score functions typically yield such
witnesses anyway.

Making this concrete, a natural way to show that a score function like the above satisfies
bounded sensitivity is to relate feasible solutions to the optimization problem for X to those for
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a neighboring dataset X ′, without losing too much in the objective value. Let us suppose that
for each neighboring pair X,X ′ there is a transformation y′(y) such that for all x, if y is feasible
for X (i.e. pX1 (x, y) ≥ 0, . . . , pXm(x, y) ≥ 0) then y′(y) is feasible for X ′ (i.e. pX

′
1 (x, y′(y)) ≥

0, . . . , pX
′

m (x, y′(y)) ≥ 0). If additionally pX(x, y)− pX′(x, y′(y)) ≤ 1, this transformation (together
with the corresponding one mapping y′s to ys) witnesses bounded sensitivity for s. For technical
reasons, our meta-theorem imposes the restriction that y′ is a linear function of y, but this still
suffices for our algorithms.

Example 4.2 (Continuation of Example 4.1). First addressing utility: it turns out that the proof of
utility for v having high score according to (2) will rely on ‖v‖ ≤ 1. So we will have to strengthen our
system of polynomials to include this constraint. As a technicality, we will also shift our objective
function so that having positive score is good enough for utility.

max
b,v

N∑
i=1

bi − 0.9N such that b2i = bi, bi〈Xi − z, v〉 ≥ bi · r, ‖v‖2 ≤ 1 . (3)

Now, to establish bounded sensitivity, consider two neighboring datasets X = X1, . . . , XN and
X ′ = X ′1, X2, . . . , XN , where X and X ′ differ on the first vector. If (b, v) is a feasible solution to
(3) for X with objective value t, then we can replace it with (0, b2, . . . , bN , v) to get a feasible to
solution for X ′ with objective value at least t − 1. The meta-theorem requires there to be an SoS
proof of this fact; this (easy) SoS proof was first established in [Hop20].

Robustly Satisfiable Polynomials Before stating our meta-theorem, we need one more
technical definition, capturing a certain well-conditioned-ness property of a polynomial optimization
problem. Ultimately, this condition will imply a Lipschitz property of semidefinite relaxations of
that optimization problem. This Lipschitz property will be used, in turn, to bound the running
time of MCMC-based samplers for probability densities using those semidefinite relaxations as
log-probabilities.

The details of the following definition (Definition 4.3) may appear opaque, but they are not too
important – a good intuitive interpretation is that the polynomial optimization problem

max
x,y

p(x, y) s.t. p1(x, y) ≥ 0, . . . , pm(x, y) ≥ 0

has a robust space of feasible solutions. Roughly, this means that for any x there is a small ball B
around x such that for any x′ ∈ B there is a feasible solution (x′, y) whose objective value isn’t too
large. (The actual condition we use is slightly weaker than this.) This type of condition is common
in meta-theorems involving the SoS proof system, to rule out the use of pathological p, p1, . . . , pm,
and it is typically not too difficult to establish – see, e.g. [HKP+17, Wei17].

Definition 4.3 (Robustly satisfiable polynomial systems). Let C ⊆ Rn and let p, p1, . . . , pm be
polynomials in x = x1, . . . , xn and y = y1, . . . , yN . Let η > 0. Consider a family of optimization
problems, one for each x ∈ C, given by

max
y
p(x, y) s.t. p1(x, y) ≥ 0, . . . , pm(x, y) ≥ 0 .

We say this family is η-robustly satisfiable if, for each x ∈ C, each x′ in the ball of radius η around
x can satisfy the constraints. That is, for each x′ such that ‖x′ − x‖ ≤ η, there exists y such that
p1(x′, y) ≥ 0, . . . , pm(x′, y) ≥ 0.

14



Note that in our algorithms, η will factor only into running times and not sample complexity
or accuracy guarantees, so rather coarse bounds on η, perhaps loose by polynomial factors, suffice
for our purposes.

Example 4.4 (Continuation of Examples 4.1, 4.2). Let us imagine now that C is a ball of radius
0.9 centered at the origin, to see a proof sketch of η-robust satisfiability for (3). For each v ∈ C
and every vector ∆ with ‖∆‖ ≤ 0.1, the constraints of (3) are satisfied by (v + ∆, 0). So, (3) is
η-well-conditioned for η = 0.1, with respect to C.

With this setup in hand, we can state our meta-theorem.

Theorem 4.5 (Meta-Theorem on SoS Exponential Mechanism). Let C ⊆ Rn be a compact, convex
set and X a universe of possible datasets, equipped with a “neighbors” relation. Suppose that
for every dataset X there exists an Archimedean and η-robustly satisfiable system of polynomial
inequalities PX(x, y) = {pX1 (x, y) ≥ 0, . . . , pXN (x, y) ≥ 0} and a polynomial pX(x, y), all of degree at
most D, in indeterminates x1, . . . , xn, y1, . . . , yN such that for every neighboring dataset X ′ there
is a linear function y′(y) such that bounded sensitivity has an SoS proof:

∀j, PX(x, y) `
deg(pX

′
j )

pX
′

j (x, y′(y)) and PX(x, y) `D pX(x, y)− pX′(x, y′) ≤ 1 .

Suppose also that for every X, there are SoS proofs PX(x, y) `D p(x, y) ≤ 1/η and PX(x, y) `D
−p(x, y) ≤ 1/η. Furthermore, suppose that the polynomials PX and pX , and the polynomials used
in the above SoS proofs, all have coefficients expressible in at most B bits.

Then for every ε > 0 and D ∈ N there exists an ε-differentially private algorithm which takes
as input the polynomials pX , pX1 , . . . , p

X
m and B, η > 0, with the following guarantees:

Utility: For every X, if there is an SoS proof of utility for X which is degree-deg(p) with
respect to p, i.e.,

PX(x, y) ∪ {p(x, y) ≥ 0} `D,degp=deg(p) ‖x− x∗(X)‖2 ≤ α2

for some vector x∗(X) ∈ Rn and α > 0, where the coefficients of all polynomials involved in the
proof are expressible with B bits, and if

vol(C)
vol({x ∈ C : ∃y s.t. PX(x, y) and pX(x, y) ≥ t})

≤ r ,

then the algorithm outputs x such that ‖x − x∗(X)‖ ≤ α + 2−B with probability at least 1 −
r exp(−Ω(εt)).

Running time: The algorithm runs in time

poly

(
nD, ND,mD,

1

ε
,

1

η
, diam(C), B

)
,

making at most this many calls to membership and projection oracles for C.

4.1 Proof of Theorem 4.5

We describe the algorithm we use to prove Theorem 4.5; then we assemble the lemmas we need for
the analysis.
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SoSExponentialMechanism Input: polynomials pX , pX1 , . . . , p
X
m, D ∈ N, η > 0, B ∈ N.

1. For x0 ∈ C, let

s(X,x0) = max
Ẽ

Ẽ pX(x, y) such that deg Ẽ = D, Ẽ satisfies PX , and Ẽx = x0

where the optimization is over Ẽ in indeterminates x, y.

2. Let B′ = B+T (diam C, 1/η, 1/ε, d), where T is a sufficiently-large polynomial in the running
time of the log-concave private sampler of [BST14], when run with finite-precision arithmetic.

3. Run the log-concave private sampling algorithm of [BST14] (Lemma 6.5) with score function s,
Lipschitz parameter poly(1/η), and privacy parameter ε/4. Whenever the sampling algorithm
makes a call to s(X,x0), solve the underlying SDP to poly(B′) bits of precision.

Theorem 4.5 is immediate from the following lemmas, all of which we establish in the next
section.

Lemma 4.6 (High-scoring x0 is found in polynomial time). Given the setup of Theorem 4.5, for
all X, if

vol(C)
vol({x ∈ C : ∃y s.t. PX(x, y) and pX(x, y) ≥ t})

≤ r ,

then with probability at least 1 − r exp(−ε(t/2 − 1)), the x0 output in step (2) of SoSExponen-
tialMechanism has s(X,x0) ≥ 0.

Lemma 4.7 (High-scoring x0 is useful). Under the assumptions of Theorem 4.5, for all X, if there
is an SoS proof of utility for X as described in Theorem 4.5, then for all x0 such that s(X,x0) ≥ 0,
‖x∗(X)− x0‖ ≤ α+ 2−B.

Lemma 4.8 (Privacy). Under the assumptions of Theorem 4.5, SoSExponentialMechanism satisfies
ε-DP.

4.2 Proofs of Lemmas

We will prove Lemmas 4.6, 4.7, and 4.8.
Remark on numerical issues: Because of the choice of B′, the guarantees of the log-concave

sampling algorithm will apply equally well if it receives s(X,x0) ± 2−B
′

as if it receives s(X,x0)
when making oracle calls to s. (Given its running time, it cannot even read enough bits to tell the
difference.) So, we will henceforth we will ignore the difference and presume that the log-concave
sampler observes the values s(X,x0) exactly.

The first step is to establish that the target probability distribution is actually log-concave and
Lipschitz, so that we can use the guarantees of [BST14].

Lemma 4.9. For all X, the function s(X,x0) is concave in x0.

Proof. Consider x0 and x′0 and let Ẽ be the optimal solution to the optimization problem defining

s(X,x0) and similarly for Ẽ
′

and s(X,x′0). Then 1
2 Ẽ +1

2 Ẽ
′

is feasible for S(X, 1
2x0 + 1

2x
′
0). So

s(X, 1
2x0 + 1

2x
′
0) ≥ 1

2s(X,x0) + 1
2s(X,x

′
0).

Lemma 4.10 (Robustly satisfiable systems yield Lipschitz SDPs). Given the setup in Theorem 4.5,
for all x0, x

′
0 ∈ C and all X, we have |s(X,x0)− s(X,x′0)| ≤ poly(1/η) · ‖x0 − x′0‖.
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Proof. As shorthand, let us write s = s(X,x0). Since PX is Archimedean, we can apply standard
pseudoexpectation/SoS proof duality to conclude that for every ε > 0 there is a polynomial identity
in variables x, y:

s+ ε− pX(x, y) =
∑
S⊆[m]

qS(x, y)
∏
i∈S

pXi (x, y) + 〈λ, x− x0〉 ,

where qS are SoS polynomials, all the terms above have degree at most D, and λ ∈ Rn is a vector.
Our first goal is to bound ‖λ‖. By robust satisfiability, if we let x′ = x0 + η · λ

‖λ‖ , there exists

y′ such that pXi (x′, y′) ≥ 0 for all i. Hence,

s+ ε− pX(x′, y′) ≥ η‖λ‖ .

Since there are SoS proofs that pX(x, y) ≤ 1/η and −pX(x, y) ≤ 1/η, and we can take |ε| ≤ 1/η,
the left-hand side is O(1/η), so we find ‖λ‖ ≤ O(1/η2).

We claim that s(X,x′0) ≤ s+O(1/η2) · ‖x0 − x′0‖. To see this, note that for each ε > 0, we can
write

s+ ε+ 〈λ, x0 − x′0〉 − pX(x, y) =
∑
S⊆[m]

qS(x, y)
∏
i∈S

pXi (x, y) + 〈λ, x− x′0〉 ,

which, after Cauchy-Schwarz, certifies the upper bound s + ε + ‖λ‖‖x0 − x0‖ on s(X,x′0). Since
this works for all ε > 0, we find s(X,x′0) ≤ O(1/η2)‖x0 − x′0‖.

As a corollary of Lemmas 4.9 and 4.10, combined with Lemma 6.5 of [BST14], we obtain:

Corollary 4.11. Given the setup of Theorem 4.5, for every X, the output of step (3) of SoSEx-
ponentialMechanism is a sample from a distribution DX supported on C such that for every event
A

e−ε/2 P
Dtarget

X

(A) ≤ P
DX

(A) ≤ eε/2 P
Dtarget

X

(A)

where Dtarget
X is the distribution with density proportional to exp((ε/2)s(X,x0)) Furthermore, the

sampler runs in time at most poly(d, 1
ε ,

1
η ,diam(C)), making at most that many calls to a member-

ship oracle for C and to an evaluation oracle for s(X, ·).

4.2.1 Privacy: proof of Lemma 4.8

Lemma 4.12. Given the conditions of Theorem 4.5, the score function s has sensitivity at most 1.

Proof. Let X,X ′ be neighboring datasets, and let Ẽ be an optimal solution to the optimization
problem defining s(X,x0). We will construct a feasible solution Ẽ

′
for s(X ′, x0) whose objective

value is at most s(X,x0) + 1. Since we could swap X and X ′, this will prove that |s(X,x0) −
s(X ′, x0)| ≤ 1.

For any degree D polynomial f , we define Ẽ
′
f(x, y) = Ẽ f(x, y′(y)). Note that the degree of

Ẽ
′

as a pseudoexpectation is the same as that of Ẽ, because y′(y) is linear.

We claim that Ẽ
′

is feasible for s(X ′, x0). Clearly Ẽ
′
x = x0, so we just need to check that Ẽ

′

satisfies PX′ . For each j, we check that Ẽ
′

satisfies pX
′

j (x, y) ≥ 0. Consider any square polynomial

q such that deg(q · pX′j ) ≤ D. We need to show Ẽ
′
q · pX′j ≥ 0.

Using the SoS proof PX(x, y) `
deg(pX

′
j )

pX
′

j (x, y′(y)), we can write

q(x, y′) · pX′j (x, y′) = q(x, y′) ·
∑
S⊆[m]

qS(x, y)
∏
i∈S

pXi (x, y)
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where every term in the sum on the right-hand side has degree at most deg pX
′

j . Therefore, for

every S, we have q(x, y′(y)) · qS(x, y)
∏
i∈S p

X
i (x, y) has degree at most D. So, applying Ẽ

′
to both

sides, we find that Ẽ
′
qpX

′
j ≥ 0, using that Ẽ satisfies PX .

Finally, we have to check that Ẽ pX(x, y)− Ẽ
′
pX
′
(x, y) ≤ 1. We expand the definitions and use

our SoS proof of bounded sensitivity.

Ẽ pX(x, y)− Ẽ
′
pX
′
(x, y) = Ẽ pX(x, y)− Ẽ pX

′
(x, y′) ≤ 1 .

Proof of Lemma 4.8. By Lemma 4.12 and the usual analysis of the exponential mechanism, an
output from the target distribution Dtarget

X from Corollary 4.11 would satisfy ε/2-DP. Since, ac-
cording to Corollary 4.11, the actual distribution output by step (3) of the algorithm differs only
by multiplicative eε/2, the output of the log-concave sampler satisfies ε-DP.

4.2.2 Utility: proofs of Lemmas 4.6 and 4.7

Proof of Lemma 4.6. By the standard analysis of the exponential mechanism, a sample from Dtarget
X

(as described in Corollary 4.11) would output x0 with s(X,x0) with probability at least 1 −
r exp(−εt/2). Since the actual output distribution of step (3) is eε/2 multiplicatively close to
this, we are done.

Proof of Lemma 4.7. Since x0 has s(X,x0) ≥ 0, there exists Ẽ of degree D satisfying pX1 (x, y) ≥
0, . . . , pXm(x, y) ≥ 0 and having Ẽx = x0 and Ẽ pX(x, y) ≥ 2− poly(B). Then applying Ẽ to either
side of the SoS proof of utility, we obtain Ẽ ‖x− x∗(X)‖2 ≤ α2 + 2− poly(B). By convexity, ‖ Ẽx−
x∗(X)‖ ≤ α+ 2−poly(B), so we are done.

5 Coarse Estimation

Our overall algorithm for private mean estimation proceeds in two phases. At start of the algorithm,
we assume that we have a point µ0 such that ‖µ − µ0‖2 ≤ R. Equivalently, by re-centering,
we assume that ‖µ‖2 ≤ R. Recall that packing lower bounds for differential privacy generally
necessitate an assumption of this nature [HT10].

In the first phase of the algorithm we perform coarse mean estimation, improving our initial
estimate of the mean from R to O(

√
d) error in `2-norm. In the second phase, we perform fine

mean estimation, further improving our estimate from O(
√
d) to α error. The overall algorithm

will follow by combining these two phases. In this section, we describe our algorithm for coarse
mean estimation, quantified in Theorem 5.1.

Theorem 5.1 (Combination of Theorem 5.5 and Theorem 5.10). Suppose D is a d-dimensional
distribution with mean µ and covariance Σ, such that ‖µ‖2 ≤ R, ‖Σ‖2 ≤ 1. Then there exists
a polynomial-time ε-DP algorithm that takes n i.i.d. samples from D and outputs y such that
‖y − µ‖2 ≤ O(

√
d) with probability 1− β, and sample complexity

n = Õ
(
d logR+ min (d, logR) log(1/β)

ε

)
.

