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Optimization methods

* Initialize wy
eFort=1,2,...

* Choose search direction v; and step size n;
* W = Wrq1 — NtVt

* Which direction v;?

* How farn,?



Which direction v,?

* Suppose we have some function f, a current parameter vector w
* f(w)

* How does f behave when we shift w by some small vector A?
e Taylor expansion: f(w + A) = f(w) + V,,f(Ww)TA + QQHAH%

* Which A minimizes f? (In a small local neighborhood)
c A xx =Vf(w)

* Take a step in the negative gradient of the function f atw



Gradient descent

« Goal: minimize f(w) = E[£,,(x,y)]

* Recall: in ERM, we minimize f(w) = %Zifw(xi,yi) as a proxy

1 on
Wy« Wiqg + A =Weq — Utvwgziﬂ wt_l(xi»yl')
* Repeat for T steps

e Gradient descent

* How long does it take?

1
*ForasetB C [n], w; « wy_1 — ntVWﬁZiEB fwt_l(xi,)’i)

* (Mini-batch) stochastic gradient descent
* Lower cost per step, noisier (unbiased?) estimate of the full gradient



Step sizes n;

* (Draw picture on quadratic, step size too small, big, and just right)

* Schedules for step sizes
* Constant

* Decaying (e.g., 1//t)
* Adaptive



Conditioning

1
fw) =§(W12 +w3)

Gradient descent: well-conditioned quadratic
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Condition number k: ratio of largest and smallest eigenvalues

fw) = %(le +20w3)

Gradient descent: ill-conditioned quadratic
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Newton’s method

* How does f behave when we shift w by some small vector A?
* Second-order Taylor expansion (versus first-order before)

cfW+ D)~ F(W) + Yy fW)TA + ~ATVZ F(W)A + -
* Which A minimizes this? Set derivative = 0.

+ Va (FW) + Vo fW)TA + 2 ATVZ f(w)A) = 0

c Vi f (W) + V5 f(w)A =0

A= —(V2fW) Vuf(w)

* Ais the negative gradient, but scaled by the inverse Hessian
* Exactly minimizes the quadratic approximation (cf. GD)



Newton’s method

1 -1
* U = (; Y1 V%vfwt_l(xi»yl')) (; D1 wawt_l(xi»yl'))
* Fewer steps to converge

* But more time and memory required for each step
* How much?

* Quasi-Newton methods try to avoid this



Newton on ill-conditioned

fw) = %(wf +20w3)

Gradient descent: ill-conditioned quadratic Newton step: ill-conditioned quadratic

4 — 4 —
e — S

— —

——____—_—_——-4 ——____—_—_——-4

34— 34— #
L L s
 — — 7

2 -/_ 2 -/_ 7\

e — — ) ——
S f— I I e -
_____———___—-d _____———___—-d

— | — |

— —

-4 — ] -4 —
6 -4 -2 0 2 a 6 6 -4 -2 0 2 a 6

w w

1 0\ "
) (—wy, —20w,) = (—wy, —wy)

—Vf(w) = (—wy, —20wy) —HTVf(w) = (0 20



	Slide 1: Basic Optimization
	Slide 2: Optimization methods
	Slide 3: Which direction v sub t ?
	Slide 4: Gradient descent
	Slide 5: Step sizes eta sub t 
	Slide 6: Conditioning
	Slide 7: Newton’s method
	Slide 8: Newton’s method
	Slide 9: Newton on ill-conditioned


   w 0


  t = 1 ,   2 ,   …


   v t


   𝜂 t


   w t =  w  t − 1 −  𝜂 t  v t


   v t


   𝜂 t


   v t


  f


  w


  f ( w )


  f


  w


  Δ


  f  ( w + Δ ) ≈ f  ( w ) +  ∇ w f    ( w ) T Δ + O  (    ‖ Δ ‖ 2 )


  Δ


  f


  Δ ∝ − ∇ f ( w )


  f


  w


  f  ( w ) = 𝐄  [  ℓ w  ( x , y ) ]


   f ~  ( w ) =  1 n   ∑ i   ℓ w  (  x i ,  y i )


   w t ←  w  t − 1 +  Δ  t − 1 =  w  t − 1 −  𝜂 t  ∇ w  1 n   ∑  i = 1 n   ℓ   w  t − 1  (  x i ,  y i )


  T


  B ⊆ [ n ]


   w t ←  w  t − 1 −  𝜂 t  ∇ w  1  | B |   ∑  i ∈ B   ℓ   w  t − 1  (  x i ,  y i )


   𝜂 t


  1 /  t


  f  ( w ) =  1 2  (  w 1 2 +  w 2 2 )


  f  ( w ) =  1 2  (  w 1 2 +   20 w 2 2 )


  − ∇ f  ( w ) = ( −  w 1 , −  w 2 )


  − ∇ f  ( w ) = ( −  w 1 , − 20  w 2 )


  H  ( w ) =  (    1  0   0  1 ) ,   𝜅 = 1


  H  ( w ) =  (    1  0   0  20 ) ,   𝜅 = 20


  𝜅


  f


  w


  Δ


  f  ( w + Δ ) ≈ f  ( w ) +  ∇ w f    ( w ) T Δ +    1 2 Δ T  ∇ w 2 f  ( w ) Δ + …


  Δ


  = 0


   ∇ Δ  ( f  ( w ) +  ∇ w f    ( w ) T Δ +    1 2 Δ T  ∇ w 2 f  ( w ) Δ ) = 0


   ∇ w f ( w ) +  ∇ w 2 f  ( w ) Δ = 0


  Δ = −    (  ∇ w 2 f  ( w ) )  − 1  ∇ w f ( w )


  Δ


   v t =    (  1 n   ∑  i = 1 n   ∇ w 2  ℓ   w  t − 1  (  x i ,  y i ) )  − 1  (  1 n   ∑  i = 1 n   ∇ w  ℓ   w  t − 1  (  x i ,  y i ) )


  f  ( w ) =  1 2  (  w 1 2 +   20 w 2 2 )


  − ∇ f  ( w ) = ( −  w 1 , − 20  w 2 )


  −  H  − 1 ∇ f  ( w ) =    (    1  0   0  20 )  − 1  ( −  w 1 , − 20  w 2 ) =  ( −  w 1 , −  w 2 )