To demystify the sample complexity in the above theorem, note that in order to prove this the-
orem, we present two algorithms with different sample complexities. The above sample complexity
is the minimum of the two.
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Our first algorithm uses a rather simple approach: privately estimate the mean in each coordi-
nate up to constant error (using, e.g., the exponential mechanism, though one could also employ
private histograms as in [KV18]), and use composition over the d coordinates. The sample com-
plexity of this approach is O(d(logR+log 1/β+log d)/ε) (see Theorem 5.5). Similar methods have
been previously employed for multivariate mean estimation (see, e.g., [KLSU19]), but we provide
an analysis for completeness, and include a particular focus on the error probability β.

We observe that this coordinate-wise approach incurs a cost of d log(1/β), whereas the primary
goal for heavy-tailed mean estimation in the non-private setting is to decouple these two factors.
To this end, we give a second algorithm, which uses our SoS exponential mechanism paradigm.
This algorithm has sample complexity O(logR(d+ log 1/β + log logR)/ε) (see Theorem 5.10). In
the settings where logR � d, this algorithm yields a better sample complexity than the simpler
approach. An interesting open question is to design an efficient algorithm for this setting with
sample complexity Õ((d + logR + log(1/β))/ε); an appropriate application of the exponential
mechanism provides an inefficient algorithm with this sample complexity.

5.1 First Algorithm: Coordinate-Wise

5.1.1 Main Steps

As the name suggests, our coordinate-wise algorithm works by running a one-dimensional algo-
rithm on each coordinate of the samples from a d-dimensional distribution. The one-dimensional
algorithm exploits the fact that the true mean is within constant distance of 0.99n of the samples
with high probability. We use the exponential mechanism to find any point that satisfies the same
property. By triangle inequality, this new point will be close to the true mean.

In the following we describe the main theorem of this subsection and the main steps of proving
it.

Lemma 5.2. Suppose X1, . . . , Xn are i.i.d. samples from a one-dimensional distribution D with
mean µ and variance bounded above by 1. Furthermore, suppose n ≥ 4 log(1/β)/α2, and R∗ ≥√

2/α. Then with probability 1− β there exists a set G ⊆ [n] such that |G| ≥ (1− α)n, and

∀i ∈ G : |Xi − µ| ≤ R∗ .

Proof. This lemma is a standard application of Chebyshev’s inequality and Hoeffding’s bound.
Suppose the Xi’s are i.i.d. samples from D and suppose D has variance σ2. Then by Chebyshev’s
inequality we know that

P[|Xi − µ| ≥ R∗] ≤
σ2

R∗2
,

Let Ii = 1[|Xi − µ| ≥ R∗], then Ii’s are independent random variables between 0 and 1. Therefore,
we may use Hoeffiding’s bound. Let Sn =

∑n
i=1 Ii, then

P
[
Sn ≥

σ2

R∗2
n+

√
n log 1/β

]
≤ β .

Since R∗ ≥
√

2/α, n ≥ 4 log(1/β)/α2, σ2 ≤ 1, each of these terms are bounded by αn/2, implying
that |G| ≥ (1− α)n as desired.

We will prove the following theorem using a combination of the arguments from Section 5.1.2
to Section 5.1.5.
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Theorem 5.3 (coarse-1d-estimate). Let X1, . . . , Xn ∈ R, R > R∗ ≥ 1, 0 ≤ α < 1/3. Suppose
there exists a point x0 ∈ [−R,R] such that |{i | |Xi − x0| ≤ R∗}| ≥ (1 − α)n. Then there exists
an ε-DP algorithm and a universal constant C0 such that if n ≥ C0 (logR+ log(1/β)) /εα, the
algorithm returns y such that |y − x0| ≤ O (R∗), with probability (1−β), and runtime O

(
n2 logR

)
.

By combining Theorem 5.3 and Lemma 5.2, we arrive at the following theorem for univariate
coarse mean estimation.

Theorem 5.4 (one-dimensional coarse mean estimation). Suppose D is a one-dimensional distri-
bution with mean µ, and covariance σ2, such that |µ| ≤ R and σ2 ≤ 1. Then there exists an ε-DP
algorithm that takes n i.i.d. samples from D and outputs y such that |y − µ| ≤ O(1) with probability
1− β, sample complexity

n = O
(

logR+ log(1/β)

ε

)
,

and runtime poly(n, logR, 1/ε).

To extend this to the multivariate setting, we apply the algorithm from Theorem 5.4 with
privacy budget ε/d and failure probability β/d to each coordinate (d times in total), and using
composition of differential privacy.

Theorem 5.5 (simple high dimensional coarse mean estimation). Suppose D is a d-dimensional
distribution with mean µ and covariance Σ, such that ‖µ‖2 ≤ R and ‖Σ‖2 ≤ 1. Then there exists
an ε-DP algorithm that takes n i.i.d. samples from D and outputs y such that ‖y − µ‖2 ≤ O(

√
d)

with probability 1− β, sample complexity

n = O
(
d logR+ d log(1/β) + d log d

ε

)
,

and runtime poly (n, d, logR, 1/ε).

In the rest of this subsection we prove Theorem 5.3. To do so, we propose an algorithm and
provide privacy, accuracy and runtime analysis for it.

5.1.2 Algorithm

Our algorithm (Algorithm 1) is based on the exponential mechanism. We construct a cover over
[−R,R], and run the exponential mechanism over it to capture a large number of Xi’s in a ball of
radius O(R∗). This quantity is formalized using the score function as defined in Definition 5.6.

Definition 5.6 (Score function). Let X1, . . . , Xn ∈ R, R∗ ≥ 1. For any point y ∈ R we define

Score(y) = |{i | |Xi − y| ≤ 2R∗}| .

5.1.3 Privacy analysis

Since Score has sensitivity 1, the algorithm is ε-DP by privacy of the exponential mechanism.
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Algorithm 1 coarse-1d-estimate

Input: Parameters R > R∗ ≥ 1, dataset X1, . . . , Xn ∈ R,

Operation: 1. Let I = {R∗k | b−R/R∗c ≤ k ≤ dR/R∗e, k ∈ Z}.
2. Run the exponential mechanism over the points in I with score function Score

(Definition 5.6), privacy budget ε, and sensitivity 1, to obtain ŷ.

Output: ŷ

5.1.4 Accuracy analysis

Lemma 5.7. Suppose 0 ≤ α < 1/3, n ≥ 2 (log (2dR/R∗e+ 1) + log(1/β)) /εα, and that there
exists some point x0 ∈ [−R,R] such that |{i | |Xi − x0| ≤ R∗}| ≥ (1 − α)n. Then the exponential
mechanism in Algorithm 1 will return ŷ such that

|ŷ − x0| ≤ 3R∗ ,

with probability 1− β.

Proof. We show that there exists a point in I = {R∗k | b−R/R∗c ≤ k ≤ dR/R∗e, k ∈ Z} that has
Score at least (1 − α)n. Let G be the set of points which are close to the point x0, that is,
G = {i | |Xi − x0| ≤ R∗} and |G| ≥ (1− α)n. Let y∗ be the point in I that is closest to x0. Since
x0 ∈ [−R,R], |x0 − y∗| ≤ R∗. Then

∀i ∈ G : |y∗ −Xi| ≤ |y∗ − x0|+ |x0 −Xi| ≤ R∗ +R∗ ≤ 2R∗ .

Therefore y∗ has Score at least (1− α)n. By the guarantees of the standard exponential mecha-
nism, the exponential mechanism when instantiated with the Score function over I will return ŷ
such that

Score(ŷ) ≥ (1− α)n− 2

ε
(log (2dR/R∗e+ 1) + log(1/β)) ,

with probability 1 − β. Since αn ≥ 2
ε (log (2dR/R∗e+ 1) + log(1/β)), the exponential mechanism

will return ŷ such that
Score(ŷ) ≥ (1− 2α)n ,

with probability 1− β. Let T = {i | |Xi − ŷ| ≤ 2R∗}, then |T | ≥ (1− 2α)n, with probability 1− β.
Moreover G = {i | |Xi − x0| ≤ 2R∗} has at least (1 − α)n members. Therefore since α < 1/3, we
have that T ∩ G 6= ∅, and therefore there exists some j ∈ T ∩ G. Hence |Xj − x0| ≤ R∗ and
|Xj − ŷ| ≤ 2R∗. Therefore |y − x0| ≤ 3R∗ with probability 1− β, as desired.

5.1.5 Runtime analysis: lazy exponential mechanism

If the exponential mechanism in Algorithm 1 is näıvely implemented it will take Θ(Rn) time. This
is a pseudo-polynomial time algorithm, but we would prefer a truly polynomial time algorithm, with
running time polynomial in logR. In the following theorem, we describe how this application of the
exponential mechanism can be implemented in O(n2 logR) time. This style of “lazy exponential
mechanism” may be folklore, but we include the argument for completeness.
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Theorem 5.8 (lazy exponential mechanism). Suppose C ∈ N, I = {b1, . . . , bm} is a set of bins,
and n ∈ N objects O = {o1, . . . , on} are given. Moreover suppose that each item can belong to at
most C bins, and that for each object o, the set of the bins it belongs to can be computed in time
O(C logm). For a bin bi, let

Score(bi) = |{j | oj belongs to bi}| .

Then the exponential mechanism over I with score function Score can be implemented in time
O(Cn2 logm).

Proof. Let J = {bi | Score(bi) > 0}. We can construct J and compute the score function for all
of its members by iterating over O and finding which bins each of them belongs to. This will take
time O(Cn logm). Now since all of the other bins are empty, the probability that the exponential
mechanism with sensitivity ∆ and privacy budget ε selects bj ∈ J has to be

P[bj ] :=
exp(

εScore(bj)
2∆ )∑

k,bk∈J exp( εScore(bk)
2∆ ) +m− |J |

.

Therefore the probability of choosing each member of J can be computed in time O(n logm).
Moreover, let ⊥ be a special symbol representing the event that the exponential mechanism selects
a bj such that bj /∈ J . It is easy to see that

P[⊥] :=
m− |J |∑

k,bk∈J exp( εScore(bk)
2∆ ) +m− |J |

.

We now draw an element from the set {bj | j ∈ J}∪{⊥} where the probabilities are as established
above. If the sampling algorithm picks a bj ∈ J we can return that, and we are done. Otherwise,
if ⊥ is picked, we can sample an index from i ∈ {1, . . . ,m− |J |} uniformly at random in time
O(logm). Now we aim to construct a uniformly random member from I − J from this random
index i. To do we just need to consider K = {bi, . . . , bi+|J |}. By the intermediate value theorem,
there exists a member bi+k ∈ K such that k equals the number of the members of J which have
index smaller than or equal to i + k. For the smallest k that has such property, we return bj+k,
it is easy to see that this scheme returns a uniformly random member from I − J . Moreover, the
overall algorithm takes time at most O(Cn2 logm). Note that in this proof, the logm factors come
from the bit complexity of indices of the members of I.

Corollary 5.9. The exponential mechanism in Algorithm 1 can be implemented in time O(n2 logR).

Proof. Each Xi can be counted in the Score of at most 5 members of I. Furthermore, for each
Xj , to find the members of I for which it is counted in, we just need to find the points in [Xi −
2R∗, Xi + 2R∗] which are of the form kR∗, for some k ∈ Z. This can be done in time O(logR).
The statement thus holds by an application of Theorem 5.8.

5.2 Second Algorithm: SoS Exponential Mechanism

5.2.1 Main Steps

We proceed to describe our second coarse-estimation algorithm, based on our SoS Exponential
Mechanism framework. Our coverage is for a concrete problem (as opposed to the abstract setting
in our meta-theorem in Section 4) and conceptually simpler than our fine-estimation algorithm
(Section 6), so it may be a good starting point for a reader to understand the framework.
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Consider the following simple but inefficient method for performing coarse estimation. Let the
score function for a point v be the number of datapoints within a ball of radius poly(d) centered at v.
One could run the exponential mechanism with this score function, with the set of candidate points
being the ball of radius R. Compared to the coordinate-wise algorithm described in Section 5.1,
this approach works directly in the high-dimensional space.

Of course, this algorithm is not polynomial time, as the naive method of implementing it would
involve computing the score function for all points in a cover of size exponential in d. Instead,
appealing to our SoS Exponential mechanism framework, we first replace the score function with
a similar SoS optimization problem. The resulting algorithm and optimization problem are both
described in Section 5.2.2. Note that for technical reasons, we actually run the exponential mecha-
nism O(logR) times, making a constant factor improvement in the radius each time. This iterative
process is what gives rise to a sub-optimal O(logR log(1/β)/ε) term in the sample complexity, To
prove accuracy of the overall procedure, we first show that the solution to the SoS optimization
problem will give a point with high utility (Lemma 5.14 in Section 5.2.3). Then, assuming the
instantiations of the exponential mechanism are all “successful” (that is, produce points which are
of comparable utility to the one which optimizes the score function), it is not hard to show that
the final point output will satisfy our desired accuracy guarantee (Corollary 5.16 in Section 5.2.4).

At this point, there are three components of the exponential mechanism left to argue: privacy,
accuracy, and computational efficiency. Privacy is fairly straightforward: we prove that the score
function has bounded sensitivity (Lemma 5.17 in Section 5.2.5), which implies privacy (Corol-
lary 5.18) by combining the exponential mechanism’s privacy guarantee with basic composition.
Utility follows the standard recipe for the volume-based exponential mechanism (Theorem 3.1):
in addition to the aforementioned sensitivity bound, we require that points with high utility are
sufficiently dense (Lemma 5.21 in Section 5.2.7). Combining the two gives the desired accuracy
guarantee in Lemma 5.23 in Section 5.2.9. Finally, to ensure that the algorithm is polynomial
time, we employ the sampling-based exponential mechanism of [BST14] (Theorem 3.2). We again
use the fact that the score function has bounded sensitivity, but also Lipschitzness (Lemma 5.20
in Section 5.2.6), and concavity (Corollary 5.22 in Section 5.2.8). Combining these properties allow
us to conclude the exponential mechanism can be implemented in polynomial time (Lemma 5.24
in Section 5.2.10).

These allow us to conclude the following result for coarse mean estimation.

Theorem 5.10 (high dimensional coarse mean estimation via SoS exponential mechanism). Sup-
pose D is a d-dimensional distribution with mean µ and covariance Σ, where ‖µ‖2 ≤ R, and
‖Σ‖2 ≤ 1. Then there exists a polynomial time ε-DP algorithm coarse-estimate that takes

n = O
(

logR (d+ log(1/β) + log logR)

ε

)
i.i.d. samples from D and outputs y, such that ‖y − µ‖2 ≤ O(

√
d) with probability 1− β.

Before we begin the main analysis, we establish a deterministic condition on the dataset under
which our algorithm succeeds. This condition holds with high probability if the dataset is sampled
from an appropriate distribution. Specifically, the following is a multivariate analogue of Lemma 5.2,
which states that most samples from a distribution with bounded covariance will be within a
bounded distance of the mean. The proof is similar to before.

Lemma 5.11. Suppose X1, . . . , Xn are i.i.d. samples from a d-dimensional distribution D, with
mean µ and covariance Σ, where ‖Σ‖2 ≤ 1. Furthermore suppose n ≥ 4 log(1/β)/α2 and R∗ ≥√

2d/α. Then with probability 1− β, there exists a set G such that |G| ≥ (1− α)n, and

∀i ∈ T : ‖Xi − µ‖2 ≤ R∗ .
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With this in place, it suffices to prove the following theorem, which is our main technical result
of this section.

Theorem 5.12. For every ε > 0 and n, d ∈ N there is an ε-differentially private polynomial-
time algorithm coarse-estimate(R,R∗, X1, . . . , Xn) with the following guarantees. There exists
a universal constant C0 that given X1, . . . , Xn ∈ Rd, R,R∗ > 0, coarse-estimate outputs y ∈ Rd
such that if there exists x ∈ Rd with ‖x‖2 ≤ R and such that |{Xi : ‖Xi − x‖2 ≤ R∗}| ≥ (1− α)n,
R ≥ 1000R∗ > 1, n ≥ C0

logR
αε (d+ log(1/β) + log logR), 0 < α < 10−4, then ‖y − x‖2 ≤ O(R∗),

with probability at least 1− β.

In the rest of this section (from Section 5.2.2 to Section 5.2.10) we prove Theorem 5.12. To do
so, we present an algorithm and provide privacy, accuracy, and runtime analysis for it.

5.2.2 Algorithm

We describe the score function employed in the exponential mechanism. Our algorithm repeatedly
invokes the exponential mechanism with a geometrically decreasing radius.

Definition 5.13 (coarse-sdp). Let X1, . . . , Xn, y ∈ Rd, and R > r > 1. Let coarse-sdp
be the following convex program, where the maximization is over degree-4 pseudo-distributions in
indeterminates v1, . . . , vd, b1, . . . , bn.

max
Ẽ

Ẽ

n∑
i=1

bi s.t.

Ẽ satisfies b2i = bi ∀i
Ẽ satisfies ‖v‖22 ≤ (2R+R/1000)2

Ẽ satisfies bi‖Xi − v‖22 ≤ bi · r2 ∀i
Ẽ v = y .

Algorithm 2 coarse-estimate

Input: Parameters R ≥ 1000R∗ ≥ 1, dataset X1, . . . , Xn ∈ Rd

Operation: Let m = blog5(R/1000R∗)c. For 0 ≤ t < m do:

1. Let Rt = R(0.2)t.

2. Run the exponential mechanism with score function coarse-sdp (R ← Rt, r ←
Rt/100), privacy budget ε/m, and sensitivity 1 over the ball of radius Rt +Rt/1000
in Rd to obtain yt.

3. For every j let Xj = Xj − yt.

Output: ŷ =
∑m−1

i=0 yi

5.2.3 SoS Analysis

We prove that a point with a high score function value will also have high utility by containing a
large fraction of the dataset within a bounded radius.
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Lemma 5.14. Let X1, . . . , Xn ∈ Rd, R > r > R∗ > 1, and α ∈ [0, 1/3] and let Ẽ be a feasible
solution to coarse-sdp with Ẽ

∑
i≤n bi ≥ (1−2α)n. For any x0 ∈ Rd such that |{i : ‖Xi−x0‖2 ≤

R∗}| ≥ (1− α)n and ‖x0‖2 ≤ R,

‖y − x0‖2 < 10(r +
√
αR) .

Proof. Let G = {i : ‖Xi − x0‖ ≤ R∗} be the good set of indices. Since
∑

i∈G Ẽ[bi] +
∑

i/∈G Ẽ[bi] =∑n
i=1 Ẽ[bi] ≥ (1− 2α)n, and |G| ≥ (1− α)n,∑

i∈G
Ẽ[bi] ≥ (1− 2α)n− (n− |G|) ≥ (1− 3α)n .

We have
|G| · ‖x0 − v‖2 =

∑
i∈G

bi · ‖x0 − v‖2 +
∑
i∈G

(1− bi) · ‖x0 − v‖2 .

We will bound the two terms separately. For the first, for any i ∈ G, by SoS triangle inequality
(Fact B.7) we have

Ẽ bi‖x0 − v‖2 ≤ 2 Ẽ bi(‖x0 −Xi‖2 + ‖Xi − v‖2) ≤ 4r2 · Ẽ bi .

(Here we used that Ẽ satisfies bi ≥ 0.) For the second term, again using triangle inequality, we
have

Ẽ(1−bi)‖x0−v‖2 ≤ 2 Ẽ(1−bi)(‖v‖22 +‖x0‖22) ≤ 2 Ẽ(1−bi)(R2 +(2R+R/1000)2) ≤ 11R2 Ẽ(1−bi) .

(Here we used that Ẽ satisfies 1− bi ≥ 0.) So overall,

|G| · Ẽ ‖x0 − v‖2 ≤ 4r2 · Ẽ
∑
i∈G

bi + 11R2 · Ẽ
∑
i∈G

(1− bi) .

Now
∑

i∈G Ẽ bi ≥ (1− 3α)n, so Ẽ
∑

i∈G(1− bi) ≤ 3αn, and hence

Ẽ ‖x0 − v|2 ≤ 11 · nr
2 + 3αnR2

|G|
≤ 66(r2 + αR2) < 100(r2 + αR2) .

Since ‖ Ẽ v − x0‖ ≤
√

Ẽ ‖v − x0‖2, we are done.

5.2.4 Accuracy Analysis Assuming Exponential Mechanism’s Success

Here we show that if each iteration of Algorithm 2 produces a high utility solution, the resulting
estimates will improve in accuracy at a rate exponential in the number of iterations.

Proposition 5.15. Suppose |{i : ‖Xi−x0‖2 ≤ R∗}| ≥ (1−α)n, α ≤ 10−4, ‖x0‖2 ≤ R, and assume
the exponential mechanism in Algorithm 2 is successful in every step, i.e., yt has score larger than
(1− 2α)n for every t. Then for each t,

‖
t−1∑
i=0

yi − x0‖2 ≤ Rt .
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Proof. We prove this proposition through induction. For the base case t = 0, the sum
∑t−1

i=0 yi is
empty and we are left with ‖x0‖ ≤ R0 = R, which holds by assumption. For the inductive case,
we suppose the statement holds for t − 1, and prove that it holds for t. The inductive hypothesis
is that ‖

∑t−2
i=0 yi − x0‖2 ≤ Rt−1. We may now use Lemma 5.14, where x0 and R in the lemma

statement are replaced by
∑t−2

i=0 yi − x0 and Rt−1, respectively. This gives us

‖
t−1∑
i=0

yt − x0‖2 ≤ 10(Rt−1/100 +Rt−1/100) ≤ Rt−1/5 = Rt ,

as desired.

As an immediate corollary, we can bound the resulting error after Algorithm 2 is complete.

Corollary 5.16. Under the same assumptions as Proposition 5.15 and noting that that m =
log5(R/1000R∗), Algorithm 2 outputs y, such that

‖y − x0‖2 ≤ 1000R∗ .

5.2.5 Sensitivity

We now show that the score function has bounded sensitivity.

Lemma 5.17 (coarse-sdp sensitivity). coarse-sdp has sensitivity 1 with respect to the Xi’s.

Proof. Without loss of generality suppose X,X ′ are two datasets that differ in the first index. Sup-
pose for inputs (X1, X2, . . . Xn), Ẽ is the degree-4 pseudo-expectation that maximizes the objective
function of coarse-sdp. In order to prove that coarse-sdp has sensitivity 1, we prove that there
exists a feasible solution Ẽ

′
to the coarse-sdp convex program, on inputs (X ′1, X2, . . . , Xn), such

that
Ẽ
′
[
∑

bi] ≥ Ẽ[
∑

bi]− 1 .

If we do so, sensitivity follows by symmetry. To construct Ẽ
′
, we describe it by the pseudo-moments

up to the fourth degree. For every degree-4 monomial f in b, v that does not contain b1, let

Ẽ
′
[f(b, v)] = Ẽ[f(b, v)] ,

and for every degree-4 monomial f in b, v, that contains b1, let

Ẽ
′
[f(b, v)] = 0 .

Then Ẽ
′

satisfies the constraints in coarse-sdp. Furthermore, Ẽ
′
[
∑
bi] ≥ Ẽ[

∑
bi]− 1. It remains

to show that Ẽ
′
is a pseudo-expectation. This is because Ẽ

′
[((1, b, v)⊗2)((1, b, v)⊗2)T ] is PSD, which

is a direct result of Lemma B.1.

Combining this with the privacy guarantees of the exponential mechanism and basic composi-
tion, we see that the overall algorithm is ε-DP.

Corollary 5.18 (privacy analysis). The exponential mechanism in Algorithm 2 is ε/m-DP. Hence
Algorithm 2 is ε-DP by composition.
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5.2.6 Lipschitzness

To prove that the score function is Lipschitz, we rely upon the following lemma, which is a direct
result of the duality of pseudo-distributions and SoS proofs (see, e.g., [BS16]).

Lemma 5.19. Suppose R, r,X1, . . . , Xn are fixed. Let f(y) denote the maximum value coarse-
sdp can obtain for y. Then for every y ∈ Rd, ω > 0, there exists αi ∈ R[b, v]≤2, a degree-2 SoS
polynomial β, γi ≥ 0, λi ∈ R, and degree-4 SoS polynomial σ such that

f(y) + ω −
n∑
i=1

bi =

n∑
i=1

αi(b, v)(b2i − bi) + β(b, v)((2R+R/1000)2 − ‖v‖22)

+

n∑
i=1

γibi(r
2 − ‖Xi − v‖22) +

d∑
i=1

λi(vi − yi) + σ(b, v) .

Note that the above equality is a polynomial identity in b and v.

Note that the constraints on b and v in the optimization problem imply boundedness (Lemma A.3)
and therefore our problem satisfies the duality conditions. We use this lemma to prove the following
theorem.

Lemma 5.20 (coarse-sdp lipschitzness). In the convex optimization problem coarse-sdp, sup-
pose R, r,X1, . . . , Xn are fixed. Let f(y) denote the maximum value coarse-sdp can obtain for y.
Then f(y) is L-Lipschitz over the ball of radius R+R/1000 in Rd, where L = n

√
d/R.

Proof. Let

g(α, β, γ, σ; y) =

n∑
i=1

bi +

n∑
i=1

αi(b, v)(b2i − bi) + β(b, v)((2R+R/1000)2 − ‖v‖22)

+
n∑
i=1

γibi(r
2 − ‖Xi − v‖22) +

d∑
i=1

λi(vi − yi) + σ(b, v) .

Note that g is a polynomial in b and v. Then by Lemma 5.19 we know that for any y ∈ Rd, ω > 0,
there exists α, β, γ, λ, σ such that

f(y) + ω = g(α, β, γ, λ, σ; y) , (4)

is a polynomial identity in b and v. First, we prove that the λi’s are bounded. To do so we plug
different values for b and v in Equation (4). Let b = 0, and v = y + tej , such that ‖y + tej‖2 =
2R + R/1000, and t > 0. Such t exists and is larger than R due to ‖y‖2 ≤ R + R/1000, and the
triangle inequality. Plugging this b and v into Equation (4), gives us

f(y) + ω ≥ λjt .

Since t ≥ R, f(y)+ω ≥ Rλj . Similarly, by plugging b = 0, v = y− tej , we obtain f(y)+ω ≥ −Rλj ,
and therefore, |λj | ≤ (f(y) + ω)/R. Since f(y) ≤ n, we obtain |λi| ≤ (n+ ω)/R, and hence

‖λ‖2 ≤
√
d(n+ ω)/R .

Now that we have bounded λ, we can prove that f is Lipschitz. To do so, suppose y′ = y + δu,
where ‖u‖2 = 1. If for y′ we can construct a dual solution that obtains value f(y) + Lδ + h(ω),
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where limω→0 h(ω) = 0, we have proven that f(y′) ≤ f(y) + Lδ, and Lipschitzness will follow by
symmetry. To construct this dual solution, let (α′, β′, γ′, λ′, σ′) = (α, β, γ, λ, σ). Then

g(α′, β′, γ′, λ′σ′; y′) = g(α, β, γ, λ, σ; y) + δ〈λ, u〉
≤ f(y) + ω + δ‖λ‖2
≤ f(y) + ω + δ

√
d(n+ ω)/R

≤ f(y) + δ
√
dn/R+ ω(1 + δ

√
d/R) ,

as desired. Therefore f is L = n
√
d/R-Lipschitz.

5.2.7 Volume

We show that the set of points with high score function is sufficiently dense. This essentially follows
from the fact that every point which is close to the optimal solution also has high utility, and by
an argument about the volume of `2-balls.

Lemma 5.21 (coarse-sdp volume). Let R > 1000R∗ > 1. Suppose there exists a point x0 ∈ Rd
such that |{i : ‖Xi − x0‖2 ≤ R∗}| ≥ (1 − α)n and ‖x0‖2 ≤ R. Let B denote the ball of radius
R+R/1000 in Rd. Then there exists a set H∗ ⊆ B, such that for every point y in H∗, the value of
coarse-sdp with (R← R, r ← R/100) is larger than (1− α)n and

log
vol(B)

vol(H∗)
≤ d log(2000) .

Proof. Let H∗ be the ball of radius R/1000 centered at x0. Then H∗ ⊆ B, and

log
volB

vol(H∗)
= log

(
R+R/1000

R/1000

)d
≤ d log(2000) .

It remains to prove that every point in H∗ has high coarse-sdp value. Suppose y is a point in
H∗. We know that coarse-sdp is a relaxation of the polynomial optimization problem; therefore,
if we propose a solution to the polynomial optimization problem with value (1 − α)n, we have
proven that coarse-sdp has value at least (1 − α)n. Hence, it remains to show that there exists
a set of size at least (1 − α)n from the Xi’s such that ‖Xi − y‖2 ≤ R/100. Consider the set
G = {i : ‖Xi − x0‖2 ≤ R∗}. We know that |G| ≥ (1− α)n. Moreover,

∀i ∈ G : ‖Xi − y‖2 ≤ ‖Xi − x0‖2 + ‖x0 − y‖2 ≤ R∗ +R/1000 ≤ 2R/1000 ≤ R/100 ,

as desired.

5.2.8 Concavity

It is not hard to see that the score function is concave.

Corollary 5.22 (coarse-sdp concavity). Let f(y) denote the value of coarse-sdp for y. Then
f is concave.

Proof. Direct result of Lemma B.2.
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5.2.9 Accuracy Analysis of the Exponential Mechanism

Given that we have established bounded sensitivity (Lemma 5.17) and that the set of good solu-
tions is sufficiently dense (Lemma 5.21), we can apply the volume-based exponential mechanism
(Theorem 3.1).

Lemma 5.23 (guarantee of the exponential mechanism for coarse-sdp). Let f(y) denote the
value of coarse-sdp for y. The exponential mechanism in Algorithm 2 with score function f , and
privacy budget ε/m returns y such that

f(y) ≥ (1− α)n− 2m

ε
(d log(2000) + log(m/β)) ,

with probability 1− β/m. Specifically, if

n ≥ 2m

αε
(d log (2000) + log(m/β)) ,

then
f(y) ≥ (1− 2α) ,

with probability 1 − β/m. We say the exponential mechanism has been successful if the above
inequality holds.

5.2.10 Runtime Analysis of the Exponential Mechanism

At this point, we have established bounded sensitivity (Lemma 5.17), Lipschitzness (Lemma 5.20),
and concavity (Corollary 5.22). These properties suffice to apply the efficient sampling algorithm
of Theorem 3.2.

Lemma 5.24 (runtime of the exponential mechanism). There exists a sampling scheme for the
exponential mechanism in Algorithm 2 that takes time poly(n, d, logR, 1/ε).

Note that, since the function is L = n
√
d/R-Lipschitz and since we are running the algorithm

over the ball of radius R+R/1000 (i.e., diam(C) ≤ R+R/1000), we have that Ldiam(C) = O(n
√
d)

thus making the running time polynomial in n and d, but not in R.

5.3 Robustness

To conclude, we note that both of our coarse estimation algorithms are robust to contamination.

Remark 5.25 (Robustness of Coarse Estimation). For both coarse estimation algorithms (i.e., the
coordinate-wise approach, Algorithm 1, and the SoS exponential mechanism approach, Algorithm 2),
the Score function has sensitivity 1. Moreover, there exists a constant η0 (say η0 ≤ 0.01), such
that if Score is perturbed by ηn, η ≤ η0, all of our arguments still hold. Therefore, there exists a
universal constant η0 for which our algorithm has the same guarantees if η-fraction of the samples
are corrupted, where η ≤ η0.

6 Fine Estimation

From Section 5, we know how to find an estimate of the mean up to distance O(
√
d). In this

section we prove the following theorem. Putting the following theorem and our theorem for coarse
estimation (Theorem 5.1) together, gives us an efficient algorithm for privately estimating the mean
of a d-variate distribution with bounded mean and covariance up to error α.
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Theorem 6.1 (high dimensional fine mean estimation via SoS exponential mechanism). Suppose
D is a d-dimensional distribution with mean µ and covariance Σ, where ‖Σ‖2 ≤ 1. Moreover,
suppose that an initial estimate µ̃0 is given such that ‖µ − µ̃0‖2 ≤ O(

√
d). Then there exists a

polynomial time ε-DP algorithm fine-estimation that takes n samples from D and outputs µ̃∗

such that ‖µ̃∗ − µ‖2 ≤ α, with probability 1− β, and sample complexity

n = Õ
(
d+ log(1/β)

α2ε

)
.

More specifically, Õ is hiding the following lower order logarithmic factors: log d, and log(1/α)

Proof. Applying Theorem 6.12 with m = 1/α2, and noting that Assumption 6.9 holds with proba-
bility 1− β, due to Lemma 6.8.

Suppose D is a d-dimensional distribution with mean µ, and covariance Σ such that ‖Σ‖2 ≤ 1.
Our goal is to privately estimate the mean of this distribution up to accuracy α with probability
1−β. Moreover, suppose that we have access to an initial estimate of the mean such that ‖µ−µ̃0‖2 ≤
O(
√
d). We build our algorithm on top of the recent work in efficient high-dimensional mean

estimation where the high-dimensional median of means technique is used [CFB19, Hop20, LM19b].
As opposed to non-biased estimators that have O( d

βα2 ) sample complexity, these estimators achieve

the O(d+log(1/β)
α2 ), or the sub-Gaussian rate sample complexity.

In this technique, we take n = mk samples, and divide them into k bins {B}ki=1 each having m
elements. Then we compute the means of each of these bins and name them Zi’s. A key observation
then is that if k ≥ max{d,Ω(log(1/β))}, then with probability 1 − β over the randomness of the
samples, the true mean, µ is (0.99,O(

√
1/m))-central.

Definition 6.2 ((ρ, r)-centrality [LM19b, Hop20]). Suppose Z1, . . . , Zk ∈ Rd. A point x ∈ Rd is
(ρ, r)-central, if and only if for all unit vectors v we have

|{i | 〈Zi − x, v〉 ≤ r}| ≥ ρk

In other words, with high probability, for any direction v, if we center Zi’s at the point µ,
and project them onto the direction v, a large fraction of the projections will fall in a radius of
O(
√

1/m) of the mean. This can be viewed as µ being a median in every direction.
Now note that if we can find some other point µ̂ such that ‖µ̂ − µ‖2 ≤ O(

√
1/m), by setting

m = 1/α2 we may obtain the sub-Gaussian rate as desired. Suppose there exists another point µ̃
which is also (0.1,O(

√
1/m))-central, then by choosing v along the direction of µ− µ̃, and applying

the pigeonhole principle and the triangle inequality over the projections of Zi’s in this direction, we

may conclude that ‖µ̃−µ‖2 ≤ O(
√

1/m). Another useful observation is that if ‖µ̃−µ‖2 ≤ O
(√

1
m

)
,

then µ̃ is a central point. Therefore, we arrive at the following conclusion: assuming µ is central;
then a point µ̃ is central, if and only if it is close to µ. This is the key observation that helps
us characterize the points that are close to µ. One can think of this centrality property as the
“median” part of the “median of means” approach.

Therefore, answering the following question, gives us an algorithm for estimating the mean with
sub-Gaussian rates.

Main Problem Suppose Z1, . . . , Zk ∈ Rd are given, and there exists a point µ ∈ Rd
which is a central point for Z1, . . . , Zk. How can we find a central point, both privately
and efficiently?
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Suppose we did not care about either privacy or efficiency. Similar to [CFB19], our goal is to
start off from an estimate µ̃ and move towards a center µ. If we were close to µ, from the discussion
above, µ̃ would have been a center. Therefore, one way to check whether or not we have reached our
destination is by checking if µ̃ is central. What if µ̃ were far from the center µ — which direction
would move us towards µ? If µ̃ is far from the center, then µ̃ is not central and moreover, there
exists some direction v such that

|{i | 〈Zi − µ̃, v〉 ≥ 0.99‖µ− µ̃‖2}| ≥ 0.9k .

This direction v certifies that µ̃ is not central. Now a key observation is that if v certifies non-
centrality, then v points towards µ, i.e.〈

v,
µ− µ̃
‖µ− µ̃‖2

〉
≥ Ω (1) .

Now, if we move in the direction of v (which certifies non-centrality) with step-size proportional to
the distance we are from µ (i.e., ‖µ̃− µ‖2), we can move towards µ at a linear rate. Doing this for
a number of steps which is logarithmic in the initial distance gives us a point which is central with
respect to Zi’s and has distance O(

√
1/m) to µ.

In order to employ this approach both efficiently and privately we need to execute the following
tasks efficiently and privately:

1. Check whether or not the current estimate µ̃ is central.

2. Find an estimate of the distance to the central point or ‖µ̃− µ‖2.

3. Find a direction v that certifies the non-centrality of µ̃.

Even setting the concern of privacy aside for the moment, it is not clear how to efficiently check
whether or not the current estimate µ̃ is central. One approach involves constructing a net over
the unit sphere Sd−1 and counting the number of Zi’s that fall far for each direction in the unit
sphere. However, doing so would take exponential time as the number of points on the net grows
exponentially in d. In order to perform this efficiently, [CFB19] uses the standard SDP relaxation
of the following quadratic program, which finds the direction that has most of Zi’s at distance at
least r from the current estimate µ̃. Note that a point x is (ρ, r)-central if and only if the following
quadratic program has a low value.

Definition 6.3 (quadratic optimization problem [Hop20, CFB19]). Let Z1, . . . , Zk, µ̃ ∈ Rd, r > 0.
Let QUAD(µ̃, r, Z) be the following quadratic program.

QUAD(µ̃, r, Z) := max
v,b

k∑
i=1

b2i

s.t. b2i = bi ∀i
d∑
i=1

v2
i = 1

b2i r ≤ 〈Zi − µ̃, biv〉 ∀i

The following is the standard SDP relaxation of the above quadratic program.
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Definition 6.4 (SDP Relaxation [Hop20, CFB19]). Let Z1, . . . , Zk, µ̃ ∈ Rd, r > 0. Let SDP(µ̃, r, Z)
be the following semi-definite program.

SDP(µ̃, r, Z) := max
v,b,B,U,W

Tr (B)

s.t.

1 bT vT

b B W
v WT V

 < 0

Bii = bi ∀i
Tr(V ) = 1 ∀i
Bii · r ≤ 〈Zi − µ̃,Wi〉 ∀i

Now based on the above SDP relaxation, we may define a new notion of centrality.

Definition 6.5 ((ρ, r)-SDP-centrality [Hop20]). A point is (ρ, r)-SDP-central if and only if the
SDP relaxation’s value for that point is less than 1− ρ.

The main advantage SDP-centrality has over the previous notion of centrality is that it can be
computed efficiently. It can be proven that SDP-centrality has the same good properties that the
previous definition of centrality provides:

1. The true mean µ is (0.999, O(
√

1/m))-SDP-central with high probability (Lemma 6.8).

2. Under the assumption that µ is (0.999,O(
√

1/m))-SDP-central, we have that µ̃ is (0.1,O(
√

1/m))-
SDP-central if and only if ‖µ − µ̃‖2 ≤ O(

√
1/m) (a corollary of the proof of Theorem 6.13,

Lemma 4 of [CFB19])

3. The solution to the SDP relaxation can certify the non-SDP-centrality of points which are
far from a SDP-center. Moreover, there exists a rounding scheme that obtains a direction v
from this solution such that 〈v, µ−µ̃

‖µ−µ̃‖〉 ≥ Ω(1).2

These properties of the SDP relaxation, together with its computational efficiency, yield a compu-
tationally efficient algorithm for estimating the mean up to O(

√
1/m) error.

Now that we have reviewed [CFB19]’s method, we describe how our private algorithm works.
One naive approach to ensuring privacy would be to add Laplace noise to the direction after the
rounding step. However, it is not clear how to prove sensitivity bounds in this case to guarantee
pure differential privacy. In order to privately find the direction, we run the exponential mechanism
over the unit ball.3 If the score function of the exponential mechanism for a given vector y is

Score(y) =

k∑
i=1

1[〈Zi − µ̃, y〉 ≥ r]

and we assume that the exponential mechanism always returns the y with the highest score, the
exponential mechanism would return a direction y such that 〈y, µ− µ̃〉 ≥ Ω(1). Moreover, the sensi-
tivity of the score function is only 1. However, näıve implementations of the exponential mechanism
would not be computationally efficient, running in time exponential in d. To alleviate this issue,

2[CFB19] shows that taking the top eigenvector of V in Definition 6.4 is one such rounding scheme. In Theo-
rem 6.23, we show that the simple rounding scheme of taking v itself provides the same guarantees.

3To be precise, in our final algorithm this is not exactly the unit ball. We run the exponential mechanism over a
ball of radius 1 − Θ(1). This helps us ensure Definition 4.3 or Lipschitzness.
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we recall the efficient sampling algorithm of [BST14]. Their results say that if a score function is
concave and Lipschitz, and is defined over a bounded and convex domain, then appropriate tech-
niques from the literature on sampling log-concave distributions allow us to efficiently implement
the exponential mechanism. Meanwhile, this score function may not even be continuous.

To define a score function Score(y) that has the mentioned properties, we use the SDP relax-
ation mentioned in Definition 6.4, and intersect it with a new condition v = y to define SDP-VAL
(see Definition 6.7). In order to show that sampling from this Score function can be done effi-
ciently, we show that it is concave (Corollary 6.29) and Lipschitz (Lemma 6.28). Moreover, in order
to show that with high probability the exponential mechanism returns a high scoring vector, we
show that the score function has sensitivity 1 and that the volume of the high scoring points is large
(Corollary 6.26, Section 6.5.8). It remains to show that given a feasible solution X(1, b, v, B, V ) to
the SDP program defined in Definition 6.4 with high value, 〈v, ‖µ− µ̃‖2〉 ≥ Ω(1). This guarantees
that if the exponential mechanism returns a high-scoring vector, then that vector points towards µ.
Note that previous works use a slightly different rounding scheme. In [CFB19], they show that the
top eigenvector of the sub-matrix V of X(1, b, v, B, V ) has the said property; however we show that
a simpler rounding scheme (alluded to above) also gives our desired guarantees (Theorem 6.23).
For further details on gradient estimation, see Section 6.5.

It remains to address the other two components of the algorithm: determining when to stop,
and estimating the distance. For the former, the problem would be trivial without privacy: one
could simply check the value of the SDP with r = Θ(

√
1/m). If the value is low, we would be

close, otherwise, we would have been far. Our private approach is similar, but we also add noise
to the value of the SDP with Laplace mechanism to ensure privacy. We prove the SDP value has
sensitivity 1, in order to bound the magnitude of the Laplace noise. Further discussion on how to
determine when to stop appears in Section 6.3.

Finally, for distance estimation sans privacy, a binary search suffices to select an r: find the
maximum r such that for this choice of r, the SDP has value larger than 0.9k. It can be proven
that choosing r this way gives an approximation of the distance to the center [CFB19]. However,
it is not clear how to directly make this approach private. Therefore, we instead find some r for
which the SDP has value between 0.9k and 0.95k via a private binary search. Note that if we are
far enough from the center, and if we are given a good coarse estimate, both of these values should
be feasible, which is ensured by the guarantee of the stopping step and having access to a coarse
estimate. Since the value of SDP is a decreasing function in r and we are sufficiently far from
the center, it can be proven that if the SDP has value between 0.9k and 0.95k for r, then r is an
approximation of the distance to the center. Full discussion on the private binary search procedure
and private distance estimation appears in Section 6.4.

Structure. First we define a new quadratic program and a new SDP that we use to define a score
function for the exponential mechanism that helps us find the gradient in our algorithm. Then we
review some useful lemmas and assumptions from [CFB19] in Section 6.1.2. After that we propose
the main algorithm and the state the guarantees it provides in Section 6.2. As discussed above, our
algorithm has three parts: estimating whether it should stop or not, estimating the distance, and
estimating the direction to the true mean. We present our algorithms, guarantees and proofs, for
these three tasks in Section 6.3, Section 6.4, and Section 6.5 respectively. In Section 6.6 we show
that after sufficient number of rounds of the gradient descent our algorithm obtains a point close
to the true mean. Finally, in Section 6.7, we explain why our algorithm is robust under constant
fraction corruption in the samples.
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6.1 Preliminaries

6.1.1 Definitions

In order to run the exponential mechanism we need to define a score function over the set of
directions. In order to do so, we define the following programs based on the previous definitions
(Definition 6.3, Definition 6.4). These programs are the intersection of the above programs with
the new condition, v = y. These new programs can be interpreted as: for a given direction v, how
many of the Zi’s are at distance at least r from the current estimate µ̃, in the direction v?

Definition 6.6 (QUAD-VAL). Let Z1, . . . , Zk, µ̃, y ∈ Rd, r > 0. Let QUAD-VAL(y; µ̃, r, Z) be
the following quadratic program.

QUAD-VAL(y; µ̃, r, Z) := max
v,b

k∑
i=1

b2i

s.t. b2i = bi ∀i
vi = yi ∀i
b2i r ≤ 〈Zi − µ̃, biv〉 ∀i

Unlike the previous SDP (Definition 6.4), the following SDP is not a standard SDP relaxation
of the above quadratic program. This is because, in order to be able to run the exponential
mechanism efficiently, we need to define our score function over the unit ball as opposed to the unit
sphere; hence, ‖y‖2 may not be equal to 1. However, we show that SDP-VAL(y) is larger than
QUAD-VAL(y), in Lemma A.5.

Definition 6.7 (SDP-VAL). Let Z1, . . . , Zk, µ̃, y ∈ Rd, r > 0. Let SDP-VAL(y; µ̃, r, Z) be the
following semi-definite program.

SDP-VAL(y; µ̃, r, Z) := max
v,b,B,W,V

Tr (B)

s.t.

1 bT vT

b B W
v WT V

 < 0

vi = yi ∀i
Bii = bi ∀i
Tr(V ) = 1

Bii · r ≤ 〈Zi − µ̃,Wi〉 ∀i

Note that the above semi-definite program can also be viewed as the following convex program,
where the maximization is over degree-2 pseudo-distributions in indeterminates v1, . . . , vd, b1, . . . bk.
In our proofs, we use the two definitions interchangeably.

SDP-VAL(y; µ̃, r, Z) := max
Ẽ

Ẽ

k∑
i=1

bi

s.t. Ẽ vi = yi ∀i
Ẽ satisfies bi = b2i ∀i
Ẽ satisfies ‖v‖2 = 1

Ẽ satisfies b2i r ≤ 〈Zi − µ̃, biv〉 ∀i
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6.1.2 Useful Lemmas

In this subsection we state some useful lemmas regarding the solutions of the quadratic program
and the SDP defined in Definition 6.3, and Definition 6.4. These lemmas are due to [CFB19]. We
state a more general version of them due technical reasons, however the proofs remain similar.

The following lemma states that if we are at the true mean, then with high probability, the
semidefinite program defined in Definition 6.4, cannot have a high score. In the quadratic program’s
language, this corresponds to a large fraction of Zi’s being close to the true mean when projected
onto any given direction.

Lemma 6.8 (Lemma 7 in [CFB19]). Let M ≥ 20, and Y = (Y1, . . . , Yk) ∈ Rk×d be k i.i.d.
random vectors with mean µ and covariance Λ and let S denote the set of feasible solutions of the
SDP(µ, r,Y) in Definition 6.4. Then, we have for r ≥ 5M(

√
Tr Λ/k+

√
‖Λ‖) and k ≥ 8M2 log 1/β

max
(v,b,B,U,W )∈S

TrB ≤ k

M
,

with probability at least 1−β. More specifically, for r ≥ 10M
√
‖Λ‖2 if k ≥ 8M2 log 1/β, and k ≥ d,

max
(v,b,B,U,W )∈S

TrB ≤ k

M
,

with probability at least 1− β.

Therefore, we may assume that with high probability, the following assumption holds. In
[CFB19], they state the above lemma and the following assumption with M = 20. In our proofs we
require a larger value for M . For the sake of tidiness, we do not set a value for M in the following
assumptions and we state them for general M . However, in our proofs we only require the following
assumptions to hold for M = 1000.

Assumption 6.9 (Assumption 2 in [CFB19]). Suppose r∗ = 2
√
k/n = 2

√
1/m. For the bucket

means Z = (Z1, . . . , Zk) let Sr denote the set of feasible solutions for SDP(µ, r, Z). Then, for all
r ≥ 5Mr∗,

max
v,b,B,W,V ∈Sr

k∑
i=1

TrB ≤ k

M

The above assumption is a strengthening of the following assumption.

Assumption 6.10 (Assumption 1 in [CFB19]). For the bucket means, Z = (Z1, . . . , Zk), we have:

∀v ∈ Rd, ‖v‖2 = 1 =⇒ |{i : 〈Zi − µ, v〉 ≥ 5Mr∗}| ≤ k

M

The following lemma is about the feasible solutions to the SDP problem that have high values.

Lemma 6.11 (Lemma 3 in [CFB19]). Let us assume Assumption 6.9. Let

X =

1 bT vT

b B W
v WT V

 ∈ R(k+d+1)×(k+d+1)
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be a PSD matrix. Moreover, suppose that

Bi,i = bi, Tr(V ) = 1, Tr(B) ≥ ψk .

Then, there is a set of at least (ψ − 1/M)k indices T such that for all i ∈ T :

〈Zi − µ,Wi〉 < 5Mr∗Bi,i ,

and a set of at least (ψ−ψ′)/(1−ψ′)k indices R such that for all j ∈ R, we have Bj,j ≥ ψ′, where
0 ≤ ψ′ ≤ ψ.

6.2 Main Algorithm and Theorem

In this section we state our main algorithm and theorem. As discussed before, our main algorithm
is a gradient descent style algorithm and consists of three parts: halt-estimation, distance-
estimation, gradient-estimation. We discuss these algorithms and their guarantees in Sec-
tion 6.3, Section 6.4, and Section 6.5 respectively.

Algorithm 3 fine-estimation

Input: Parameters: Data points X1, . . . , Xn ∈ Rd, number of bins k, number of iterations T ,
initial estimate µ̃0.

Operation: Step-size η = 0.075
Split the data in k bins {Bi}ki=1, each having m members. For all 1 ≤ i ≤ k, let
Zi = mean(Bi).
For 1 ≤ t ≤ T do:

1. Let ht = halt-estimation (Z, µ̃t−1)

2. If ht, then return µ̃t−1.

3. Let dt = distance-estimation (Z, µ̃t−1)

4. Let gt = gradient-estimation (Z, µ̃t−1, dt)

5. Let µ̃t = µ̃t−1 + ηdtgt

Output: µ̃T

The following theorem is the guarantee that our algorithm provides, under the assumption that
Assumption 6.9 holds, and an initial estimate is given. This theorem together with Lemma 6.8,
gives us Theorem 6.1.

Theorem 6.12 (fine-estimation). Let Z1, . . . , Zk, µ̃0, µ ∈ Rd r∗ = 2
√
k/n = 2

√
1/m. Suppose

‖µ̃0 − µ0‖2 ≤ C0

√
d where C0 is a universal constant, M = 1000, and Assumption 6.9 holds.

Then there exists an efficient ε-DP algorithm fine-estimation that returns µ̃∗ such that if k ≥
Õ((d + log(1/β))/ε), then ‖µ̃∗ − µ‖2 ≤ O(r∗), with probability 1 − β. Note that Õ is hiding the
following lower order logarithmic factors: log d, and logm.

Proof. Putting together Theorem 6.13 (halt-estimation), Theorem 6.14 (distance-estimation),
Theorem 6.22 (gradient-estimation), and Theorem 6.39 (gradient descent), and setting T =
log(dm) ≥ log(d/r∗).
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6.3 Halt Estimation

If we did not care about privacy, in order to know whether we are close to µ or not, and we had
a current estimate µ̃, we could just check if SDP has score smaller than 0.9k for a small enough
distance choice or not. If that was the case, µ̃ would have been close enough to µ. In this section we
privatize this condition by adding Laplace noise to the value of SDP, and argue that this algorithm
provides privacy guarantees and high accuracy with high probability.

Algorithm 4 halt-estimation

Input: Parameters: Data points Z1, . . . , Zk ∈ Rd, current estimate µ̃.

Operation: Let M = 1000, N = 4M(5M + 1) + 10M
Let H = 1[SDP(µ̃, Nr∗, Z) + L(T/ε) ≤ 0.91k], where L is the Laplace distribution.

Output: H

Theorem 6.13 (halt-estimation). Let Z1, . . . Zk, µ̃,∈ Rd, r∗ = 2
√
k/n, M ≥ 1000, N =

4M(5M + 1) + 10M . Suppose k ≥ 100T log(T/β)/ε, and that Assumption 6.9 holds. There
exists an ε/T -DP algorithm halt-estimation that succeeds with probability 1 − β/T . Moreover,
in the regime where this algorithms succeeds we have

H = 0 =⇒ ‖µ− µ̃‖2 ≥M(5M + 1)r∗ ,

and
H = 1 =⇒ ‖µ− µ̃‖2 ≤ Nr∗ + 5Mr∗ .

Proof. Since SDP has sensitivity 1 (Corollary 6.26), from the guarantees of the Laplace mechanism
we know that Algorithm 4 is ε/T -DP and with probability 1−β/T , it succeeds i.e. SDP(µ̃, Nr∗, Z)+
L(T/ε) ∈ [SDP(µ̃, Nr∗, Z)−T log(T/β)/ε,SDP(µ̃, Nr∗, Z)+T log(T/β)/ε]. Since k ≥ 100T log(T/β),
with probability 1− β/T

SDP(µ̃, Nr∗, Z) + L(T/ε) ∈ [SDP(µ̃, Nr∗, Z)− 0.1k, SDP(µ̃, Nr∗, Z) + 0.1k] .

Therefore if we are in the success regime, H = 0, means that

SDP(µ̃, Nr∗, Z) ≥ 0.90k ,

and H = 1, means that
SDP(µ̃, Nr∗, Z) ≤ 0.92k .

Now by Corollary 6.24, if we are in the success regime

H = 0 =⇒ ‖µ− µ̃‖2 ≥
0.7Nr∗ − 5Mr∗

2
≥M(5M + 1)r∗ ,

where the last inequality comes from N = 4M(5M + 1) + 10M . Now suppose that we are in the
success regime and H = 1. Then SDP(µ̃, Nr∗, Z) ≤ 0.92k, which implies that QUAD(µ̃, Nr∗, Z) ≤
0.92k, since SDP is a relaxation of QUAD. Therefore for any v ∈ Rd, where ‖v‖2 = 1 we have that

|{i | 〈Zi − µ̃, v〉 ≤ Nr∗}| ≥ 0.08k .
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On the other hand, from Assumption 6.10 (which is a result of Assumption 6.9), we know that for
any v′ ∈ Rd, where ‖v′‖2 = 1 we have that∣∣{i ∣∣ 〈Zi − µ, v′〉 ≤ 5Mr∗

}∣∣ ≥ (1− 1

M
)k .

Let v = (µ− µ̃)/‖µ− µ̃‖2, v′ = −v. Then M ≥ 1000 and 0.08 + (1− 1/M) > 1, there exists some
index j which is in the intersection of the above sets. Therefore for this j we have that

〈Zj − µ+ µ− µ̃, v〉 ≤ Nr∗ ,

therefore
‖µ− µ̃‖2 ≤ Nr∗ + 〈Zi − µ,−v〉 ≤ Nr∗ + 5Mr∗ ,

as desired.

6.4 Distance Estimation

Suppose we have a current estimate µ̃, and µ is a central point. Furthermore suppose that µ̃ and
µ are sufficiently far from each other. In this section our goal is to find an estimate of the distance
‖µ̃− µ‖2. If we did not care about privacy, we could look for an approximation of the distance to
a central point by finding the maximum r such that SDP obtains value at least 0.9k via a binary
search up to arbitrary accuracy. However, it’s not clear how to privatize this approach. Instead, we
look for an r for which SDP obtains a value between 0.91k and 0.94k, via a private binary search
(Theorem 6.15, Lemma 6.16). If r has this property, then we can use the monotonicity of SDP in r
to argue that r is an approximation of the distance the central point (Lemma 6.17, Lemma 6.18).

6.4.1 Algorithm

Algorithm 5 distance-estimation

Input: Parameters: Data points Z1, . . . , Zk ∈ Rd, current estimate µ̃.

Operation: Let r∗ = 2
√
k/n, S = log(1.14C0

√
d/r∗), s = 0.92k, e = 0.93k.

Do the following binary search for S rounds over [0, 1.14C0

√
d], with r0 being the middle

point

1. Let u = SDP(µ̃, rt, Z) +Ni, where Ni ∼ L(TS/ε).

2. Let u is larger than ek move left, it is less than ek move left, if it is neither, move
in an arbitrary direction.

Output: rT .

6.4.2 Main Theorem

Theorem 6.14 (distance-estimation). Let Z1, . . . , Zk, µ̃, µ ∈ Rd. Suppose r∗ = 2
√
k/n, m =

n/k, ‖µ− µ̃‖2 ≥M(5M+1)r∗, k ≥ 100ST log(ST/β)/ε, M ≥ 100, and that Assumption 6.9 holds.
Moreover, suppose that ‖µ − µ̃‖2 ≤ C0

√
d, where C0 is a universal constant. Then there exists
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a universal constant C2 and a ε/T -dp algorithm distance-estimation using S rounds of binary
search that returns d̂ such that

0.99‖µ− µ̃‖2 ≤ d̂ ≤ 1.15‖µ− µ̃‖2 ,

with probability 1 − β/T , where S = C2 (logm+ log d). We say that distance-estimation has
been successful if the above guarantee holds.

Proof. See Section 6.4.4.

6.4.3 Private Binary Search

The following theorem allows us to perform private binary search over a decreasing function, with
low sensitivity.

Theorem 6.15 (Private Binary Search). Suppose f : [0, D] × X → [0, k] is a decreasing function
and has sensitivity 1 with respect to its second component. Moreover two values 0 ≤ s < e ≤ 1 are
given. Let rs = argmaxf(r)≥sk−∆ r, re = arg minf(r)≤ek+∆ r, then there exists an ε-DP algorithm
using S rounds of binary search that returns x such that x ∈ [re − a, rs + a] with probability 1− β,
where ∆ = S log(S/β)/ε, and S = log(D/a).

Proof. Suppose xi is the binary search parameter at step i, do the following binary search up to S
steps over the domain [0, D] and in the end return xS .

1. Let fi = f(xi), and f ′i = fi +Ni, where Ni ∼ L(S/ε).

2. If f ′i is larger than ek move right, if it is less than sk move left, if it is neither, move in an
arbitrary direction.

Now we need to prove privacy and accuracy guarantees for this algorithm.

Privacy The algorithm is ε-DP by basic composition. Note that each step is ε/S-DP.

Accuracy Note that for every t ≥ 0
P [|Ni| ≥ tS/ε] = exp(−t).

and by union bound
P [max |Ni| ≥ tS/ε] ≤ S exp(−t).

Let t = − log(β/T ), since ∆ = S log(S/β)/ε,

P [max |Ni| ≥ ∆] ≤ β.

Now with probability 1 − β, ∀i,Ni ≤ ∆. Suppose we are in this setting where all of the Ni’s are
smaller than ∆. We have three cases.

1. If xi ∈ (rs, D], then fi ∈ [0, sk−∆), and f ′i ∈ [−∆, sk), therefore, the binary search algorithm
will choose left.

2. If xi ∈ [re, rs], then fi ∈ [sk −∆, ek + ∆], and f ′i ∈ [sk − 2∆, ek + ∆], therefore the binary
search algorithm might choose right or left (arbitrary direction).

3. If xi ∈ [0, re), then fi ∈ (ek + ∆, k], and f ′i ∈ (ek, k + ∆], the binary search algorithm will
choose right.

Therefore this algorithm is performing Binary Interval Search for the interval [re, rs] with accuracy
parameter a. Therefore, by Lemma B.3, with probability 1 − β, the algorithm returns a point x,
such that x ∈ [re − a, rs + a].
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6.4.4 Proof of Theorem 6.14

In this section we prove Theorem 6.14. This theorem is proven by putting together Lemma 6.16,
Lemma 6.17, and Lemma 6.18.

Lemma 6.16 (SDP Binary Search). Let Z1, . . . , Zk, µ̃, µ ∈ Rd. Suppose r∗ = 2
√
k/n, m = n/k,

‖µ − µ̃‖2 ≤ C0

√
d, ‖µ − µ̃‖2 ≥ M(5M + 1)r∗, k ≥ 100ST log(ST/β)/ε, M ≥ 100, C1 = 1.14C0,

and that Assumption 6.9 holds. Let f(r) := SDP(µ̃, r, Z), where f : [0, C1

√
d] → R. Let ρs =

argmaxf(r)≥0.91k r, ρe = arg minf(r)≤0.94k r,. Then there exists a universal constant C2 and a ε/T -
dp algorithm using S rounds of binary search that returns r̂ such that r̂ ∈ [ρe − r∗, ρs + r∗] with
probability 1− β/T , where S = C2 (logm+ log d). Moreover, if ‖µ− µ̃‖2 ≤M(5M + 1)r∗

Proof. We want to apply the algorithm from Theorem 6.15. In order to do so, we must check that
SDP is decreasing in r (Lemma A.1) and has sensitivity 1 (Corollary 6.26). Furthermore, note that
{r : f(r) ≥ 0.91k, 0 ≤ r ≤ C1

√
d}, and {r : f(r) ≤ 0.94k, 0 ≤ r ≤ C1

√
d} are non-empty sets,

which is true because of Corollary 6.19, and Corollary 6.32. Now we may apply Theorem 6.15 with

s← 0.92k, e← 0.93k, D ← C1

√
d, a← r∗ = 2

√
k/n .

Therefore, S = log(D/a) = log
√

C1dn
4k . Therefore, there exists a universal constant C2 such that

S ≤ C2(log d+ logm) .

It remains to bound ∆ by 0.01k, which is true by the assumption.

∆ = ST log(ST/β)/ε

≤ 0.01k

Therefore, using the algorithm from Theorem 6.15 we constructed an algorithm that returns r̂ ∈
[ρe + r∗, ρs − r∗] with probability 1 − β/T , using O(logm + log d) steps of the binary search, as
desired.

Lemma 6.17 (lower bound for distance estimate). Under the assumptions of Lemma 6.16, r̂ ≥
ρe − r∗ implies r̂ ≥ (1−M)‖µ̃− µ‖2.

Proof. Let ∆ be the unit direction µ̃− µ, then by Assumption 6.10 (which is implied by Assump-
tion 6.9),

|{i : 〈Zi − µ,∆〉 ≥ 5Mr∗}| ≤ k/M .

Therefore if we take the direction −∆, we have for (1− 1/M)k of the points that

(Zi − µ̃,−∆) = 〈µ̃− µ+ µ− Zi,∆〉 ≥ ‖µ̃− µ‖2 − 5Mr∗

Therefore SDP(µ̃, ‖µ̃ − µ‖2 − 5Mr∗, Z) ≥ (1 − 1/M)k, since SDP is the standard relaxation of
QUAD. Now note that by Lemma 6.16, SDP-VAL(µ̃, r̂, Z) ≤ 0.94k; therefore,

SDP(µ̃, ‖µ̃− µ‖2 − 5Mr∗, Z) ≥ (1− 1/M)k ≥ 0.95k > 0.94k ≥ SDP(µ̃, ρe, Z) .

Now by monotonicity of SDP in the second parameter, we conclude that ρe ≥ ‖µ̃ − µ‖2 − 5Mr∗.
Therefore

r̂ ≥ ρe − r∗ ≥ ‖µ̃− µ‖2 − (5M + 1)r∗ ≥ (1− 1

M
)‖µ̃− µ‖2 ,

as desired, where the final inequality comes from ‖µ̃− µ‖2 ≥M(5M + 1)r∗.
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Lemma 6.18 (upper bound for distance estimation). Under the same assumptions as in Lemma 6.16,
r̂ ≤ ρs + r∗ implies r̂ ≤ 1.15‖µ̃− µ‖2.

Proof. The proof is similar to the proof in Lemma 5 from [CFB19]. We show that SDP(µ̃, 1.14‖µ̃−
µ‖2, Z) ≤ 0.9k. Suppose the contrary, then there exists some solution (b, v,B,W, V ) that achieves
value larger than 0.9k. Let R, T be the sets from Lemma 6.11 where ψ = 0.9, ψ′ = (1+1/M)/1.14.
Now notice that

|T |+ |R|
k

=
0.9− 1+1/M

1.14

1− 1+1/M
1.14

+ (0.9− 1/M) > 1 ,

for M ≥ 86, therefore there exists some j ∈ R ∩ T . For this j,

(1 + 1/M)/1.14 · (1.14‖µ̃− µ‖2) ≤ Bj,j1.14‖µ̃− µ‖2
≤ 〈Zj − x,Wj〉
= 〈Zi − µ,Wj〉+ 〈µ− µ̃,Wj〉
< Bj,j5Mr∗ + ‖µ̃− µ‖2 .

Where the last step comes from ‖Wj‖2 ≤ 1. This is easy to see in the pseudo-expectation language,

‖Ẽ[bjv]‖22 =
∑
`

Ẽ[bjv`]
2

≤
∑
`

Ẽ[b2j ] Ẽ[v2
` ] (Cauchy-Schwarz)

≤ Ẽ[‖v‖22] (Ẽ[b2j ] ≤ 1)

= 1 .

By rearranging the above inequality we obtain

Bj,j > 1/M · ‖µ̃− µ‖2(5Mr∗)−1 > 1 ,

which is a contradiction. Therefore,

SDP(µ̃, 1.14‖µ̃− µ‖2, Z) ≤ 0.9k < 0.91k ≤ SDP(µ̃, ρs, Z) .

Now by monotonicity of SDP in the second parameter, we conclude that ρs ≤ 1.14‖µ̃ − µ‖2.
Therefore

r̂ ≤ ρs + r∗ ≤ 1.14‖µ̃− µ‖2 + r∗ ≤ 1.15‖µ̃− µ‖2 ,

as desired, where the final inequality comes from ‖µ̃− µ‖2 ≥ 100(5× 100 + 1)r∗ ≥ 100r∗.

Corollary 6.19 (existence of r with SDP less than 0.9k). In the proof of Lemma 6.18, we have
proven that under Assumption 6.9, and the assumption that M ≥ 86,

SDP(µ̃, 1.14‖µ− µ̃‖2, Z) ≤ 0.9k .
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6.5 Gradient Estimation

Suppose we have a current estimate µ̃ and µ is a central point Moreover, µ̃ and µ are sufficiently far
from each other. Our goal is to privately find a direction y such that 〈y, (µ− µ̃)/‖µ− µ̃‖2〉 ≥ Ω(1).
In order to do this we run the exponential mechanism over a ball of radius 1 − Θ(1) in Rd with
score function SDP-VAL. We prove that SDP-VAL has low sensitivity (Section 6.5.5), is Lipschiz
(Section 6.5.6), and is concave (Section 6.5.7). These properties ensure that we can sample from
the corresponding distribution efficiently and that our algorithm is private. In other to prove the
accuracy of the exponential mechanism (Section 6.5.9), we prove that there exists a large volume of
points that have high scores (Section 6.5.8). If the exponential mechanism is accurate, it outputs a
direction y from the ball that has high a high score. In Section 6.5.3, we show that if y has a high
score it satisfies |〈y, (µ− µ̃)/‖µ− µ̃‖2〉| ≥ Ω (1). We wrap up the guarantees of the exponential
mechanism with SDP-VAL in Theorem 6.20.

Now in order to decide between y and −y, we run the exponential mechanism over these two
candidates with score function being the number Zi − µ̃’s that have positive inner product with
each candidate. We show that at least one of the two candidates must have a high score and
therefore with high probability it is outputted. Moreover the higher scoring candidate satisfies
〈y, (µ− µ̃)/‖µ− µ̃‖2〉 ≥ Ω(1). See Theorem 6.21 for the theorem statement, and Section 6.5.11 for
its proof.

Finally, we put together the guarantees of Theorem 6.20, and Theorem 6.21 to obtain Theo-
rem 6.22.

6.5.1 Algorithm

Algorithm 6 gradient-estimation

Input: Parameters: Data points Z1, . . . , Zk ∈ Rd, current estimate µ̃ ∈ Rd, estimate of the
distance d

Operation: 1. Let M = 1000, r = d/1.2, ζ = 1/(2M).

2. Run the exponential mechanism over the ball of radius 1 − ζ with score function
Score(y) = SDP-VAL(y; µ̃, r, Z) to obtain y0.

3. Run the exponential mechanism with score function Score(y) =
∑k

i=1 1[〈Zi −
µ̃, y〉 > 0] over {y0,−y0} to obtain ŷ.

Output: ŷ

6.5.2 Main Theorems

The following theorem guarantees that the exponential mechanism in the second line of Algorithm 6,
is private and can be run efficiently and outputs a direction y0 such that |〈y0,∆〉| ≥ Ω1 with high
probability.

Theorem 6.20 (SDP-VAL exponential mechanism). Let Z1 . . . Zk, µ̃, µ ∈ Rd, r∗ = 2
√
k/n,

M ≥ 1000 , d ≥ 0, r = d/1.2, ∆ = (µ − µ̃)/‖µ − µ̃‖2 Suppose Assumption 6.9 holds, 1.15‖µ −
µ̃‖2 ≥ d ≥ 0.9‖µ − µ̃‖2, ‖µ − µ̃‖2 ≥ M(5Mr∗), ζ = 1/(2M). Then there exists a constant C ′M
depending only on M such that the exponential mechanism in Algorithm 6 with score function
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f(y) = SDP-VAL(y; µ̃, r, Z) and privacy budget ε/T , over the ball of radius 1 − ζ in Rd, returns
y0 such that if k ≥ C ′MT (d+ log(T/β))/ε, then

|〈y0,∆〉| ≥ 0.1 ,

with probability 1−T/β. Moreover there exists an algorithm taking time poly(n, d, 1/ε) for sampling
from the exponential mechanism.

Proof. Combination of Lemma 6.25 (sensitivity, privacy), Theorem 6.35 (accuracy of the exponen-
tial mechanism), Theorem 6.23 (accuracy guarantee of SDP-VAL), and Lemma 6.36 (runtime of
the exponential mechanism). See Section 6.5.3 to Section 6.5.10 for the full proof.

From the previous theorem we know that with high probability |〈y0, µ̃− µ〉|Ω(1) The following
theorem guarantees that the third line of the algorithm is private and that it has accuracy. That
is, conditioned on the success of the previous step, with high probability it outputs a vector ŷ from
{y0,−y0} such that 〈ŷ, (µ− µ̃)/‖µ− µ̃‖2〉 ≥ Ω(1).

Theorem 6.21 (exponential mechanism for the two directions). Let Z1, . . . Zk, µ̃, µ, y0 ∈ Rd, r∗ =
2
√
k/n, ‖µ − µ̃‖2 ≥ M(5Mr∗), ∆ = (µ − µ̃)/‖µ − µ̃‖2 and M ≥ 1000. Suppose |〈y0,∆〉| ≥ 0.1,

and that Assumption 6.9 holds. Then the exponential mechanism with score function Score(y) =∑k
i=1 1[〈Zi− µ̃, y〉 > 0], over {y0,−y0}, and privacy budget ε/T , as in Algorithm 6, returns ŷ such

that if k ≥ 2MT (log 2 + log T/β)/ε, then

〈ŷ,∆〉 ≥ 0.1 ,

with probability 1− β/T .

Proof. See Section 6.5.11.

Putting together Theorem 6.20, and Theorem 6.21 gives us the following algorithm, which
guarantees that Algorithm 6 is private, has high utility with high probability, and that it can be
run efficiently.

Theorem 6.22 (gradient-estimation). Let Z1, . . . Zk, µ̃, µ ∈ Rd, d ≥ 0, r∗ = 2
√
k/n, M ≥

1000, d ≥ 0, ∆ = (µ − µ̃)/‖µ − µ̃‖2. Suppose Assumption 6.9 holds. Then there exists a constant
C ′′M depending only on M and ε/T -dp algorithm gradient-estimation that if 0.99‖µ − µ̃‖2 ≤
d ≤ 1.15‖µ− µ̃‖2, ‖µ− µ̃‖2 ≥M(5Mr∗), and k ≥ C ′′MT (d+ log T/β)/ε, returns ŷ such that

〈ŷ,∆〉 > 0.1 ,

with probability 1 − β/T . Moreover this algorithm has runtime poly(n, d, 1/ε). We say that
gradient-estimation has been successful if the above guarantee holds.

In the rest of this section we prove Theorem 6.20, and Theorem 6.21.

6.5.3 SoS Analysis

Theorem 6.23 (accuracy guarantee of SDP-VAL). Let Z1 . . . Zk, µ̃, µ ∈ Rd, r∗ = 2
√
k/n, and

∆ = (µ − µ̃)/‖µ − µ̃‖2. Suppose Assumption 6.9 holds and M ≥ 1000, d ≥ 0.99‖µ − µ̃‖2, and
‖µ− µ̃‖2 ≥M(5Mr∗). Moreover, suppose SDP-VAL(y; µ̃, d/1.2, Z) = ψk, where ψ ≥ 0.9. Then

|〈y,∆〉| ≥ 0.1 .
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Proof. Let r = d/1.2, note that since d ≥ 0.99‖µ− µ̃‖2, r ≥ 0.8‖µ− µ̃‖2. Suppose Ẽ is the solution
to SDP-VAL(y; µ̃, r, Z) as in Definition 6.7. Therefore,

y = Ẽ [v]

Ẽ
[
b2i
]

= Ẽ [bi] (5)∑
i

Ẽ
[
v2
i

]
≤ 1 (6)

Ẽ
[
b2i
]
· r ≤ 〈Zi − µ̃, Ẽ [biv]〉 .

Moreover, y has score ψk, i.e. ∑
i

Ẽ
[
b2i
]

= ψk. (7)

Let T be the set that its existence is guaranteed from Lemma 6.11. Then |T | ≥ (ψ − 1/M)k, and

∀i ∈ T : Ẽ[〈Zi − µ, biv〉] < 5Mr∗ Ẽ[b2i ] . (8)

Also note that
(2ψ − 1− 1/M)k ≤

∑
i∈T

Ẽ[b2i ] ≤ ψk . (9)

Therefore we may write

rψk = r ·
∑
i

Ẽ[b2i ]

= r ·

[∑
i∈T

Ẽ[b2i ] +
∑
i/∈T

Ẽ[b2i ]

]
≤
∑
i∈T
〈Zi − µ̃, Ẽ[biv]〉+ (1− ψ + 1/M)kr

=
∑
i∈T

Ẽ[bi〈Zi − µ̃, v〉] + (1− ψ + 1/M)kr

=
∑
i∈T

Ẽ[bi〈Zi − µ, v〉] +
∑
i∈T

Ẽ[bi〈µ− µ̃, v − Ẽ[v]〉] +
∑
i∈T

Ẽ[bi]〈µ− µ̃, Ẽ[v]〉+ (1− ψ + 1/M)kr .

Now we need to bound each term separately.

1.
∑

i∈T Ẽ[bi〈Zi − µ, v〉].∑
i∈T

Ẽ[bi〈Zi − µ, v〉] ≤ 5Mr∗
∑
i∈T

Ẽ
[
b2i
]

(Equation (8))

≤ 5Mkr∗
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2.
∑

i∈T Ẽ[bi〈µ− µ̃, v − Ẽ[v]〉].∑
i∈T

Ẽ[bi〈u− µ̃, v − Ẽ[v]〉] ≤ 〈µ− µ̃, Ẽ[(
∑
i∈T

bi)(v − Ẽ[v])]〉

≤ 〈µ− µ̃, Ẽ[
∑
i∈T

(bi − Ẽ[bi])(v − Ẽ[v])]〉

≤ ‖µ− µ̃‖2 · ‖Ẽ[
∑
i∈T

(bi − Ẽ[bi])(v − Ẽ[v])]‖2

≤ ‖µ− µ̃‖2 · Ẽ[‖
∑
i∈T

(bi − Ẽ[bi])(v − Ẽ[v])‖2] (Jensen’s inequality)

= ‖µ− µ̃‖2 · Ẽ[|
∑
i∈T

(bi − Ẽ[bi])| · ‖(v − Ẽ[v])‖2]

≤ ‖µ− µ̃‖2 · Ẽ[(
∑
i∈T

(bi − Ẽ[bi]))
2]1/2 · Ẽ[‖v − Ẽ[v]‖22]1/2

(Lemma B.4)

Now we need to bound the two last terms.

Ẽ

(∑
i∈T

(bi − Ẽ[bi])

)2
 = Ẽ

(∑
i∈T

bi − Ẽ[
∑
i∈T

bi]

)2


= Ẽ[(
∑
i∈T

bi)
2]− Ẽ[

∑
i∈T

bi]
2 (Lemma B.5)

≤ Ẽ[k ·
∑
i∈T

b2i ]−

(∑
i∈T

Ẽ[bi]

)2

(Cauchy-Schwarz)

= k
∑
i∈T

Ẽ[b2i ]−

(∑
i∈T

Ẽ[b2i ]

)2

(Equation (5))

≤ ψk2 − (2ψ − 1− /1M)2k2 (Equation (9))

= k2(ψ − (2ψ − 1− 1/M)2)

Ẽ[‖v − Ẽ[v]‖22] = Ẽ[‖v‖22]− ‖Ẽ[v]‖22 (Lemma B.5)

≤ Ẽ[‖v‖22]

≤ 1 (Equation (6))

Therefore, ∑
i

Ẽ[bi〈u− µ̃, v − Ẽ[v]〉] ≤ k
√
ψ − (2ψ − 1− 1/M)2 · ‖µ− µ̃‖2 .

3.
∑

i∈T Ẽ[bi]〈µ− µ̃, Ẽ[v]〉. ∑
i∈T

Ẽ[bi] =
∑
i∈T

Ẽ[b2i ] (Equation (5))

≤ ψk (Equation (9))
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Therefore, ∑
i∈T

Ẽ[bi]〈µ− µ̃, Ẽ[v]〉 ≤ ψk|〈µ− µ̃, Ẽ[v]〉| .

Putting all parts together we obtain

(2ψ − 1− 1/M)rk ≤
∑
i

Ẽ[bi〈Zi − µ, v〉] +
∑
i

Ẽ[bi〈µ− µ̃, v − Ẽ[v]〉] +
∑
i

Ẽ[bi]〈µ− µ̃, Ẽ[v]〉

≤ 5Mkr∗ + k
√
ψ − (2ψ − 1− 1/M)2 · ‖µ− µ̃‖2 + ψk|〈µ− µ̃, Ẽ[v]〉| .

Therefore if ∆ = (µ− µ̃)/‖µ− µ̃‖2, d̃ = ‖µ− µ̃‖2.

1

ψ
· [(2ψ − 1− 1/M) · r

d̃
− 5Mr∗

d̃
−
√
ψ − (2ψ − 1− 1/M)2] ≤ |〈∆, y〉| .

Now since 0.9 ≤ ψ ≤ 1,M ≥ 1000, r ≥ 0.8d̃, d̃ ≥M(5Mr∗), we get that

|〈∆, y〉| ≥ 0.65(2ψ − 1− 1/M)−
√
ψ − (2ψ − 1− 1/M)2 + 0.15(2ψ − 1− 1/M)− 5Mr∗

d̃
≥ 0.15(2× 0.9− 1− 1/1000)− 1/1000

> 0.1 .

The following corollary is useful in Section 6.3.

Corollary 6.24 (SDP far). Let Z1, . . . , Zk, µ̃, µ ∈ Rd, r∗ = 2
√
k/n. Suppose Assumption 6.9 holds

and M ≥ 1000. Suppose SDP(µ̃, r, Z) ≥ 0.9k. Then

‖µ− µ̃‖2 ≥
0.7r − 5Mr∗

2
.

Proof. From the proof of Theorem 6.23, we have that

2‖µ− µ̃‖2 + 5kr∗ ≥ rk(2× 0.9− 1− 1/M) .

Rearranging the terms and noting that M ≤ 1000, completes the proof.

6.5.4 Analysis of the SDP-VAL Exponential Mechanism

In order to analyze the exponential mechanism we need to analyze the following properties of
SDP-VAL.

1. Sensitivity: for privacy analysis of the exponential mechanism.

2. Lipschitzness: for runtime analysis of the exponential mechanism.

3. Concavity: for runtime analysis of the exponential mechanism.

4. Volume of the set of optimal points: for accuracy analysis of the exponential mechanism.

In the following subsections we analyze these properties.
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6.5.5 Sensitivity

Lemma 6.25 (SDP-VAL sensitivity). ∆SDP-VAL ≤ 1.

Proof. We want to prove that for every two neighboring datasets Z and Z ′

max
y,µ̃,r

max
Z,Z′
|SDP-VAL(y; µ̃, rZ)− SDP-VAL(y; µ̃, r, Z ′)| ≤ 1 .

If we prove that for every y, µ̃, r and for every neighboring datasets Z, Z ′

SDP-VAL(y; µ̃, r, Z)− 1 ≤ SDP-VAL(y; µ̃, r, Z ′),

by symmetry, our desired statement will be implied. Suppose that the optimal solution for
(y; µ̃, r, Z) is (1, b, B, v, V,W ). Without loss of generality, suppose that Z and Z ′ differ in the
first index. Now consider (1, b′, B′, v, V,W ′), where it is equal to (1, b, B, v, V,W ) everywhere, ex-
cept at b1, B1,·, B·,1,W1,·, where it is equal to zero, or in other words, in the second column and
row of the PSD matrix. Then (1, b′, B′, v, V,W ′) will still satisfy the linear inequalities. Moreover
the corresponding matrix for (1, b′, B′, v, V,W ′), will be positive semidefinite, by Lemma B.1. Now
note that TrB′ ≥ TrB − 1, and therefore,

SDP-VAL(y; µ̃, r, Z)− 1 ≤ SDP-VAL(y; µ̃, r, Z ′) ,

which completes the proof.

The following corollary is useful in the analysis in Section 6.4.

Corollary 6.26 (SDP sensitivity). ∆SDP ≤ 1.

Proof. Same as Lemma 6.25.

6.5.6 Lipschitzness

Lemma 6.27. Let Z1, . . . , Zk, µ̃ ∈ Rd, r ∈ R, w > 0. Then there exists α ∈ Rd;β ∈ Rk; γ ∈ R;λ ∈
Rk≥0, and a degree-2 SoS polynomial σ ∈ R[b1 . . . , bk, v1, . . . , vk]≤2 such that the following polynomial
identity holds in variables b1, . . . , bk, v1, . . . , vd.

SDP-VAL(y; µ̃, r, Z) + ω −
k∑
i=1

b2i =
d∑
i=1

αi(yi − vi) +
k∑
i=1

βi(bi − b2i ) + γ(1− ‖v‖22)

+

k∑
i=1

λi(〈Zi − µ̃, bv〉 − b2i r) + σ(b, v)

This lemma is a direct result of duality of pseudo-distributions and sos proofs (e.g. see [BS16]).
Note that the constraints on b and v in the optimization problem imply boundedness (Lemma A.4)
and therefore our problem satisfies the duality conditions.

Now we use this lemma to prove the following theorem.

Lemma 6.28 (SDP-VAL Lipschitzness). f(y) := SDP-VAL(y; µ̃, r, Z) is L =
√
dk/ζ-Lipschitz

over the ball of radius (1− ζ) in Rd, where 0 < ζ ≤ 1.
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Proof. Let ω > 0, then by Lemma 6.27, there exists α ∈ Rd;β ∈ Rk; γ ∈ R;λ ∈ Rk≥0 and a degree-2
SoS polynomial σ such that

SDP-VAL(y; µ̃, r, Z) + ω −
k∑
i=1

b2i =
d∑
i=1

αi(yi − vi) +
k∑
i=1

βi(bi − b2i ) + γ(1− ‖v‖22)

+
k∑
i=1

λi(〈Zi − µ̃, bv〉 − b2i r) + σ(b, v) .

First we prove that αis are bounded. Note that the above equality, is a polynomial identity,
therefore we may pick different values for b and v, and the equality should still hold. For 1 ≤ j ≤ k
let b = 0, v = y+ tej where t is chosen such that ‖y+ tej‖2 = 1. Such t exists because ‖y‖2 < 1− ζ.
Moreover t > ζ due to the triangle inequality. Now if we plug b and v into the above equality we
obtain

SDP-VAL(y; µ̃, r, Z) + ω = −αjt+ σ(0, y + tej) (σ ≥ 0, γi ≥ 0)

≥ −αjt .

Therefore, for every 1 ≤ j ≤ k,

αj ≥ −
k + ω

ζ
.

Similarly by letting b = 0, v = y − ejt, we may obtain αj ≤ (k + ω)/ζ, therefore |αj | ≤ (k + ω)/ζ,
and

‖α‖2 ≤
√
d(k + ω)/ζ .

Now that we have bounded α, we can move on to proving Lipschitzness. Let

g(α, β, γ, λ, σ; y; µ̃, r, Z) =

k∑
i=1

b2i +

d∑
i=1

αi(yi − vi) +

k∑
i=1

βi(bi − b2i ) + γ(1− ‖v‖22)

+
k∑
i=1

λi(〈Zi − µ̃, bv〉 − b2i r) + σ(b, v) .

Note that the co-domain of g is the set of degree-2 polynomials in (b, v). Suppose y′ = y + δu,
where ‖u‖2 = 1. In order to prove Lipschitzness, we prove that there exists α′, β′, γ′, λ′, σ′ such
that g(α′, β′, γ′, λ′, σ′; y′; µ̃, r, Z) is a degree-0 polynomial (i.e. it is a number in R), and is at most
SDP-VAL(y; µ̃, r, Z) +Lδ+ h(ω), where limω→0 h(ω) = 0. If we do so, by pseudo-expectation and
SoS duality, we can conclude that for every ω > 0, SDP-VAL(y′; µ̃, r, Z) < SDP-VAL(y; µ̃, r, Z) +
Lδ+h(ω). Taking limω→0 from both sides gives us SDP-VAL(y′; µ̃, r, Z) ≤ SDP-VAL(y; µ̃, r, Z)+
Lδ. By symmetry, this implies that |SDP-VAL(y′; µ̃, r, Z)− SDP-VAL(y; µ̃, r, Z)| ≤ Lδ and that
f is L-Lipschitz in y. It remains to construct a dual solution that satisfies the described properties.
To do so, take (α′, β′, γ′, λ′, σ′) = (α, β, γ, λ, σ). Then

g(α′, β′, γ′, λ′, σ′; y′; µ̃, r, Z) = g(α, β, γ, λ, σ; y; µ̃, r, Z) + δ
d∑
i=1

αiui

≤ SDP-VAL(y; µ̃, r, Z) + ω + δ‖α‖2

≤ SDP-VAL(y; µ̃, r, Z) + ω + δ
(√

dk/ζ +
√
dω/ζ

)
= SDP-VAL(y; µ̃, r, Z) + δ

√
dk/ζ + ω(δ

√
d/ζ + 1) .

as desired. Therefore f is L =
√
dk/ζ-Lipschitz.
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6.5.7 Concavity

Corollary 6.29 (SDP-VAL concavity). Let Z1, . . . , Zk, µ̃ ∈ Rd, r ≥ 0. Let f(y) := SDP-VAL(y; µ̃, r, Z).
Then f is concave.

Proof. Direct result of Lemma B.2.

6.5.8 Volume

In this section we prove the following lemma.

Lemma 6.30 (SDP-VAL volume ratio). Let Z1, . . . , Zk, µ̃, µ ∈ Rd, r∗ = 2
√
k/n, 1/(2M) ≥ ζ ≥ 0.

Suppose ‖µ̃−µ‖2 ≥M(5M)r∗, M ≥ 1000, d ≤ 1.15‖µ− µ̃‖2,and that Assumption 6.9 holds. Then
there exists a set H∗ inside Bd1−ζ , the ball of radius 1− ζ in Rd, and a constant CM depending only
on M such that

log
vol(Bd1−ζ)
vol(H∗)

≤ CMd ,

and

inf
y∈H∗

SDP-VAL(y; µ̃, d/1.2, Z) ≥ (1− 1

M
)k .

Proof. Putting together Lemma 6.31, Lemma 6.33, and Corollary 6.34, and setting γ = θ = 1/M ,
and noting that d ≤ 1.15‖µ− µ̃‖2 implies

d

1.2
≤ 0.96‖µ− µ̃‖2 ≤ (1− 1/M)(1− 2/M)‖µ− µ̃‖2 .

Also note that from Corollary 6.34, CM ≥ O (logM) should suffice.

The following lemma tells us that there’s a set of good points. Later in this section we show
that this set has a large volume inside the ball of radius 1− ζ.

Lemma 6.31 (goodness of the set). Let Z1 . . . , Zk, µ̃ ∈ Rd, r∗ = 2
√
k/n. Assume Assumption 6.9

holds. Let d̃ = ‖µ − µ̃‖2, ∆ = (µ − µ̃)/‖µ − µ̃‖2. Then for any 0 ≤ γ, θ ≤ 1, if 〈u,∆〉 ≥ 1 − γ,
‖u‖2 = 1, d̃ ≥M(5M)r∗, (1− θ)(1− γ − 1/M)d̃ ≥ r,

∀α ∈ [1− θ, 1] : SDP-VAL(αu; µ̃, r, Z) ≥ (1− 1

M
)k .

Proof. By Assumption 6.10 (which is a result of Assumption 6.9) we know that for the direction u
there exists a set S−u such that |S−u| ≥ k(1− 1/M) and

∀i ∈ S−u : 〈Zi − µ,−u〉 ≤ 5Mr∗ .

Now for every i ∈ S−u, we have that

〈Zi − µ̃, u〉 = 〈Zi − µ, u〉+ 〈µ− µ̃, u〉
≥ −5Mr∗ + ‖µ− µ̃‖2〈u,∆〉
≥ (1− γ)d̃− 5Mr∗

≥ (1− γ − 1/M)d̃ .

Therefore for at least k(1− 1/M) indices

〈Zi − µ̃, αu〉 ≥ (1− θ)(1− γ − 1/M)d̃ ≥ r ,

which completes the proof by Lemma A.5.
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The following corollary is useful in the analysis in Section 6.4.

Corollary 6.32. Let Z1, . . . , Zk, µ̃ ∈ Rd, and r∗ = 2
√
k/n. Assume Assumption 6.9, holds,

‖µ− µ̃‖2 ≥M(5M)r∗. Then

SDP(µ̃, (1− 1

M
)‖µ− µ̃‖2, Z) ≥ (1− 1

M
)k .

The following lemma sates that the set defined in Lemma 6.31, has a high volume.

Lemma 6.33 (size of the good set). Suppose ∆ ∈ Rd such that ‖∆‖2 = 1, 0 ≤ γ ≤ 1 and
0 ≤ ζ ≤ θ ≤ 1. Let

Sθ,ζ,γ,∆ =
{
αu
∣∣∣ 〈u,∆〉 ≥ 1− γ, 1− θ ≤ α ≤ 1− ζ, ‖u‖2 = 1, u ∈ Rd

}
.

Let Bdr denote the unit ball of radius r in Rd. Then

vol(Sθ,ζ,γ,∆)

vol(Bd1−ζ)
≥

(
1−

(
1− θ
1− ζ

)d)
· 1

2

(√
1− (1− γ)2

2

)d−1

.

Proof. In order to prove this lemma we lower bound vol(Sθ,ζ,γ,∆), / vol(S1,ζ,γ,∆), vol(S1,ζ,γ,∆), / vol(S1,0,γ,∆),
vol(S1,0,γ,∆)/ vol(Bd1), vol(Bd1)/ vol(Bd1−ζ)

Note that S1,θ,γ,∆ is just a scaling of the set S1,ζ,γ,∆ with respect to the origin with ratio
(1− θ)/(1− ζ). Therefore

vol(S1,θ,γ,∆)

vol(S1,ζ,γ,∆)
=

(
1− θ
1− ζ

)d
,

and
vol(Sθ,ζ,γ,∆)

vol(S1,ζ,γ,∆)
= 1−

(
1− θ
1− ζ

)d
.

Similarly,
vol(S1,ζ,γ,∆)

vol(S1,0,γ,∆)
= (1− ζ)d .

To bound vol(S1,0,γ,∆)/ vol(Bd1), note that this ratio is equal to the ratio of the surface area of the
corresponding cap of S1,0,γ,∆ to the surface area of the unit sphere, therefore by Fact B.8,

vol(S1,0,γ,∆)

vol(Bd1)
≥ 1

2

(√
1− (1− γ)2

2

)d−1

.

Now it remains to lower bound vol(Bd1)/ vol(Bd1−ζ). Note that Bd1 is a scaling of the set Bd1−ζ with
respect to the origin with ratio 1/(1− ζ), therefore,

vol(Bd1)

vol(Bd1−ζ)
= (1− ζ)−d .

Multiplying the bounds gives us the desired inequality.

Corollary 6.34 (size of the good set). Under the same assumptions as Lemma 6.33,

vol(Sθ,ζ,γ,∆)

vol(Bd1−ζ)
≥ θ − ζ

2
· (γ1/2/2)d−1 ,

More specifically, for every θ, ζ, γ, there exists some Cθ,ζ,γ ≥ 0, such that

log
vol(Bd1−ζ)

vol(Sθ,ζ,γ,∆)
≤ Cθ,ζ,γd .
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6.5.9 Accuracy Analysis of the Exponential Mechanism for SDP-VAL

Theorem 6.35 (accuracy guarantee of the exponential mechanism for SDP-VAL). Let Z1 . . . Zk, µ, µ̃ ∈
Rd, r∗ = 2

√
k/n, 1/(2M) ≥ ζ ≥ 0. Suppose M ≥ 1000, d ≤ 1.15‖µ − µ̃‖2, r = d/1.2, and that

Assumption 6.9 holds. Let ME be the exponential mechanism when instantiated with the score
function f(y) = SDP-VAL(y; µ̃, r, Z) and privacy budget ε/T , over the ball of radius 1− ζ in Rd,
as in Algorithm 6. Let y0 denote the vector returned by the exponential mechanism, then there
exists a constant CM depending only on M such that

SDP-VAL(y) ≥ (1− 1

M
)k − 2T

ε
(CMd+ log(T/β)) ,

with probability 1− β/T . More specifically, if k ≥ 2TM(CMd+ log(T/β))/ε, then

SDP-VAL(y) ≥ (1− 2

M
)k ,

with probability 1− β/T .

Proof. This is a direct result of the volume based exponential mechanism, and our arguments about
the volume of the good set and sensitivity i.e. Theorem 3.1, Lemma 6.30 and Lemma 6.25.

6.5.10 Runtime Analysis of the Exponential Mechanism for SDP-VAL

Lemma 6.36 (runtime of the exponential mechanism). There exists a sampling scheme for the
exponential mechanism for SDP-VAL in Algorithm 6 that takes time poly(n, d, 1/ε).

This lemma is a direct application of Theorem 3.2’s sampling algorithm. Note that we have
shown that SDP-VAL has Lipschitzness (Lemma 6.28), concavity (Corollary 6.29), and low sensi-
tivity (Lemma 6.25), therefore we are allowed to use the mentioned result.

6.5.11 Proof of Theorem 6.21

First let’s prove the following lemma.

Lemma 6.37. Let Z1 . . . , Zk, µ, µ̃, y0 ∈ Rd, d̃ = ‖µ − µ̃‖2,∆ = |µ− µ̃| /d̃. Suppose |〈y,∆〉| > 0.1,
〈y,∆〉 > 0, ‖µ− µ̃‖2 ≥M(5Mr∗), M ≥ 1000, and that Assumption 6.10 holds. Then

|{i | 〈Zi − µ̃, y〉 > 0}| ≥ (1− 1/M)k .

Proof. The proof is similar to [CFB19]. By Assumption 6.10, we know that there exists a set G,
such that |G| ≥ (1− 1/M)k and

∀ ∈ G : 〈Zi − µ,−y〉 ≤ 5Mr∗ .

Therefore, for every i ∈ G,

〈Zi − µ̃, y〉 = 〈Zi − µ, y〉+ 〈µ− µ̃, y〉
≥ −5Mr∗ + 〈∆, y〉‖µ− µ̃‖2
≥ −5Mr∗ + 0.1M(5Mr∗)

> 0 ,

which completes the proof.
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Now we use this lemma to prove Theorem 6.21.

Proof of Theorem 6.21. Since either 〈y0,∆〉 > 0, or 〈−y0,∆〉 > 0, by Lemma 6.37, and the guar-
antee of the exponential mechanism, the exponential mechanism returns ŷ such that

Score(ŷ) ≥ (1− 1/M)k − 2T/ε(log 2 + log T/β) ,

with probability 1− β/T . Since k ≥ 2MT (log 2 + log T/β)/ε, the exponential mechanism returns
ŷ such that

Score(ŷ) ≥ (1− 2/M)k ,

with probability 1 − β/T . If Score(ŷ) ≥ (1 − 2/M)k, then by Lemma 6.37, and the assumption
that M ≥ 1000, Score(ŷ) ≥ (1− 2/M)k implies that 〈ŷ,∆〉 > 0, as desired.

6.6 Gradient Descent

We show that if the algorithm has not stopped in a round of the algorithm and that every step
of the algorithm i.e. halt-estimation, distance-estimation, and gradient-estimation, have
been successful, then we move closer to µ (the central point) linearly (Lemma 6.38).

Finally we conclude that if all of the steps of the algorithm are successful then either we halt and
return a point with optimal distance or we get closer to the central point µ, linearly (Theorem 6.39)

Lemma 6.38 (Gradient Descent Step). Let Z1, . . . , Zk, µ̃t−1, µ ∈ Rd, ∆t−1 = (µ − µ̃t−1)/‖µ −
µ̃t−1‖2, the step-size η = 0.075. Suppose in the t-th round inside the for loop in Algorithm 3, we have
not halted, and all of halt-estimation, distance-estimation, and gradient-estimation,
have been successful, i.e. the guarantees in Theorem 6.13, Theorem 6.14, and Theorem 6.22 are
satisfied and

0.99‖µ̃t−1 − µ‖2 ≤ dt ≤ 1.15‖µ̃t−1 − µ‖2, 〈gt,∆t−1〉 > 0.1, ‖gt‖2 ≤ 1 .

Then
‖µ̃t − µ‖2 ≤ 0.999‖µ̃t−1 − µ‖2 .

Proof. The proof is similar to [CFB19]. Let d̃t−1 = ‖µ̃t−1 − µ‖2. Then

‖µ̃t − µ‖22 = ‖µ̃t − µ̃t−1 + µ̃t−1 − µ‖22
= ‖gtdtη‖22 + d̃2

t−1 + 2〈g2dtη, µ̃t−1 − µ〉
≤ d̃2

t−1(1 + 1.152η2) + 2〈g2dtη,−∆t−1〉
≤ d̃2

t−1(1 + 1.152η2 − 2× 0.99× 0.1× η)

= 0.993‖µ̃t−1 − µ‖22 .

Taking square root gives us the final result.

Theorem 6.39 (Gradient Descent). Let Z1, . . . Zk, µ0 ∈ Rd M ≥ 1000, r∗ = 2
√
k/n. Suppose the

guarantees in Theorem 6.13, Theorem 6.14, and Theorem 6.22, have been successful in every round
t. Then two outcomes are possible, either Algorithm 3 doesn’t halt and returns µ̃∗ such that

‖µ̃∗ − µ‖2 ≤ (0.999)T ‖µ0 − µ‖2 ,

or Algorithm 3, halts and returns µ̃∗ such that

‖µ̃∗ − µ‖2 ≤ (4M(5M + 1) + 15M)r∗ .

Proof. Putting together Lemma 6.38, and Theorem 6.13.
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6.7 Robustness

Remark 6.40 (Robustness of Fine Estimation). Note that SDP, and SDP-VAL, and our quadratic
programs all have sensitivity 1 by Lemma 6.25, and Corollary 6.26. There exists a universal constant
C0 (say C0 ≤ 1/1000), such that our our arguments would still hold under C0k-fraction corruption
of the bucketed means (Z1, . . . , Zk). Now suppose that m = C0/η0, then under η ≤ η0 corruption of
the samples (X1, . . . Xn), SDP, SDP-VAL, and our quadratic programs are perturbed by at most

ηn ≤ η0mk ≤ C0k .

Therefore, the guarantees of the algorithm will still hold. Moreover, in this setting, by Theorem 6.12,
we obtain an estimate µ̃∗, where ‖µ− µ̃∗‖2 ≤ O( 1√

m
) = O(

√
η0), as desired.

7 Lower Bounds

In this section, we prove lower bounds for mean estimation. While lower bounds for these settings
were known previously [HT10, BD14, BKSW19, KSU20], in contrast to prior work, we focus ex-
plicitly on the failure probability β. We first establish a general purpose lower bound framework,
and then apply it to heavy-tailed and Gaussian distributions. Technically, we follow the standard
packing lower bound technique.

Theorem 7.1. Let P = {P1, . . . , Pm} be a set of distributions, and PO be a distribution such that
for every Pi ∈ P, ‖Pi − PO‖TV ≤ γ. Let G = {G1, . . . , Gm} be a collection of disjoint subsets of
some set Y. If there is an ε-DP algorithm M such that PX∼Pn

i
[M(X) ∈ Gi] ≥ β for all i ∈ [m],

then

n ≥ Ω

(
logm+ log(1/β)

γ (e2ε − 1)

)
.

Note that for the usual regime ε ≤ 1, we can replace the e2ε − 1 in the denominator with ε.

Proof. Assume there exists some mechanism M that satisfies the theorem’s assumptions. By the
definition of ε-DP and group privacy, we know that for any two datasets D,D′, and any i ∈ [m] we
have

P [M(D) ∈ Gi] ≤ eε#[D 6=D′] P
[
M(D′) ∈ Gi

]
, (10)

where # [D 6= D′] denotes the Hamming distance between D and D′. Note that for the time being,
D and D′ are fixed datasets (as opposed to random variables), and 0 ≤ # [D 6= D′] ≤ n.

Basic facts about coupling imply that, for any two distributions Pi, Pj ∈ P, there exists a
coupling ω∗i,j of Pni and Pnj such that if (Xi, Xj) ∼ ω∗i,j , we have

# [Xi 6= Xj ] ∼ Binomial
(
n, ‖Pi − Pj‖TV

)
. (11)

Note that by the triangle inequality (through PO), we have that ‖Pi − Pj‖TV ≤ 2γ.
By taking expected value of both sides of Equation (10), we get

E(Xi,Xj)∼ω∗ [P [M(Xj) ∈ Gj ]] ≤ E(Xi,Xj)∼ω∗
[
eε#[Xi 6=Xj ] · P [M(Xi) ∈ Gj ]

]
, (12)

for any two Pi, Pj .

For every t ∈ [m], define Z
(i)
t = PM [M(Xi) ∈ Gt]. Note that the probability here is only over

M , Z
(i)
t remains a random variable which depends on the sampling Xi ∼ Pni . Stated differently, to

53



evaluate the random variable Z
(i)
t , one first samples Xi ∼ Pni , and then computes PM [M(Xi) ∈ Gt]

for the realized dataset Xi. Since the Gt’s are disjoint, the law of total probability implies
∑

t Z
(i)
t ≤

1 for any i ∈ [m]. By the accuracy guarantee of the mechanism M , we know that

EXi∼Pn
i

[
Z

(i)
i

]
= P

Xi∼Pn
i ,M

[M (Xi) ∈ Gt] ≥ 1− β ,

therefore EXi∼Pn
i

[∑
t6=i Z

(i)
t

]
≤ β. Since Z

(i)
t ≤ 1,∑

t6=i
E

[(
Z

(i)
t

)2
]
≤
∑
t6=i

E
[
Z

(i)
t

]
≤ β .

Therefore by the pigeonhole principle, for every i, there exists some ` such that

EXi∼Pn
i

[
P [M (Xi) ∈ G`]2

]
= EXi∼Pn

i

[(
Z

(i)
`

)2
]
≤ β

m− 1
. (13)

Now we take j = ` in Equation (12). We get

E(Xi,X`)∼ω∗ [P [M (X`) ∈ G`]] ≤ E(Xi,X`)∼ω∗
[
eε#[Xi 6=X`] · P [M (Xi) ∈ G`]

]
.

By the accuracy guarantee of M we know that we can lower bound the left-hand side by 1−β. We
upper bound the right-hand side by Hölder’s inequality.

E(Xi,X`)∼ω∗
[
eε#[Xi 6=X`] · P [M (Xi) ∈ G`]

]
≤ E(Xi,X`)∼ω∗

[
e2ε#[Xi 6=X`]

]1/2
·E(Xi,X`)∼ω∗

[
P [M (Xi) ∈ G`]2

]1/2
.

For the second term, Equation (13) implies that

E(Xi,X`)∼ω∗
[
P [M (Xi) ∈ G`]2

]
= EXi∼Pn

i

[
P [M (Xi) ∈ G`]2

]
≤ β

m− 1
.

It remains to bound the first term. By Equation (11), we know that # [Xi 6= X`] ∼ Binomial (n, ‖Pi − P`‖TV),
and thus, this term is just the moment-generating function of the Binomial distribution, evaluated
at the point 2ε. Since the MGF of Binomial(n, p) is (1− p+ pet)n,

E(Xi,X`)∼ω∗
[
e2ε#[Xi 6=X`]

]1/2
=
(
1− p+ pe2ε

)n/2 ≤ exp
(n

2
· log

(
1 + 2γ

(
e2ε − 1

)))
.

Note that x ≥ log (1 + x), therefore

E(Xi,X`)∼ω∗
[
e2ε#[Xi 6=X`]

]1/2
≤ exp

(
nγ ·

(
e2ε − 1

))
.

Combining these derivations,

1− β ≤ exp
(
nγ
(
e2ε − 1

))
·
√

β

m− 1
.

Therefore,

n ≥ Ω

 log
(

(1−β)2

β

)
+ logm

γ (e2ε − 1)

 .

Since β < 1, we can conclude

n ≥ Ω

(
logm+ log 1

β

γ (e2ε − 1)

)
.

54



Now, we apply this theorem to derive lower bounds for mean estimation for distributions with
bounded moments.

Theorem 7.2. Suppose there exists an ε-DP algorithm M such that for every distribution D on
Rd such that ‖EX∼DX‖ ≤ R and EX∼D[|〈X −EX∼D[X], v〉|k] ≤ 1 for some k ≥ 2 and every unit
vector v ∈ Rd, given X1, . . . , Xn ∼ D, with probability 1 − β the algorithm M outputs µ̂ such that
‖µ̂−EX∼DX‖ ≤ α where α is smaller than some absolute constant. Then we have that

n ≥ Ω

(
d+ log(1/β)

α2
+
d+ log(1/β)

α
k

k−1 ε
+
d logR+ log(1/β)

ε

)
.

Proof. The first term is folklore from the non-private setting and obtains even for estimating the
mean of a Gaussian.

To obtain the last term, consider a maximum 1-packing of the ball with `2-radius R. Standard
results imply that this will be of size RΩ(d). Consider a point mass distribution at each of these
points. Each distribution clearly satisfies the mean and bounded moment condition in the theorem
statement. We apply Theorem 7.1 with P being this set of distributions, noting that γ ≤ 1 trivially.
Combining the 1-packing property with our accuracy requirement that α ≤ 1/2, we get that the
set of sets G are indeed disjoint. This gives the third term.

To obtain the second term, we employ a construction of Barber and Duchi [BD14]. We consider
a set of distributions parameterized by unit vectors v ∈ Rd. The distribution parameterized by v

has mass 1− 25α
k

k−1 at the origin and mass 25α
k

k−1 on the point 1
6α
− 1

k−1 v.
We show that each of these distributions satisfies the conditions of the theorem statement. The

mean of this distribution is 25α
k

k−1 1
6α
− 1

k−1 v = 25
6 αv, which has `2 norm ≤ R for R larger than an

absolute constant. We check the bounded moment condition for an arbitrary unit vector u:

E[|〈X −E[X], u〉|k] ≤ E[|〈X −E[X], v〉|k]

≤ (1− 25α
k

k−1 )

(
25

6
α

)k
+ 25α

k
k−1

(
1

6
α−

1
k−1

)k
≤ 1 .

The last inequality uses the bounds on α and k. Therefore, each such distribution satisfies the
theorem conditions.

Now, we look to apply Theorem 7.1. Let P be the set of distributions parameterized by a
maximum set of points V on the unit sphere such that for each v, v′ ∈ V , we have that ‖v−v′‖ ≥ 1/2.
Standard results imply that this set will be of size at least 2Ω(d). All distributions are within distance

γ = 25α
k

k−1 from the point mass distribution on the origin. Finally, since for each pair v, v′ we have
‖v − v′‖ ≥ 1/2, this implies that the means of any two distributions are at distance ≥ 25

12α from
each other, and the balls of radius α around each mean are disjoint. Letting these be the Gi’s, we
conclude the theorem statement using Theorem 7.1.

We can similarly derive a lower bound for mean estimation of Gaussian distributions.

Theorem 7.3. Suppose there exists an ε-DP algorithm M such that for every Gaussian distribution
N (µ, I) on Rd such that ‖µ‖ ≤ R, given X1, . . . , Xn ∼ D, with probability 1 − β the algorithm M
outputs µ̂ such that ‖µ̂−EX∼DX‖ ≤ α where α is smaller than some absolute constant. Then we
have that

n ≥ Ω

(
d+ log(1/β)

α2
+
d+ log(1/β)

αε
+
d logR+ log(1/β)

ε

)
.
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Proof. The first term is again standard from the non-private literature, and the third term can be
obtained akin to in the proof of Theorem 7.2 (though we consider a Gaussian with each center,
rather than a point mass).

The second term is also similar to that of Theorem 7.2. The construction will involve the set of
Gaussians with mean 4αv where v is a unit vector. These are Gaussian with bounded mean, thus
satisfying the conditions of the theorem statement.

As before, we try to apply Theorem 7.1. We let P be the set of 2Ω(d) distributions associated
with a packing of unit vectors V such that for each v, v′ ∈ V , we have that ‖v − v′‖ ≥ 1/2. Each
pair of means is at distance ≥ 2α, and thus the balls of radius α around each mean are disjoint. The
proof is concluded by noting that all these distributions are at total variation distance γ = O(α)
from N(0, I), due to the standard fact that `2 distance between means and total variation distance
are equivalent (up to constant factors) for identity-covariance Gaussians when the means are at
distance smaller than an absolute constant.
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A Deferred Proofs

Lemma A.1 (SDP decreasing). SDP (Definition 6.4) is decreasing in r.

Proof. Suppose r > r′. Our goal is to prove that SDP(µ̃, r, Z) ≤ SDP(µ̃, r′, Z). Suppose X is the
solution that maximizes SDP(µ̃, r, Z). Then X is a feasible solution to SDP(µ̃, r′, Z). Therefore
SDP(µ̃, r, Z) ≤ SDP(µ̃, r′, Z).

Lemma A.2.
{
b2 = b

}
`2 b

2 ≤ 1.

Proof.
(1− b)2 + 2(b− b2) = 1− b2 =⇒ b2 = b `2 b

2 ≤ 1 .

Lemma A.3 (boundedness of the solutions of Definition 5.13 ). The constraints of coarse-sdp,
as defined in Definition 5.13, imply that ‖(b, v)‖22 ≤ (2R+R/1000)2 + k.

Proof. From the constraints we have that ‖v‖22 ≤ (2R + R/1000)2. Furthermore by Lemma A.2,
we know that ‖b‖22 ≤ k. Therefore ‖(b, v)‖22 ≤ (2R+R/1000)2 + k.

Lemma A.4 (boundedness of the solutions of Definition 6.7). The constraints of SDP-VAL, as
defined in (Definition 6.3) imply that ‖(b, v)‖22 ≤ k + 1.
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Proof. From the constraints we have that ‖v‖22 = 1. Furthermore by Lemma A.2, we know that
‖b‖22 ≤ k. Therefore ‖(b, v)‖22 ≤ k + 1

Lemma A.5 (QUAD-VAL(y) ≤ SDP-VAL(y)). For every Z1, . . . Zk, µ̃ ∈ Rd, and r ≥ 0,

QUAD-VAL(y; µ̃, r, Z) ≤ SDP-VAL(y; µ̃, r, Z) .

Proof. Suppose (b, v) is a solution that maximizes the quadratic optimization problem of QUAD-VAL(y).
Therefore

∑k
i=1 b

2
i = QUAD-VAL(y). Let X = (1, b, v)⊗ (1, b, v), then X will be PSD. Suppose

X =

1 bT vT

b B W
v W T V

 ,
then X has Tr(B) =

∑k
i=1 b

2
i = QUAD-VAL(y), and satisfies every constraint in the SDP-VAL

optimization problem (Definition 6.7), except for Tr(V ) = 1. This is because ‖y‖2 may be smaller
than 1. Let

X ′ =

1 bT vT

b B W
v W T V ′ = V/Tr(V )

 .
Now the objective function’s value and all of the constraints will be the same as X, except for the
Tr(V ) = 1 constraint, which is now satisfied. It remains to argue that X ′ is PSD, which is a direct
result of Lemma A.6.

Lemma A.6. If M =

[
A B
BT C

]
is PSD, then for any k ≥ 1, M ′ =

[
A B
BT kC

]
is also PSD.

Proof. We prove the third condition in Lemma B.6 for M ′. Note that kC† = C†/k. From M < 0,

• A < 0,

• C < 0,

• (I − CC†)BT = 0,

• A−BC†BT < 0,

and we want to prove that

• kC < 0,

• (I − kC(kC)†)BT = 0,

• A−B(kC)†BT < 0.

The first two are obvious. For the last one, note that

A < 0 =⇒ (k − 1)A < 0 =⇒ kA < A .

Therefore
kA < A < BC†BT ,

and
A−BC†BT/k < 0 ,

as desired.
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B Lemmata

Lemma B.1. Suppose M < 0 is a matrix in Rd×d, 1 ≤ k ≤ d. Let N be a d× d matrix such that
for every 1 ≤ i, j ≤ d, Ni,j = Mi,j, if i 6= k and j 6= k, and Ni,j = 0, if i = k, or j = k. Then
N < 0.

Proof.

min
‖z‖2=1

zTNz = min
‖z‖2=1,zk=0

zNTz

= min
‖z‖2=1,zk=0

zMTz

≥ min
‖z‖2=1

zMTz

≥ 0

Lemma B.2. Suppose K is a closed convex set, then f(y) = max x∈K
Ax=y

〈x, c〉 is concave.

Proof. We need to prove that for α ∈ [0, 1]

αf(y1) + (1− α)f(y2) ≤ f(αy1 + (1− α)y2) .

Suppose f(y1) is maximized at x1 and f(y2) is maximized at x2. Let z = αx1 + (1 − α)x2 ∈ K,
then Az = αy1 + (1− α)y2 and

f(αy1 + (1− α)y2) ≥ 〈z, c〉 ,

which implies the desired inequality.

The following lemma is the ordinary binary search.

Lemma B.3 (Non Private Binary Interval Search). Suppose an interval [0, D] is given. For an
interval [s, e] ⊆ [0, D], and for an accuracy parameter a, the binary interval search algorithm returns
a point xT after T = log(D/a) steps of the following binary search, where xi is the parameter of
the binary search at step i.

1. If xi < s, move right.

2. If s ≤ xi ≤ e, move in an arbitrary direction. Note that naturally in a binary search we would
terminate in this step, but here we assume that we might go to any direction.

3. if xi > e, move left.

Then xT ∈ [s− a, e+ a].

Lemma B.4 (Cauchy-Schwarz inequality). If (f, g) is a level-2 fictitious random variable over
RU × RU , then

Ẽf,g〈f, g〉 ≤
√

Ẽf‖f‖22 ·
√

Ẽg‖g‖22 .

Lemma B.5 (pseudo-covariance). If X is a degree-2 pseudo-distribution over Rd, then

ẼX

[∥∥∥x− ẼX [x]
∥∥∥2

2

]
= ẼX

[
‖x‖22

]
− ‖ẼX [x]‖22 .
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Proof.

ẼX

[∥∥∥x− ẼX [x]
∥∥∥2

2

]
=
∑
i

ẼX

[(
xi − ẼX [xi]

)2
]

=
∑
i

ẼX
[
x2
i

]
−
(
ẼX [xi]

)2

= ẼX
[
‖x‖22

]
− ‖ẼX [x]‖22

Lemma B.6 (PSD 2×2 block matrix). Given any matrix, M =

(
A B
BT C

)
, the following conditions

are equivalent:

1. M < 0 (M is positive semidefinite).

2. A < 0, (I −AA†)B = 0, C −BTA†B < 0.

3. C < 0, (I − CC†)BT = 0, A−BC†BT < 0.

Fact B.7 (SoS Triangle Inequality). Let x, y be indeterminates. Let t be a power of 2. Then

`t (x+ y)2 ≤ 2t−1(xt + yt) .

Fact B.8 (lower bound for spherical caps [Bal97]). For 0 ≤ r ≤ 2, a cap of radius r on Sn−1 has
measure at least 1

2(r/2)n−1.
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